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PREFACE 


Tuis book was begun during the War, about fourteen years ago. My first 
book on crystals had appeared during the First World War, under the 
title Dynamik der Kristallgitter (Teubner, 1915). A few years later I was 
invited by Sommerfeld to write an article on the subject for the Afathe- 
matical Encyclopaedia. This appeared in volume v, p. 527, under the 
title ‘Atomtheorie des festen Zustandes and was published as a 
separate book (Teubner, 1923). This was two years before the discovery 
of quantum mechanics. A report on the situation up to the year 1933 
has been published as an article in the Handbuch der Physik by Maria 
Géppert-Mayer and myself. There are several other articles in this 
Handbuch by K. F. Herzfeld, R. de W. Kronig, A. Smekal, H. G. Grimm, 
and H. Wolff, dealing with problems of lattice dynamics. Meanwhile 
several books on crystal theory have been published which take proper 
account of quantum mechanics. The most comprehensive is that by 
F. Seitz, A Modern Theory of Solids (McGraw-Hill, N.Y. and London, 
1940); other books, for example that by N. F. Mott and R. W. Gurney, 
Electronic Processes in Ionic Crystals (Clarendon Press, Oxford, 1940), 
deal only with restricted sets of problems. Some special subjects, like 
the theory of specific heat, infra-red absorption, and Raman effect, have 
become standard chapters in general textbooks. A great number of 
single investigations have been published since my article in the 
Encyclopaedia. 

The situation seemed to demand an attempt at a new, comprehensive 
presentation. But the subject has become much too large to be dealt 
with from all aspects. The contributions of my own school during the 
last few years have been mainly concerned with non-conducting 
materials. It seemed to be desirable to give a description of the 
methods and results in this field. 

My plan was to start from the most general principles of quantum 
theory and to derive in a deductive way the structures and properties 
of crystals, as far as one could proceed. 

I wrote a series of sections which now correspond to the backbone 
of the Chapters IV to VII of the present book. But with the end of the 
war my time was so occupied with other matters that I could not 
continue to write this book. It remained in my desk for several years 
until Dr. K. Huang, at that time an I. C. I. Fellow at Liverpool, came to 
work with me for the holidays. I gave him this manuscript and he 
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was interested in the matter. He wrote several interesting papers on 
crystal theory, and I suggested that he should finish the book. 

He accepted this and has succeeded in his task. However, the book 
has become rather different from my original plans. Dr. Huang, who 
is convinced that science’s main purpose is its social usefulness, found 
my plan of an abstract, deductive presentation not to his taste. There- 
fore, he has written some introductory chapters of a more elementary 
character which should be easy to understand, and which lead slowly 
up to the general theory of the second half of the book. He has also 
rewritten my original text, generalizing it in many ways, and adding 
new sections. | 

Thus the final form and the wording of this book are essentially due 
to Dr. Huang. I have discussed the text with him and sometimes 
suggested alterations. He had to depart before it was quite finished 
and has sent me the remaining sections from China. I have checked 
the whole text and added a number of pages, footnotes, and some ap- 
pendixes. The latter refer mainly to the historical aspect of the theory. 
Huang has often referred to newer events which he has witnessed, while 
I, being of an older generation, remember older developments, I have 
tried to amend this. But anyone interested in the sources should turn 
to my older books. 

The.book is not entirely a compilation of published results. The 
approach to the thermodynamics of lattices was sketched by me and 
worked out in considerable detail by Huang. His main contribution 
to this section is the extension of the theory of elasticity of lattices 
to finite strains. I think that the formulae given here, which represent 
the temperature-dependence of all parameters describing elastic, pyro- 
electric and piezoelectric properties of dielectrics, have never been given 
before. The formulae look.rather long and complicated, but are really 
simple if one takes the trouble to study them. We have not discussed 
them in detail, and leave this to those who wish to apply them to special 
cases. Other sections which are entirely duc to Huang are the pheno- 
menological treatment of dispersion in the first part, and also its detailed 
atomistic treatment in the second part of the book, the quan- 
tum theory of width of the infra-red lines, and many other minor 
matters. 

It may not be superfluous tò mention some branches of crystal 
dynamics which are not in this book. There is first the theory of metals, 
which is a science by itself represented in several well-known textbooks 
(N. F. Mott and H. Jones, The Theory of the Properties of Metals and 
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Alloys, Oxford, Clarendon Press, 1936; A. H. Wilson, The Theory of 
Metals, Cambridge University Press, 2nd ed., 1953). 

Then there is the wide field known under the name of ‘Order-Disorder 
Theories’, including the theory of alloys and of ferromagnetism. Here 
the lattice is regarded as a rigid frame; the problem consists in finding 
the statistical equilibrium distribution of particles, or of properties of 
particles, over the fixed lattice points. This has nothing to do with the 
dynamics of the lattice itself, and there are several accounts in the 
recent literature (F. C. Nix and W. Shockley, Rev. Mod. Phys. 10, 1 
(1938); J. H. Wannier, Rev. Mod. Phys. 17, 50 (1945); L. D. Taschick 
and H. M. Jones, Phys. Rev. 91, 1131 (1953); particularly dealing with 
ferromagnetism: P. R. Weiss, Phys. Rev. 74, 1493 (1948)). 

Other subjects omitted from the book are the theories of scattering of 
X-rays, electrons, and neutrons by crystal lattices. A great part of the 
extended literature on these subjects is concerned with the purely 
geometrical problem of determining lattice structures. But there are 
deep and important investigations on the propagation of rays of different 
kinds through crystal lattices which take account of the dynamical 
processes involved. They are all elaborations of the original work by 
P. P. Ewald on the dynamics of X-ray scattering. There exist fairly 
recent reports on scattering of X-rays and of electrons in two books 
by Max von Laue (Rénigenstrahleninterferenzen, Akad. Verlags-Ges., 
Becker u. Erler, Leipzig, 1941; Materiewellen und ihre Interferenzen, 
Akad. Verlags-Ges., Leipzig, 2nd ed., 1949). These books also contain 
sections on the interaction of lattice vibrations and the scattered par- 
ticles. We have omitted these theories from our book only with regret, 
as they provide the most striking empirical evidence for the dynamics 
of lattice vibrations as treated here. But there are comprehensive 
accounts of these matters which made a repetition appear superfluous. 
(In the Reports on Progress of Physics are the following articles: 
K. Lonsdale (X-rays, experimental), 9, 252 (1942); M. Born (X-rays, 
theoretical), 9, 294 (1942); G. E. Bacon and K. Lonsdale (neutrons), 16, 
1 (1953). Further: R. D. Lowde (neutrons), Proc. Roy. Soc. A, 221 
(1954).) 

I have to say a word about the notation. It is essentially the same 
as that developed in my first book and consecutive papers, but adapted 
to British printing usage. Our main concern was economy with letters. 
The experimentalists dealing with crystal structures use three letters 
h, k, l for the Miller indices of lattice points: what a waste! If one were 
to follow this procedure, each letter would have to be used with many 
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different meanings. Even with the greatest care, we could not com- 
pletely avoid this. But we hope that we have succeeded in never using 
the same letter with two different meanings in any one formula. We 
have chosen the letters x, € for indicating points in real space, and y, n 
for points in reciprocal space. The relation between these spaces is 
expressed in terms of affine geometry, as is customary in general 
relativity. The three coordinates are always numbered 1, 2, 3 and 
indicated by small Greek letters used as subscripts. 

The reason for my writing and signing this preface alone is not only 
the spatial separation from my collaborator, but my wish to make it 
clear that the book would never have been finished without his devoted 
and efficient labours. He has informed me that he is going to produce 
a Chinese edition. a 

I have to thank my former collaborator, Dr. Bhatia, for helping me 
in revising and checking the text and reading the proofs. Dr. J. M. 
Ziman, Oxford, and Dr. D. J. Hooton, Edinburgh, have given their 
assistance in the final corrections and proof-reading, and Dr. Hooton has 
produced the alphabetical index. 

I am much indebted to Sir Ernest Oppenheimer and the firm Indus- 
trial Distributors, London, for financial help which made the production 
of this book possible. 

The Clarendon Press, Oxford, has obliged me very much by following 
all my suggestions in preparing and printing the book. 

M. B. 
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PART I 
ELEMENTARY THEORIES 


I 
ATOMIC FORCES ^ 


1. Theoretical considerations 
CRYSTALLINE solids are distinguished from other states of matter by a 
periodic arrangement of the atoms; such a structure is called a crystal 
lattice. A precise description of the geometry of a lattice will be given 
later in § 22 of Chapter V. Essentially the regularity displayed by a 
crystal lattice is that of a three-dimensional mesh which divides space 
into identical parallelepipeds. Imagine a number of identical atoms 
placed at the intersections of such a mesh; then we have what is known 
as a simple lattice (or Bravais lattice). The interstitial parallelepipeds, 
which have atoms for corners, are referred to as the elementary lattice cells; 
ina simple lattice there is thus exactly one atom to each elementary cell. 
Now if the atoms are replaced by similarly oriented molecules, the result 
is a general lattice structure; clearly every cell contains as many atoms 
as there are in one molecule. The term molecule here describes the 
geometrical dispositions of the atoms and need not signify a real molecule 
(a group of atoms form a real molecule in a lattice only if they are more 
tightly bound to one another than to other atoms in the lattice). 

In Appendix I, the familiar structure of the NaCl lattice is illustra- 
ted together with some other common lattice types. We note that 
despite the obvious cubic symmetry of the NaCl structure, the elemen- 
tary cells have to be chosen as rhombohedra. The vectors ai, ay, ag 
shown in the figure are known as the basic vectors, which form the edges 
of the elementary cells. The sites of the Na“ ions taken by themselves 
form a simple lattice; the NaCl structure is, on the other hand, a general 
lattice, since we can pair every Na+ ion with one of its six neighbouring 
Cl- and designate the pair a ‘molecule’ (of course no real molecules exist 
in this case, as every ion in the lattice is similarly related to all its six 
neighbours). 

According to the underlying atomic forces, crystalline solids are 
roughly classified into the following four principal types: 

(1) Ionic crystals, 

(2) van der Waals crystals, 

3595.87 B 
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(3) Valency crystals, 

(4) Metals. 

A fundamental feature distinguishes types (1) and (2) from types 
(3) and (4). The distinction depends on the units with which the crystals 
are built. In a general way, one can describe the units as being saturated 
in the two former types, and unsaturated in the two latter. An atom 
(or ion) with all its electrons in closed shells (rare gas configurations) 
or a chemically saturated molecule is typical of a saturated unit; on the 
other hand, an atom that can readily form covalent bonds is an un- 
saturated unit. Speaking more physically, the electronic wave functions 
of unsaturated units, when brought together, are liable to be drastically 
altered, whereas the wave functions of saturated units are not so signifi- 
cantly affected. This difference can be traced to the fact that, in the 
unsaturated units, either the lowest electronic state is degenerate, or 
there are energy levels close to the ground state; both cases provide scope 
for electronic rearrangements under slight perturbations. The treatment 
of the crystals formed of saturated units is simpler; one can calculate the 
energy of interaction approximately by the quantum-mechanical per- 
turbation theory. One important consequence is that the interaction can 
be considered as essentially operating between pairs, and the total energy 
in the lattice is the sum of the interactions between the units taken by 
pairs (two-body interaction). In fact, it is mainly in connexion with 
these crystals, namely, the ionic and van der Waals crystals, that the 
elementary theories are useful. 

Ionic crystals. For example let us consider the alkali halides, which 

are the real crystals closest to the theoretical model for ionic crystals, and 
let us imagine building up their ionic lattices. The alkali atoms: Na, K, 
Rb, Cs (Li is not considered owing to the complications caused by its 
small sizet) have one valence electron outside the complete shells; the 
halogen atoms: F, Cl, Br, I, on the other hand, just lack one electron to 
complete the outermost shell. From the atoms we form the free ions by 
transferring the odd valency electrons from the alkali atoms to the 
‘halogen atoms. The free ions have the stable rare gas configurations; 
the sequences, Nat, K+, Rb+, Cs+ and F-, Cl-, Br-, I- have the struc- 
tures of the rare gas atoms, Ne, A, Kr, Xe. The extra stability achieved 
in the electronic configuration by forming the free ions from the atoms 
is not sufficient to offset the rise in electrostatic energy involved in 
separating the valence electrons from the alkali ions; this is clear from 
a comparison of the first ionization potentials of the alkali atoms with 

t Cf. L. Pauling, The Nature of the Chemical Bond (2nd ed., Cornell, 1948), pp. 351-63. 
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the electron affinities of the halogen atoms given in Table 1. The electro- 
static energy is, however, largely compensated when we next bring the 
ions together to form the lattice. Let us imagine the ions to be brought 
together in the following manner. We think of the ions as being initially 
arrayed in accordance with the desired lattice structure, but so far apart 
that their interaction is negligible. The ions are then brought together 
uniformly so that the same lattice structure is maintained throughout. 


TABLE 1 
Na K Rb Cs 
Ionization potential in eV. 5:12 | 4-32 | 4-16 | 3-87 


Electron affinityt in eV. 


t See Tables 11 and 12. 


We can crudely consider an ion as having a radius, beyond which the 
electron density is negligible. Then before the ions interpenetrate they 
interact like point charges +e. The electrostatic energy of a lattice of 
point charges cannot in general be calculated in an elementary way; the 
difficulty is due to the slow decrease of the Coulomb interaction with 
distance (long range force) which makes a direct summation procedure 
impossible. A general method of calculating this energy and a simpler 
method applicable to structures of high symmetry are described in 
Appendix IT. Here it suffices to point out that the energy is inversely 
proportional to the linear dimensions of the lattice. Thus the energy 
per cell can be written quite generally for any ionic lattice in the alterna- 
tive forms 


beh. x = Ge): J, (1.1) 


where ze is the smallest ionic charge in the lattice, and r, d are respectively 
the nearest ion-ion distance in the lattice and the lattice constant, either 
of which gives a measure of the lattice dimensions. a (or a”), which is 
a pure number known as Madelung's constant, depends only on the 
lattice structure and was first calculated by Madelungf with reference 
to real crystal lattices. A table of values for a (and a”) for some common 
lattice types is quoted in Appendix II. Briefly, we shall refer to the above 
energy as Madelung's energy; it is the electrostatic energy between the 
ions in a lattice if they are considered as point charges. 


t E. Madelung, Phys. Zeit. 19, 524 (1918). 
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Madelung’s energy decreases algebraically with decreasing lattice 
constant and tends to contract the lattice. Its effect on the lattice can 
thus be described as attractive. The attraction is unopposed until the 
neighbouring ions begin to interpenetrate, when other forces arise. Let 
us consider the effect of an overlap between ions. As we have explained, 
owing to the particular stability of saturated units, perturbation methods 
for energy calculation can be used. To a first approximation, the energy 
is given by the average value of the Hamiltonian calculated with the wave 
functions of the free ions (unperturbed wave functions). An exhaustive 
treatment of various properties of some alkali halide lattices has been 
given by Lowdinf on this basis. However, we shall follow a cruder 
method, based on the Thomas—Fermi-Dirac statistical method, due to 
Lenz, Gombás, and particularly Jensen;} with this simpler method, it is 
easier to see the various factors which contribute to the resultant force. 

In the statistical method, an electron density function p(x) replaces 
the wave function; once the density function is known, the corresponding 
energy can be calculated. For two overlapping ions, Lenz and Jensen 
simply superpose the density functions of the free ions; in other words, 
the ions are assumed to be undeformed. This is the parallel to the wave 
mechanical first-order perturbation method, which does not allow for 
the effects of the distortions in the wave functions. In the Thomas- 
Fermi-Dirac method,§ the following three energy terms are considered: 


(i) The classical Coulomb energy of the average charge distribution, 
namely, —ep(x) plus the nuclear charges. 

(ii) The zero-point kinetic energy of the electrons as required by the 
exclusion principle, according to which a volume „ in phase space 
can accommodate no more than two electrons, A being Planck's 
constant, so that states of higher momenta will be involved with 
an increase in electron density p. The average kinetic energy turns 
out to be proportional to p?’ and the kinetic energy per unit volume 


is given by 8 

2 (Y pi, (1.2) 
40m uur 

where m is the mass of the electron. 


t P. Löwdin, A Theoretical Investigation into some Properties of Ionic Crystals (Uppsala, 
1948). Similar calculations for NaCl wero first carried out by R. Landshoff, Zeit. f. Phys. 
102, 201 (1936); Phys. Rev. 52, 246 (1937). 

t W. Lenz, Zeit. f. Phys. 77, 713 (1932) ; P. Gombás, ibid, 121, 523 (1943); H. Jensen, 
ibid. 77, 722 (1932); ibid. 101, 141; 101, 164 (1936). 

§ See also P. Gombás, Theorie und Ldsungsmethoden des Mehrteilchenproblems der 
Wellenmechanik (Birkhauser, Basel, 1950); for goneral description and other references 
see Gombis’s book, 
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(iii) The exchange energy, which is essentially a correction to (i). The 
Coulomb energy calculated classically is inaccurate in two ways. 
First, with the electrons represented as continuous clouds, (i) in- 
cludes also the self-interaction of the charge cloud of an electron 
with itself. Secondly, the proper quantum-mechanical anti- 
symmetric wave function takes care of the fact that two electrons 
with parallel spins avoid close encounters; (i) takes no account of 
this effect. These effects can be taken into account by the addition 
of Dirac’s exchange term: 


49 * 
„ 0) a (1.3) 


4 Nr 


per unit volume, where e is the charge of the electron. 

(Gombist has further approximately corrected for the fact that electrons 
of opposed spins also avoid close encounters owing to their Coulomb 
repulsion. This correlational effect is roughly equivalent to raising the 
exchange term by a fraction. For our illustrative purpose, we shall con- 
sider the Thomas—Fermi-—Dirac method without this further elaboration.) 

The electron density function in the statistical method is determined 
by the condition that the corresponding energy is a minimum. Jensen} 
has calculated the density functions for all the alkali and halogen free 
ions. Using these density functions, we can readily calculate the total 
energies of the alkali halide lattices on the basis of the energy terms (i), 
(ii), and (iii), if the distortions of the ions are ignored. Before the ions 
overlap, obviously the energies (ii) and (iii) remain the same as for free 
ions, but the Coulomb energy (i) now includes the additional Coulomb 
energy between the ions. The latter i is oxactly i the Madelung energy, 
which we have already discussed. When two ions overlap, we have to 
consider the following: 


(a) Correction to the Madelung term so as to represent correctly the 
Coulomb energy (i). The term is attractive so long as neither 
nucleus has penetrated the other ion, for the electron cloud of 
either ion which has penetrated the other ion is now more strongly 
attracted to the other nucleus. 

(b) Correction to the zero-point energy. Let pi, pa respectively denote 
at any point in the overlap region the original densities of the free 
ions. The zero-point energy corresponding to the superposed den- 


sity is given by 3572 /1\} 
5 
a (oi + P2)’ 
Loc. cit, 1943. t Loc. cit., 1936, 
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whereas the same charge in the free ions originally has the kinetic 


energy 33 7220/1 1 ; i 
zun l (ei Tpi). 
Thus the correction term is 
3572 /1\$ 
125 Loi TPA) pi 5 (1.4) 


per unit volume. This term is positive and increases with the 
extent of the overlap, leading thus to a repulsion between the ions. 


SH 
ae aP 
KTX 2 


wa 77 
- waa 


Fig, I. Ions in cubic planes of RbI (Jensen). 


(c) Following the same considerations as in (6), we get the following 
correction to the exchange energy due to the overlap: 
33e2 /1\3 í 
-ZER Lei T P) — pi e] (1.5) 


per unit volume. This expression is negative and decreases alge- 
braically with increasing overlap. The corresponding force is thus 
attractive. 


Fig. 1 shows the ions in positions corresponding to the normal lattice 
constant in a plane normal to an axis of the cube for a typical ionic 
erystal (RbI); the radii indicated are those calculated for the free ions 
by Jensen. Overlaps occur only between positive and negative ions 
which are first neighbours and between negative ions which are second 
neighbours. The curves in Fig. 2 represent the negative derivatives (with 
respect to the lattice constant) of various energies as functions of the 
lattice constant, namely, Madelung’s term (VI), the correction terms (a), 
(b), and (c) separately (I, III, II) for the first-neighbour interactions, 
and the sum of the corrections (a), (6), and (c) for the second-neighbour 
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interactions between the negative ions (IV). Curve VII is the resultant 
of all the distinct contributions. 


Fid. 2. Negative derivatives of various energies for RbI 
(Jensen; ay = hydrogon radius). 


An energy term is attractive, if the corresponding curve in Fig. 2 lies 
below the axis, and repulsive if the reverse is the case. At large values 
of the lattice constant, only the attractive Madelung term is operative. 
At small values of the lattice constant the resultant curve rises above the 
axis, showing that here the repulsive force predominates. The point at 
which the curve cuts the axis corresponds to equilibrium. We notice 
that, of the various terms, only the kinetic energy (b) gives a repulsive 
force. Pauli’s principle is thus ultimately responsible for the bulk of a 
lattice. 

All the energies except Madelung’s term have a very short range. 
Curve V gives the sum of all the short range forces; it is seen to be always 
repulsive. It is usual to consider these forces together as one single term, 
which has been variously called the repulsive force, the exchange repul- 
sive force, van der Waals force of the second kind, or the overlap force. 
We shall use the last term, which seems the most appropriate. Owing 
to the short range of the overlap force, the cohesive energy (energy 
released on forming the lattice from the free ions) is mainly contributed 
by Madelung’s term. The total cohesive energy is numerically equal to 
the area included between the resultant Curve VII and the axis; the 
contribution due to the overlap force which is represented by the area 
under the Curve V is clearly small, owing to restricted lateral extension 
of the curve. 

Though the wave-mechanical method must bear a close relation to 
the above considerations, no detailed comparison of the individual energy 
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terms seems possible with the available data, for Pauli’s principle requires 
a rearrangement in the free-ion wave functions, thus making it difficult 
to separate the various physical factors as we have done above. One 
result of using the wave-mechanical method has been particularly 
émphasized by Löwdin, namely, that part of the cohesive energy cannot 
be interpreted as due to interactions between particle-pairs. This part, 
according to Léwdin, can be of the order of 10 per cent. of the total 
cohesive energy! 

van der Waals crystals. The Madelung term disappears in a crystal 
consisting of electrically neutral molecules. Electrostatic interactions 
are, however, not altogether absent, if the molecules are not spherically 
symmetric, According to electrostatics, a localized charge distribution, 
such as that found in a molecule, can be described in terms of its multipole 
moments. Thus if e; denotes the element of charge at the position x‘ 
(referred to a suitable centre in the molecule as origin), the multipole 
momenis can be defined as a vector, and tensors of second and higher 


orders as follows: 
Ma = Tetra (dipole moments), (1.6) 


dag = Teta th (quadrupole moments). 
T 


Consider two neutral molecules 1, 2 with moments mg, ag and ina, gag, 
defined relative to their respective centres, and let R be the vector joining 
the centres, from 1 to 2, The Coulomb energy between the two molecules 
can be expressed in terms of the moments as 


= 3 , 5% a : wil nm 
OY, Yg |Y | ly =r 


g3 1 
— 1 2 — ———.—.—— — 
b>, hm 2 ey, sil, n 


apy 
es T, 
PATAT iyl y=R (1.7) 


This expression is obtained by straightforward expansion with respect 
to the coordinates of the charge elements of the two molecules. The 
convergence of the series depends clearly on the ratio of the size of the 
molecules to their separation |R|. Different terms in the series can be 
described as interactions between the various multipoles of the two 
molecules, The dipole-dipole, dipole-quadrupole, quadrupole-quadru- 
pole interactions, for instance, correspond to the terms of the second, 
third, and fourth orders respectively of the expansion. 
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In molecules where the charge distribution is continuous, the sum- 
mations over the charge elements in (1.6) become integrations over 
charge densities. The corresponding interaction energy (1.7) will be 
referred to as the static Coulomb interaction; the reason will become 
clear presently. 

The static multipole interactions never seem to be the dominant 
cohesive forces in crystals of neutral molecules. Londont has shown that 
a force of a different nature, known as the van der Waals force, is usually 
responsible for the cohesion between neutral, saturated molecules. The 
van der Waals force is closely related to the multipole interactions. In 
fact, it is obtained if the multipole interactions are considered quantum- 
mechanically. Thus (1.7) should be regarded as a quantum-mechanical 
operator wherein e; and xt refer to the charge and the position vectors 
of the electrons. We can obtain the first-order perturbation in energy by 
forming the mean value of (1.7) with respect to the unperturbed wave 
function of the system. The latter is simply the product of the electronic 
wave functions (nuclei considered as fixed) of the unperturbed molecules 
land 2. Thus it follows that the first-order energy is exactly the static 
Coulomb interaction which we have described above. 

The van der Waals interaction is obtained by carrying the perturbation 
procedure on to the second order. Let us consider the dipole-dipole 
interaction. If we designate the electronic states of the unperturbed 
molecules respectively by t, j, and the excited states by 2’, j, the second- 
order energy is given by 


1 
1 
. ehm) jt 9" (Ber mT wily a 


E = fF — —U Ai. — —, 1.8 


where the primes exclude i’ = i andj’ = J. E,, E,, E., E, are eigenvalues 
ofthe unperturbed molecules, and (lma li 95 ( jimġlj J) the matrix elements 
of the dipoles between the states i, i“ in molecule 1 and between the 
states j, 7’ in molecule 2. The energy E depends in general not only on 
the separation between the molecules, but also on the orientation of 
the molecules with respect to the vector R joining them. We shall 
avoid this complication by averaging the expression over various 
orientations of the molecules. Remembering that the matrix elements 
transform as vector components when the molecules are rotated, we 
obtain in a straightforward way the average value of the second-order 


t F. London, Zeit. f. phys. Chem. 11, 222 (1930). 
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energy: 


Eð - (R= Rh, 
(Slam) (Z mzy) 
„5 SE O E 
2, 2 ＋E E. E J 


This term varies with the inverse sixth power of the molecular separa- 
tion R. Morcover, if the molecules are in their ground states, all the 
denominators in (1.9) are negative; E® is thus negative. Hence the 
corresponding van der Waals force is attractive. 

In all but the simplest cases, the expression (1.9) is too complicated 
for actual calculations. Various crude approximations for the constant B 
have been proposed; their relative accuracies are difficult to gauge 
(cf. Margenau’s review on the subject). We shall describe a method 
due to London, I who correlates the van der Waals force with the 
polarizabilities of the molecules. 

To obtain London’s approximation we assume that the excited states 
i', 7’ with large matrix elements, and thus contributing essentially to 
the sum in (1.9), fall within relatively narrow energy ranges. We may 
then consider all the denominators in (1.9) as approximately the same, 
for all important terms, and we can write ö 


= [F (Ereman) (T 


n 1.10 
TX. (1.10) 


where A,, A, are roughly the excitation energies of the important groups 
of states i“, 7’. | 

This expression is closely related to the electric polarizabilities of the 
molecules. Consider, for instance, the molecule 1 placed in a constant 
electric field £. Taking the interaction energy 


— È GXi ax = T ma C 
a, i a 


as a perturbation, we obtain the first-order perturbed wave function of 


the molecule as EEA 
,— (E G mils) 
fit > —T-5, by, 


1’ 


t H. Margenau, Rev. Mod. Phys. 11, 1 (1939). 
t F. London, Zeit. f. Phys. 63, 245 (1930). 
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where the functions % Y; are electronic wave functions of the unper- 
turbed molecule. The corresponding mean value of the dipole moment is 


(ilmi) F G Ig ließ 


— ° e L 
n. = mO'--mY = (i maſi)—2 > RoE 
7 „ 


(here the matrix elements are assumed real); the first and second terms 

correspond respectively to the permanent dipole m of the unperturbed 
molecule and the dipole m™ induced by the field. Making the same 
assumption as before in arriving at (1.10), we can write the induced 
dipole components as 


2 F dilmali’) Y Cf Hg 
A, 
To avoid orientational effects, we consider the component of the induced 


moment in the direction of the field and average its value over various 
orientations of the molecule. The result is 


o 5'5 Nilma 
232 7 
The proportionality constant ai is the polarizability. After eliminating 


the sums over the matrix elements in (1.10) with the help of the polariza- 
bilities, we obtain London’s approximation for the van der Waals 


otential: 
: T fessa -ia 
Rs 2\4,+A 
The matrix elements of the dipole are responsible for the absorption of 
radiation; the energies A,, A, should thus be chosen in accordance with 
the strongest absorption frequencies of the molecules. When these 
frequencies are not known, the energies can be taken approximately as 
the ionization potentials of the corresponding molecules. The values of 
C forsome similar molecules given in Table 2 are calculated by Margenaut 
with the above formula; the average discrepancy with values obtained 
by other approximations is about 20 per cent. 
Similar considerations of the dipole-quadrupole and quadrupole- 
quadrupole interactions lead to additional van der Waals potentials 
0 c” 
R? è RI? 
varying respectively with the inverse eighth and tenth powers of the 
t Cf. F. London, ibid. 


mW) = (1.11) 


6 = all. (1.12) 


X1 Ao. (1.13) 
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distance. Estimates of the constants C’, C” by Margenauf are also given 
in Table 2. The values are probably not reliable; however, they give an 
idea of the relative magnitudes of the various van der Waals potentials. 


TABLE 2 
Theoretical Values of van der Waals Potentials 
C C d 
(erg em.“) (erg em. ic) em. 
32-6 x 107-76 83-1 x 107% [23 * 10 
1-24 
1-48 


bme pmi pt pao pmt poot pat — 
we 1 DQ 2 
OOO & D dea Sr St C1 be 


to 


In the same table, under the column marked d are given the distances 
at which the dipole-quadrupole potential equals the dipole-dipole 
potential. From these values, one expects that even for nearest neigh- 
bours, the dipole-quadrupole potential is only a relatively small fraction 
of the dipole-dipole potential. For molecules farther apart, all terms 
other than the dipole-dipole term become rapidly insignificant. 

We have thus far considered only a pair of molecules. If we apply the 
perturbation theory similarly to a group of molecules, it follows directlyt 
that the result is approximately equal to the sum of the interactions 
between the molecules taken in pairs. In other words, the van der Waals 
potentials are approximately additive. 

The solidified rare gases are ideal examples of van der Waals crystals; 


* Are eee, 


the static Coulomb interactions are completely absent witht the neutral 


eee e, 


and spherically symmetric atoms, £ and the attraction due to the van der 
Waals potential i is the only force acting | before the atoms ‘overlap « one 
another. The additional forces due to the overlap are exactly the same 
as in the case of the ionic crystals, consisting of the terms (a), (b), (c) and 
Loc. cit. 
ł F. London, loc. cit.; see Kun Huang and Avril Rhys, Chin. J. Phys. (1961), for 
an estimate of deviation from the additivity rule. 
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being repulsive in nature. The characteristic feature of the van der Waals 
crystals as a class is that they are formed of neutral, saturated molecules. 
As we have mentioned, such molecules are held together principally by 
the van der Waals forces. In Table 3 the van der Waals interaction 
energies calculated by London for a number of simple molecular crystals 
are compared with the experimentally determined cohesive energies. 


TABLE 3 
Cohesive Energies of van der Waals Crystals 


Calculated Experimental 


van der Waals cohesive 
energy energy 
Substance (K. cal. / mol.) (K. cal. / mol.) 

No 0-47 0-59 
N, 1-64 1-86 

1°89 
O. 1-69 2.08 
A 2-08 2-03 
CH, 2-42 2-70 
NO 2-89 4-29 


The calculations are based on rather crude assumptions and the exact 
values are not significant, but both the order of magnitude and the correct 
relative magnitudes for different substances show clearly that the van der 
Waals forces are mainly responsible for the cohesion of these crystals. 

It might seem surprising at first that the multipole static interactions 
for molecules with dipole moments are not more important. The dipole- 
dipole static interaction, for instance, 


1 
— aneh 50 ow * 


varies generally with the inverse third power of the distance; its longer 
range would seem to favour a greater contribution to the cohesive energy. 
The explanation is that such interactions are strongly direction- 
dependent. Unlike the van der Waals interaction, the static interaction 
vanishes, when averaged over various orientations of the molecules. 
When the molecules are placed on a lattice they cannot all be favourably 
oriented with respect to one another. 

To summarize, for crystals composed of saturated units, one can 
calculate the interaction energy by the perturbation theory. For large 
lattice constants, the first-order perturbation leads simply to the classical 
Coulomb interactions, and the second-order ‘perturbation gives rise to the 
van der Waals attractions. If the units are electrically charged, the 
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former predominate, consisting principally of the Madelung term (ionic 
crystals); if the units are electrically neutral, the latter predominate 


eee 


(van der Waals crystals). When the atoms (ions or molecules) begin to 


— N 


overlap, the first-order perturbation leads, by means of tlie exclusion 
principle, to a strong! repulsion (overlap force); the expression for the 
van der Waals force, which is the result of the second-order perturbation, 
based on the multipole expansion, is less satisfactory for such closely 
situated atoms. However, the comparison of the quadrupole-dipole and 
dipole-dipole potentials indicates that the multipole expansion does not 
altogether fail and the dipole-dipole potential probably reproduces the 
correct order of magnitude. 

About valency crystals and metals we shall make only such remarks 
as are relevant to our discussion. 

In these solids, the electronic clouds of the constituent atoms undergo 
such radical rearrangements when the atoms approach one another that 
the electrons can no longer be attributed to individual atoms and the 
interactions cannot be considered even approximately as between pairs 
of atoms. In valency crystals, the electrons are shared between neigh- 
bouring atoms as valency bonds. The number of bonds that an atom 
can form is restricted; thus, whereas ionic and van der Waals crystals 
favour lattice structures which provide a large number of nearest neigh- 
bours, in valency crystals the maximum number of neighbours equals 
the number of valency bonds an atom can form. Moreover, the inter- 
actions of an atom with its different neighbours are interdependent. 
The most characteristic feature of the covalent bonds is their directional 
nature; an atom has a strong preference to maintain its neighbours in 
certain relatively fixed directions. One feature, however, the valency 
crystals have in common with the ionic and van der Waals crystals, 
namely, for all these crystals the lattice considered as a whole is saturated. 
That is, the originally unsaturated units of the valency crystals, once 
formed into the lattice, become saturated. As we shall see, this fact 
permits us to consider the crystal lattice as possessing an effective 
potential function for the movement of the nuclei. The existence of such 
a ‘potential function provides the basis for the general mathematical 
treatment of crystal lattices to be given in Part II. From a formal point 
of view, the valency crystals differ from the ionic and van der Waals 
erystals only in the greater complexity in representing explicitly the 
potential function, a difference which does not in any way affect the 
general theory itself. 

Metals form a class of solids so different from the others that we shall 
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make no attempt to incorporate it in our treatment. Not only is the 
basic binding force in metals radically different from other solids, but 
many properties of particular interest in metals have no parallel in the 
other types of solids. It is interesting to contrast the metals with the 
valency crystals in this way: although both types are built of unsaturated 
units, whereas the valency crystal as a whole is saturated, the metallic 
lattice is not. In fact, in metals there is a practically continuous band 
of: electronic energy levels contiguous to the ground state. All the 
characteristically metallic properties are the direct consequence of the 
unsaturated nature of the metallic lattice. The presence of the band of 
electronic levels precludes the possibility of considering the nuclear 
motions with the help of a potential function. It is of interest to note 
that, in the theory of metallic conduction, use is made of the current 
notion of lattice vibrations which is derived with the help of an effective 
potential function. In actual fact, the lattice vibrations do not form a 
closed system, for there is a continuous energy exchange between the 
electrons and the nuclear motion. It is possible that an explanation of 
the phenomenon of superconductivity may lie in a careful revision of this 
situation, as a recent theory put forward by Fröhlich in fact suggests. 


2. Ionic radii 

In Table 4 are given the radii of the free alkali and halogen ions 
calculated by Jensen. Apart from giving a rough idea of the extensions 
of the ions, the values are not particularly significant, as the real wave- 
mechanical] densities have no uniquely definable radii. However, with 


TABLE + 
Radii of Free Ions and Additive Radii 


(In atomic units) 


Nat | Kt Cst F- 
Free radii | 2°85 | 3°25 3°85 | 5-10 5 68 
Add. radii | 2:08 | 2:30 2°65 | 4:06 | 4-41 4°85 


those radii, Jensen has expressed the calculated nearest neighbour dis- 
tance ih the lattices at equilibrium in terms of a penetration distance 


defined by s(A+B-) = r(A+)+1(B-)—7,(AtB-), (2.1) 


where 7,(A*), (B-) are respectively the radii of the alkali and halogen 

ions concerned, and 7,(A+B-) is the nearest neighbour distance. (A“ B-) 

thus measures the mutual penetration of the nearest ion pairs. The 
+ H. Fröhlich, Phys. Rev. 19, 845 (1950); Proc. Roy. Soc. A, 215, 291 (1952). 
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values of s(A+B-) are given in graphical form in Fig. 3 for the alkali 
halides, where points on the same curve refer to lattices with the same 
alkali ion. 


F Cl Br I 
Fia. 3. Penetration distances (At B-) for tho alkali halides (Jensen). 


From the curves, we can deduce a rule of great interest. We notice 
that by vertical displacements the various curves can be brought practi- 
cally into coincidence. Let us imagine such displacements effected and 
denote by —8(A*+) the displacement of the curve relating to an alkali ion 
A+. On the unified curve, to each halogen ion there corresponds a single 
point; we denote the ordinate of the point for an ion B- by 6(B-). It 
follows immediately that the penetration distances can be written as 


s(A+B-) = 6(A+)+8(B-). (2.2) 
In place of the free ion radii, let us define new radii: 
r(A+) = 7,(At)—8(A+);  r(B-) = 7,(B-)—8(B-). (2.3) 
On combining (2.1) and (2.2), we find that 
(Al-) = r(At)+7(B-). (2.4) 


Thus we have found a radius for every ion such that the nearest neighbour 
distances in the alkali halides are given simply by the sums of the radii 
of the ions concerned. We note, however, that the vertical disp]scements 
—8(At) are not uniquely defined. We can add an arbitrary constant to 
all theè(A+) without affecting the above argument; the resulting positive- 
ion radii would be raised by a constant and all negative-ion radii reduced 
by the same constant. Under the heading ‘additive radii’ are given a 
possible set of values for r(A+) and r(B-). The theoretical nearest neigh- 
bour distances calculated by Jensen are collected in Table 5. Given in 
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the same table for comparison are the corresponding sums of the additive 
radii as given in Table 4. The two sets of values are almost but not 
exactly equal because the curves in Fig. 3 can be brought into approxi- 
mate but not exact coincidence. 


TABLE 5 
Nearest Neighbour Distances and Sums of Additive Radii 


(In atomic units) 


x- 5 dist. 
r(A+)+r(B-) 
cl- Gene dist. 
r(At)+r(B-) 
Br- neighbour dist. 
(A+) +-7(B-) 


1 neighbour dist. 
r(At)+r(B~) 


Such additivity rules, first discovered by the crystallographers, hold 
approximately for a wide range of crystal lattices and are valuable in 
assisting crystallographic analyses. For a particular crystal, the suitable 
radii of the ions can be determined from the observed lattice constant, 
if the ratio of the radii is known. Assuming that the radii indicate the 
extensions of the electron orbits of the ions, Wasastjernat has obtained 
the values of such ratios indirectly from the molar refractions of the ions, 
which should be roughly proportional to the volumes of the ions, and 
in this way deduced the radii for a number of monovalent and divalent 
ions, Taking the additivity rule as a criterion, Goldschmidtt later 
obtained, by exhaustive analysis of empirical lattice constants, the 
suitable radii for a great number of ions. As the additivity rule, like the 
above analysis of Jensen’s theoretical results, leaves the radii arbitrary 
to within a constant for each additive system (e.g. the alkali halides), 
Goldschmidt chooses his radii so that the values for F- and O- agree 
with the values given by Wasastjerna. Such additive radii are usually 
known as the Goldschmidt radii; the Goldschmidt radii for some ions 
are collected in Table 6. 

Similar radii have been deduced by Pauling§ by a semi-theoretical 
method. Unlike the above analysis of Jensen’s results, Pauling’s work, 

t J. A. Wasastjerna, Soc. Sci. Fenn. Comm, Phys. Math, 38, 1 (1923). 

t V. M. Goldschmidt, Skrifter det Norske Videnskaps Akademie (1926), No. 2; 
(1927) No. 8. 

§ L. Pauling, Nature of the Chemical Bond (1948) (2nd ed.), pp. 343-7. 

3505.87 c 
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strictly speaking, does not demonstrate on a theoretical basis that the 
additivity rule should hold; rather he shows that in a theoretically plaus- 
ible way certain radii can be deduced and the use of the additivity rule 
with these radii reproduces in fact the experimental lattice constant 
satisfactorily. 


TABLE 6 
Ionic Radii 


(In angstrom units) 


crys. 
Goldschmidt 


Pauling tees 
0:34 


. _funiv. 0-65 
Pauling fer ya. 0-41 
Goldschmidt 0:39 


0-96 
0-68 


Pauling oy” 


Goldschmidt 


univ. 
crys. 
Goldschmidt 


Pauling 0.80 


Goldschmidt 


Following Pauling, let us consider the ions belonging to the same iso- 
electronic series (i.e. ions with the same number of electrons such as 
% N —, O--, F-, Ne, Na+, Mg++, Al,. ). If we consider the electrons 
in the ions as moving in a Coulomb field corresponding to some suitable 
effective charges, the outermost electrons in all these ions have the same 
total quantum number, and, moreover, the corresponding effective 
charges can be written as Z—S, where Z changes by one, as one passes 
from one ion to the next in the series and S, the screening constant, can 
be approximately determined in various ways. Roughly, the linear 
dimensions of the corresponding wave functions are inversely propor- 
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tional to the effective charges Z—S (strictly true for spherically sym- 
metric wave functions). Pauling thus defines a set of radii inversely 
proportional to Z— S, and the proportionality constant is chosen so that 
the additivity rule reproduces the empirical lattice constant for the 
alkali halide lattice formed of the ions in the series (e.g. NaF for the 
Ne-like series). With the empirical lattice constants of NaF, KCl, RbBr, 
CsI (the last assumed to have the NaCl structure with a suitably chosen 
hypothetical value for the lattice constant), Pauling has determined in 
this way a set of radii of the ions with the structures of Ne, A, Kr, Xe. 
These he calls the univalent radii. As the equilibrium lattice constants 
depend on the attractive Madelung term as well as the overlap force, 
the univalent radii are not directly comparable with the Goldschmidt 
radii, owing to the steady increase of the Madelung term with the ionic 
charge as one passes along the isoelectronic series. Pauling interprets 
the univalent radii as the radii for which the additivity rule would hold, 
if the structure is of the NaCl type and the Madelung term were to have 
the value for univalent ions. 

Radii comparable with the Goldschmidt radii (designated as crystal 
radii by Pauling) can be deduced from the univalent radii. One can 
imagine first the fictitious lattice which has the univalent Madelung 
term, and then find out how the lattice constant is modified, as the 
Madelung term is raised to the correct value. This depends obviously 
on the nature of the overlap force. The method used by Pauling to con- 
vert the univalent to the crystal radii will be described in the next 
section, where suitable expressions for the overlap force will be intro- 
duced. The values of Pauling’s univalent and crystal radii are also 
collected in Table 6. The crystal radii are seen to be in general agreement 
with Goldschmidt’s values. . 

In Table 7, the nearest neighbour distances in the alkali halides as 
determined experimentally are compared with the sums of Pauling’s 
radii for the ions concerned. 


3. Heuristic expressions for lattice energies 

The principal interactions in ionic and van der Waals lattices, namely, 
the static Coulomb interaction, the van der Waals Interaction, and the 
overlap force, are essentially two-body forces. If two lattice particles 
are spherically symmetric, their interaction energy is a function Sr) 
of their distance apart (central force); this is the case with the simplo 
ions, which have the rare-gas structures, and probably also with radicals, 
which are free to execute rotations (quantum-mechanical zero-point 
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TABLE 7 
The Observed Nearest Neighbour Distancest and Sums of Pauling Radii 


(In angstrom units) 


Cat 


3-05 
3-01 


obs. dist. 


Br- radius sum 
obs. dist. 


I- 3 sum 
obs. dist. 


c- (be. d sum 


motion). The concept of additive two-body interactions is of course 
only approximate; the wave- mechanical calculations made by Löwdin, 
as we have mentioned, in fact already indicate that an appreciable 
fraction of the lattice cohesive energy cannot be represented in terms 
of two-body interactions. Moreover, in ionic crystals, an ion may be 
polarized by the resultant electric field due to other ions in the lattice. 
The effect of such polarizations on the lattice energy is not in the nature 
of a two-body interaction. Take the case of three particles 1, 2, 3: the 
interaction energy between 1 and 2 directly depends on the polarizations 
induced on these particles by 3. In many simple lattices, however, the 
polarization effects are largely suppressed by the high symmetry of the 
structure; although the electric field never vanishes over an entire ion, 
if an ion is sufficiently symmetrically situated in the lattice, the field 
vanishes at its centre and the polarization effect is small. Only when 
such lattices are deformed in such a way as to destroy the symmetry 
will appreciable polarizations occur; later we shall have occasion to 
discuss occurrences of this nature. 

The interaction potential ¢(r) (assumed central) is the sum of an 
attractive part (Madelung and van der Waals terms) and a repulsive 
part (overlap term); as we have seen, no simple expression for the latter 
follows from the theoretical considerations. When it is not practicable 
to make a theorctical calculation of the overlap force, one usually has 
recourse to certain simple representations of the force, designed for a 


t The values aro not in agreement with tho theoretical values in Table 5, showing 
that though Jensen’s results reproduco the additivity rule, the absolute values are not 
accurato; a featuro usual with approximate theoretical treatments. Jonsen himself has 
considered tho additivity rule by a different approach (H. Jonson, G. Meyer-Gossler, 
and H. Rohde, Zeit. f. Phys. 110, 277 (1938)); the analysis given here is more in line 
with the energy calculations. 

T. Neugebauer and P. Gombás, ibid. 89, 480 (1934). 
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heuristic purpose. Historically, f such representations in fact preceded 
detailed theoretical considerations such as described in § 1. This is not 
surprising, as the existence of the solid state is itself evidence for the 
presence of certain attractive forces; it is, moreover, clear that certain 
mechanisms must operate to set a limit to the packing of the atoms. 
In the earliest attempts to represent the forces, atoms were thus pictured 
as rigid spheres mutually attracted by a force varying as some inverse 
powers of the distance. This concept of the atoms is, however, not com- 
patible with the fact that all solids are more or less compressible; it is 
thus useful only for crude considerations of the behaviour of gases and 
the geomctrical configurations of atoms in molecules and solids. As more 
acceptable forms of the overlap energy, the two following expressions 
are in frequent use: bjr”, (3.1a) 


Ae rip. (3.1 b) 


The constants in these expressions are to be determined with the help 
of empirical data. Results of quantum- mechanical calculations favour 
the exponential form, whereas the inverse power form has the advantage 
of greater simplicity. 

On the basis of (3. l a), Lennard-Jones has studied atomic forces by 
investigating extensively the behaviour of gases. A hypothetical gas 
with non-interacting molecules obeys the equation of state for an ideal 
gas 


p=vkT {k (the Boltzmann constant) = 1-3806 ergs/degree}, (3.2) 


where v is the number of molecules per unit volume. The atomic forces 
can be investigated by the observed deviations of the real gases from the 
ideal. One can express the equation of state for a real gas in the following 


form: p = vk T{1+yB(T)+ O(v?)+...}. (3.3) 


The second term in the bracket represents the most important deviation 
from (3.2). It can be shown by statistical mechanics§ that, if quantum 
effects are ignored (permissible for sufficiently high temperatures) the 


+ The pioneer work in this field is due to G. Mie, Ann. d. Phys. (4) 11, 657 (1903); 
E. Griineisen, ibid. 26, 393 (1908); 39, 257 (1912); M. Born and A. Landé, Verh. d. D. 
Phys. Gea, 20, 210 (1918); M. Born, ibid. 21, 13 (1919). A presentation of the development 
is givon in un article of vol. v af Encyclopédie der Mathematik by M. Born, Atom- 
theorio des festen Zustandes’, which also appeared as a book (Teubner, 1923). 

t Seo R. H. Fowler, Statistical Mechanics (1929), chap. x, where references to the 
original papers can be found. 

§ R. H. Fowlor, Statistical Mechanics (2nd ed., Cambridge, 1936). 


22 ATOMIC FORCES 1. 5 3 


function of temperature B’(7’) is related to the interaction energy Sr) 
by o 
B'(T) = 2 J 72(1—e-BOUkT) dr, (3.4) 
0 
The integrand obviously vanishes if r) = O; thus, loosely speaking, 
B'(T) measures the volume surrounding a molecule where the molecular 
interaction energy is still appreciable compared with kT. The function 
B'(T) is very simply related to the second virial coefficient, which is 
usually méasured in experiments. 
The simplest cases one can investigate are the rare gases, for which 


one can put 
(3.5) 


where the first term represents the attractive van der Waals potential. 
The constants n, b, c must have such values that the function B’(7) 
calculated from (3.4) agrees with that deduced from observed data. 
As the work of Lennard-Jones shows, although for given n the constants 
b and c can be determined with reasonable accuracy, the exponent n 
itself can be chosen with considerable latitude. In Table 8 are given 
several possible sets of values of n, b, c for Ne and A, as determined by 
Buckingham. f 
TABLE 8 


Overlap Forces and Lattice Properties of Ne and A 


r 


0 t lattice energy 
(10-7? cm.) | (eV Jatom) 


(cal. Jmol.) 


c 
(ergs em. n) (ergs em.“ 


9 3.50 & 10 | 1-45x 10-8 3•15 317 

“i 732x10- 1.14 * 10-% 3-09 549 
“°) 12 | 3.586 K* 1072 | 8-32 x 107% 2.99 609 
14 | 1.82 * 101 | 6-78 x 10-8 2.92 660 

exp. ve or 3°20 580 
9 | 768x10- | 1-70x 107% 3-88 ` 1730 

l 10 | 2.08 K 10 | 1:37x10- 3.82 1854 
1-62 & 10723 | 1-03 x 10- 3-72 2042 

1-365 x 1072481 8-67 x 105 3°58 272 

: = si 3-80 2030 


All the rare gases except helium solidify at sufficiently low tempera- 
tures(melting-points: 24° K. (Ne), 84° K. (A), 117°K. (Kr), 161°K. (Xe))in 
the face-centred cubic structure (see Appendix I for description). Let us 
consider the properties of the crystals with the help of the forces deter- 
mined from the gaseous data. We can introduce a systematic way of 

t R. A. Buckingham, Proc. Roy. Soc. A, 168, 264 (1938). 
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labelling lattice particles in a simple lattice. We notice that the structure 
itself provides a natural frame of coordinates (with, in general, oblique 
axes). If an arbitrary lattice point is chosen as the origin and the basic 
vectors ai, az, ag are used as units of length along the respective axes, 
the corresponding coordinates of the lattice particles are the whole 
numbers I, 2, 73). The same numbers can also be used to label the 
elementary cells, if we associate with a lattice particle 11, 12, 13) the cell 
included in its positive quadrant. We shall refer to /(I', 12, 13) as the lattice 
indices and to the cell (O, O, 0) as the zero-cell. As all atoms in a simple 
lattice are equivalent, the lattice energy u per atom, can be obtained 
from the interaction energy of the atom (0, O, O) with all other atoms; 
thus, if r(Z) denotes the distance of atom I from the origin: 


u=} Hr) = 5 > — - = (3.6) 


where the prime over the summation sign excludes | = O. The factor 4 
takes account of the fact that the interaction energy ¢(r(1)) is shared 
between the two atoms (0, O, O) and (Ii, J?, 73). In the sum it is convenient 
to express r(}) in terms of the nearest neighbour distance r as unit, hence 
we write 


u(r) = A. A= -5 pA 600 B = D 640) (3.7) 


t 


We notice that [r/r(J)], and hence also the sums in A and B, are pure 
numbers completely determined by the structure; and they remain 
constant as the dimension of the lattice is varied by varying r. Efficient 
methods for evaluating such lattice sums have been described by 
Lennard-Jones and Inghamf who, in particular, have evaluated sums of 


the form 
ofr In 
>: (n) 


for 2 up to thirty, for the simple ctibic, body-centred cubic, and face- 
centred cubic structures, and also for a lattice of the NaCl type, where 
the sums are given separately for the interactions between a Na+ site 
with all other Nat sites and between a Nat site and all Cl- sites. With 
known 6 and c, the values of A and B can be found immediately with 
the help of their results. 

For static equilibrium, the energy u(r) must be a minimum, thus the 


t J. E. Lennard-Jones and A. E. Ingham, Proc. Roy. Soc. A, 107, 636 (1925). 
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equilibrium value of r is given by 


B age 
n= {ial (3.8) 


Using this value in (3.7), we obtain for the lattice energy per atom: 
u(r.) = (1-4. (3.9) 
ro 


The values of ro and the cohesive energies —u(rọ) (given in calories 
per mole) for the various sets of n, b, c permitted by the gaseous data 
are also given in Table 8. 

The cohesive energy —u(r,).is not directly comparable with the 
sublimation energy at 0° K., for, according to quantum mechanics, the 
zero-point motion persists even at the absolute zero of temperature. 
The experimental values for the cohesive energy given in the table are 
the observed sublimation energies (extrapolated to 0° K.), to which the 
zero-point energies have been added. It is seen that by proper choice 
of the exponent n, fair agreement between the theoretical and experi- 
mental results can be secured. 

In a face-centred cubic lattice each atom has twelve nearest neigh- 
bours. If in the overlap energy all but the contributions due to the 
nearest neighbours are ignored, we have 


227,60 =o 


Comparing this with the rigorous values (Appendix III), we see that 
for n = 8,9,..., 14, the nearest neighboursaccount for 94,..., 99-5 per cent. 
of the total overlap energy. 

As gaseous data are not available for ions, in the case of ionic erystals 
the overlap force has to be determined from crystal data alone. In simple 
binary salts, the ions have equal and opposite charges +-ze (e.g. struc- 
tures NaCl, CsCl, ZnS, ZnO); every ion is surrounded by Jf (eoordina- 
tion number) first neighbours of the opposite sign. The overlap energy 
between the positive and negative ions can be readily determined from 
experimental data, if we ignore the overlaps between all but the nearest 
neighbours. In this approximation, the use of the exponential form 
(3.1 b) is not more complicated than the inverse power formula; using 
the former, we can write the energy per cell as 


u(r) = Be, A = Geh, B= AMA, (3.10) 
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where the first term is the attractive Madelung energy, and p, A,_ are 
the constants in the overlap potential between the two types of ions. 
As before, r denotes the distance between the nearest neighbours. 

Remembering that the volume of the lattice cell v is proportional to 
the third power of r, wo have 


dinv = 3dinr or Z = . 
One finds easily for the pressure and the compressibility B: 
du 1 A r 
= — — = — — le- : 
? dv F r 200. (3:13) 
1 dp lf A r r\* 
Ses so) ee oe ee 3 -rip — -rip . 12 
7 are 
For static equilibrium, p = 0, one has 
4 50% . 3.13) 
70 p 
Putting r = ro and p = 0 in (3.12) and climinating B with (3.13), we 
find that 1 4 5 
l e 
5 90 70 P 
Putting r = r, in (3.10) and eliminating B with (3.13), we obtain for 
the lattice energy: A 
ulr) = -2h — (2) (3.15) 
70 70 


In Table 9 are collected the observed nearest distances and com- 
pressibilities for the alkali halides. Using these values for r, and g we 
can determine p from (3.14) and then A,_ and —z/(7,) from (3.13) and 
(3.15). The calculated values are also given in the table. We note that 
the procedure is only approximate, as the empirical values for ry and p 
are room-temperature values and do not refer to the lattice in static 
equilibrium. 

The theoretical cohesive energy — uro) is the energy necessary to 
disperse the lattice in static equilibrium into individual ions. The 
empirical values quoted in the table for comparison are obtained by a 
method which we shall describe at the end of this section. The table 
shows that there is a fair agreement between the theoretical and experi- 
mental values, the theoretical values being on the average 4 per cent. 
too low. 

The two terms in (3.15) are due respectively to the Madelung term 
and the overlap energy. Table 9 shows that p/ro is of the order 1/10; 
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therefore the value of the lattice energy is predominantly determined 
by the Madelung term. The above agreement thus confirms the essential 
correctness of the theoretical model for the ionic lattices. 

Essentially the same results are obtained, if we use the inverse power 
for the overlap force. In place of (3.13)-(3.15) one has then 


4 nB 


a= a (3.16) 
1 A 

8 = 5507 tt): (3.17) 
17 -* (1— 5), (3.18) 


where B’ = Hb. , b}, n being the constants in the potential between 
the two types of ions. Comparison of (3.14) and (3.17) shows that 
n = 7,/p —1; thus the cohesive energy —u(r,) calculated from (3.18) 
will be about 1 per cent. lower than before, giving a slightly increased 
discrepancy as compared with the experimental results. 

The conversion from Pauling’s univalent radii to the crystal radii is 
conveniently effected with the help of (3.16), which may be written 


A 


When the ionic charges are raised from +e to -+-ze, A is multiplied 
by 22. Thus the crystal radii can be obtained by multiplying the corre- 
sponding univalent radii by the factor {1/z}2*—», 

In the above calculation of the lattice energy, we have taken no account 
of the van der Waals potentials or the overlap potentials between other 
than nearest neighbours. Moreover, the experimental cohesive energiés 
in the table refer to the lattice at the absolute zero of temperature, rather 
than the lattice in static equilibrium; thus the energy of the zero-point 
vibrations has to be subtracted from the theoretical cohesive energy for 
the latter to be comparable with the corresponding experimental value. 

We notice that the cohesive energies for the ionic crystals are between 
a hundred and a thousand times higher than the rare gas crystals; 
accordingly the zero-point energy is, comparatively, very unimportant 
for the ionic crystals. It is estimated to be of the order of one k. cal. 
per mole for the alkali halides. f The consideration of the zero-point 
energies thus increases the average discrepancy between the experimental 
and theoretical cohesive energies by somewhat less than 1 per cent. 


alternatively as „ k 2 
0 = e 


+ M. L. Huggins, J. Chem. Phys. 5, 143 (1937). 
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TABLE 10 
van der Waals Interaction in Alkali Halide Lattices 


Substance LiF | LiCl | LiBr| Lil | NaF |NaCl|NaBr] Nal KCl 
C (10-® ergs em.“) . | 18 | 113 | 183 | 363 | 46 | 180 452 
D (10-7 ergs em.“) . | IL | 104 | 190 | 470 | 31 | 180 560 
van der Waals energy 
(k.cal./mole) ‘ . | 45 | 63 | 7-0) 821 49 | 59 7-6 
Correction to energy 
(k.cal./mole) eqn. (3.19) | 07 | 1:0 | 1-1 | 13] O8 | 10 1-5 
Substance KBr KI |RbF|RbCIRbBri RbI CSF CsCl |CsBr| CsI 
C (107% ergs em.“) . | 605 924 228 898 | 1330 | 495 | 1530 | 2070 | 2970 
D (10-78 ergs em.) . | 800 | 1420] 290 | 960 | 1340 | 2240 600 |2600 | 3800 | 5800 
van der Waals energy ' 
(k.cal./molo) . .| 76| 78 [91 9:0 | 9-0 | 10-9] 12-2 | 12-8 | 12-8 


Correction to energy 
(k.cal./mole) eqn. (3.19) | 16 | 16 | 1-6 


18 | 20 | 25| 3-0] 32] 3-4 

By a careful analysis of optical data, Mayer f has estimated the van der 
Waals potentials between the ions in the alkali halides. The energy per 
cell due to van der Waals dipole-dipole and dipole-quadrupole inter- 
actions can be written respectively as —C/r*, —D/r®, where r, as before, 
represents the nearest neighbour distance. The values of C, D estimated 
by Mayer are collected in Table 10, where the corresponding contribu- 
tions to the lattice cohesive energies are also given. We observe that the 
van der Waals interactions increase with the sizes of the ions and con- 
tribute’ from four to ten k.cal. per mole to the cohesive energies of 
the alkali halide lattices. These contributions must, however, not be 
added directly to the earlier theoretical estimates of the cohesive energies. 
In fact, if we include the terms — C/r*, — D/rs in the energy expression 
(3.10) and follow through the same developments as before, we shall 
find that the ultimate energy expression (3.15) is increased by the further 
terms (up to first-order terms in C and D): 


ee e _ [tele 8(2) 8 
(ro/ p)" 70 (/p) 70 l 

The alterations in the estimates of the cohesive energies are thus very 
much smaller than the actual contributions by the van der Waals inter- 
actions; for (7,/p) = 10, the multiplicative factors in (3.19) are respec- 
tively 0:22 and 0-12. The reason is clear: the inclusion of the van der 
Waals terms in (3.10) brings corresponding modifications to our esti- 
mates of the overlap potentials; the increase of the latter largely balances 


1 J. E. Mayer, J. Chem. Phys. 1, 270 (1933). 
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the van der Waals contributions, as long as (7,/p) is still comparable with 
the exponents of the van der Waals potentials, 6 and 8. The correction 
(3.19) is also given in Table 10; its value ranges from one to three 
k.cal. per mole. 

Similar circumstances prevail, when we consider the overlap potentials 
between other than nearest neighbours. Thus if we include in the energy 
expression (3.10) a term B’ exp{— V2 r/p} (V2 r = second neighbour dis- 
tance in a NaCl lattice) to represent the total energy contribution due 
to overlaps between second neighbours, we shall find that the ultimate 
energy expression (3.15) has the additional term (to the first order in 
the correction): 

(3—2v2)B’ exp{v2 rolp} = 0-17.B’ exp{v2 rolp}. (3.20) 
Later we shall see that the total overlap energies between second neigh- 
bours are in most cases less than one-fifth of the overlap energies between 
the nearest neighbours. We have already seen that the latter are of the 
order of one-tenth of the cohesive energies. Hence B’ exp{¥2 rq/p} is less 
than 2 per cent. of the cohesive energies and (3.20) will reduce the 
theoretical estimates of the cohesive energies by well under 1 per cent. 

For given r, and £, the estimate of the cohesive energy based on the 
simple expression (3.10) should thus be quite accurate. Further elabora- 
tions by taking into account additional energy terms may modify 
appreciably the estimates of the overlap potentials, but will leave the 
estimate of the energy not substantially altered. This conclusion is true, 
so long as the rate of variation with r of the added energy terms is 
comparable with that of the overlap potentials. Substantial reductions 
in the average discrepancy between the theoretical and experimental 
values can only be sought in more accurate values of g; and ro. A decrease 
in B raises the value (ro/p) (cf. (3.14)) and thus indirectly raises the 
cohesive energy (cf. (3.15)); a decrease in the value of ry similarly increases 
the cohesive energy (cf. (3.15)). The values of £ and rọ for the lattice in 
static equilibrium differ in fact from the room-temperature values in 
these directions. This point will be discussed in more detail in the next 
section. 

The knowledge of B and r, alone is clearly not sufficient to determine 
the overlap potentials between the like ions which are never nearest 
neighbours. Using the known elastic constants of NaCl and KCl, Born 
and Brodyf have determined partially the interactions between the 
like ions. They obtained the unlikely result that the corresponding 


+ M. Born-and E. Brody, Zeit. f. Phys, 11, 327 (1922). 
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potentials are attractive; this is probably due to the smallness of the 

second neighbour interactions and their estimates are likely to be grossly 

distorted by any inaccuracy in the method. The usual methods for 

discussing the overlap potentials in general depend on a systematic way 

of constructing the overlap potentials between the ions, and the idea. 
of ionic radii is used as a guide for the method of construction. We shall 

describe briefly methods of this type, as variously developed by Lennard- 

Jones, Pauling, and by Born, Mayer, and Huggins. f 

Lennard-Jones’s work aimed at correlating the overlap potentials 
between ions with that between rare gas atoms; the latter, as we have 
seen, can be deduced from the observed second virial coefficients of the 
gases. 

For a head-on collision between two rigid spheres, the nearest distance 
of approach between the centres is equal to the sum of the radii of the 
spheres. Fur atoms having a repulsive potential b/r”, the corresponding 
distance is a function of the energy of collision W (i.e. total kinetic 
energy in the system of coordinates moving with the centre of mass of 
the particles), namely (b/1V)"". If the atoms are identical, we can ascribe 
to each a kinetic radius }$(b/1V)"*". Lennard-Jones’s method is based 
on the following assumptions: 


(i) a kinetic radius can be defined for every ion so that for a head-on 
collision between two ions, the nearest distance of approach is 
equal to the sum of the corresponding radii; 

(ii) the kinetic radii of isoelectronic ions are proportional to the 
extensions of their respective electronic’ clouds, as a practical 
measure for which Lennard-Jones used the ionic radii deduced 
by Wasastjerna from molar refractions, 


Consider the case of an ion i. Let the ratio of its Wasastjerna radius 
to that of its isoelectronic rare gas atom be p,; it follows from assumption 
(ii) that its kinetic radius can be written as 


2 60% Dun, (3.21) 


where b? refers to the constant b in the overlap potential between the 
rare gas atoms (index 7 indicating the rare gas atom in the isoelectronic 
series of i) so that 1(5// ) un is the kinetic radius of the rare gas atom. 

1 J. E. Lennard-Jones, Proc. Roy. Soc. A, 106, 452 (1924); 109, 584 (1925); and see also 
R. H. Fowler, Statistical Mechanics, chap. x (Cambridge, 1929); L. Pauling, The Nature 
of the Chemical Bond, pp. 355-63 (Cornell, 1948); M. Born and J. E. Mayer, Zeit. f. Phys. 


75, 1 (1932); M. L. Huggins and J. E. Mayer, J. Chem. Phys. 1, 643 (1933); M. L. Huggins, 
ibid. 5, 143 (1937); 15, 212 (1947). 
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At this stage, Lennard-Jones does not fix the exponent n, but considers 
b? as a function of n, which can be determined by gaseous data. For the 
interaction potential b /r between two ions i and j, the exponent n; is 
fixed by interpolation from the exponents characteristic of their respec- 
tive isoelectronic rare gas atoms (n = 11, 9, 10, 11 for Ne, A, Kr, Xe). 
The constant b; is then determined by assumption (i): 


bul Wu / ye. W y, 


or Ys = pe -,) no], (3.22) 


where the values of b? and b? corresponding to the exponent uf are to 
be used. 

The above method is not free from arbitrariness, but the values of the 
lattice constants, cohesive energies, and compressibilities for the alkali- 
halides and the lattice constants of the binary salts of the bivalent ions 
Mg++, Catt, Sr++, Ba++ with O--, S--, Se, Te- calculated by Lennard- 
Jones show satisfactory agreements with the observed values. The 
constants for the overlap potentials between a large number of ions 
obtained in this way have been tabulated by Lennard-Jones and Dent. f 
The original analysis of the rare gas data by Lennard-Jones was made 
before London put forward the theory of the van der Waals forces, and 
the attractive potentials were assumed to have the exponent 4. This 
affects somewhat the overlap potentials for the rare gases, upon which 
the force constants for the ions are based. Fowlert has subsequently 
revised the values for the constants, by a method due originally to 
Lennard-Jones. Instead of using values from gas data, Fowler has taken 
all the exponents u. as 9 and determined the constants b? for the rare 
gas atoms indirectly by the use of the experimental values of the nearest 
neighbour distance in the lattices: NaF, KCl, RbBr, CsI. A table of the 
revised values can be found in his book on statistical mechanics. 

For the alkali halides, Pauling has proposed the following expression 
for the overlap potentials: l 


Bap 8.1 (n = 9), (3.23) 


where, like Fowler, he adopts the uniform value 9 for the exponent. 
The factor B., originates from certain quantum- mechanical considera- 
tions, and depends only on the charges of the interacting ions, namely: 


1 J. E. Lennard-Jones and B. M. Dent, Proc. Roy. Soc. A. 112, 230 (1926). 
t R. H. Fowler, Statistical Mechanics (2nd ed., Cambridge, 1936). 
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++ = 1-25, 8,- = 1-00, B. = 0-75. With the following choice of the 
radii and the constant B, 


Lit | Nat | Kt | Rbt | Cat | Fo c~ I- 
0-607 | 0-958 | 1-331 | 1-484 | 1-656 | 1-341 | 1-806 : 


Bo = 0-02900¢? 


7(10-* cm) 


Pauling has shown that the calculated nearest ncighbour distances for 
the seventeen alkali halides with the NaCl structure agree practically 
exactly with the highly accurate experimental values. This is particularly 
remarkable, if we observe that the deviations of the lithium salts from 
the additivity rule are of the order of up to 10 per cent. These deviations 
are due to the importance of the second neighbour repulsions in these 
salts, where the radii of the halide ions are between 2 and 3-5 times the 
radius of the lithium ion. 

Using (3.23), we find that the overlap energy per cell due to nearest 
neighbours in a NaCl structure is 


6B,(r++7-)8 
3 

and that due to second neighbours 
(v2 7) 


Dividing the latter by the former, we obtain the ratio 


{1-25(2r, )8-+0°75(2r_)8}. 


overlap energy of second neighbours 
~~ Overlap energy of first neighbours 


l f, oaf 20 X 3/2 Y 
= ga 20( 2) os ‚ H/ . (3.24) 


which depends only on the radius ratio p = r,/r_. The following values 
indicate this dependence: 


p=03 04 05 06 08 10 12 
R=1-06 0-58 0:33 020 0:10 0:09 014 


Thus we see that for the salts of potassium, rubidium, and caesium, the 
contributions due to second neighbours are all less than 20 per cent. of 
that due to nearest neighbours. In the lithium salts, on the other hand, 
the contributions due to the first and second neighbours are comparable; 
for the extreme case of Lil, the respective contributions are approxi- 
mately equal. 
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The most elaborate attempt at calculating crystal properties from 
suitably chosen interaction potentials is found in a series of works by 
Born, Mayer, Helmholz, and Huggins.t For the overlap potentials 
between the ions, Born and Mayer have proposed the expression 


Pain beratra-ne, (3.25) 


where Bz is the same factor as in (3.23). The way in which the radii 
appear in the expression is suggested by the additivity rule. Consider 
for instance the approximate equation (3.13) (all but overlaps between 
nearest neighbours ignored!), where the constant B should now be 
replaced by Mg. - bexp[(r,+7_)/p], i.e. 


A = 0 AB io belt+ +r——rolp 
70 P 


or, what is equivalent, 
T TT. — ro = 2% ar an. (3.26) 


The right-hand side of the equation does not differ very appreciably for 
different alkali-halide lattices, for Table 9 shows that p will be only about 
one-tenth of the value of r. From LiF to RbI, r, changes by a factor 1-8 
and the corresponding change of the right-hand side of (3.26) will be 
approximately 0-3 A, which is about one-tenth of 70. Hence b can, for 
instance, be chosen such that the right-hand side of (3.26) approximately 


vanishes for all cases: , 
Titr- = ro; 


the form (3.25) thus reproduces approximately the additivity rule. (The 
particular choice of b is, we notice, not actually necessary. The effect of 
introducing a different value of b on the potential (3.25) can be neutral- 
ized by a constant added to all the positive or all the negative ion radii 
in the formula.) 

The constants in the potentials could, for instance, be assigned values 
so as to give the best fit for rọ and £ of all the alkali halide lattices in 
static equilibrium. However, as ro and £ for the static lattices are not 
directly observable, Born and Mayer have used an alternative method 
based on an assumption due to Hildebrand, f namely, that at finite 
temperatures the energy of a lattice consists of two parts, one dependent 
only on its volume and the other only on temperature. It follows then 
by the use of thermodynamical relations that the first and second 

Loc. cit. 


1 J. H. Hildebrand, Zeit. f. Phys. 67, 127 (1931); for a discussion of the accuracy 
of the method see K. Huang, Phil. Mag. 42, 202 (1951). 
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derivatives of the lattice energy u(r) can be expressed in terms of directly 
observable quantities: 


7 ae 70 AR (3.27) 
ae rat a (8) +v(an),alén)e| +3 p, 
(3.28) 


where the nearest neighbour distance 7, as well as all the quantities on 
the right, may refer to any arbitrary temperature. These relations, we 
notice, are the finite-temperature analogues of the earlier equations 
(3.11), (3.12) (p = 0), which determine the derivatives of u(r) at the 
static equilibrium value 7,; (3.27), (3.28) reduce in fact to the earlier 
equations for T = 0. For the expression of u(r), the above authors 
considered the Madelung term, the overlap potentials (3.25) between 
the nearest and second neighbours, and also the dipole-dipole, dipole- 
quadrupole van der Waals potentials. The constants in the overlap 
potentials are then determined so as to give the best fit for (3.27) and 
(3.28) (taken at room temperature) for all the alkali halide lattices. 
The values for the constants as determined by Huggins are: 


Lit Nat K+ Rbt COs 
r, = 0-570 A 0-940 1:235 1-370 1-510 


F- Cl- Br- I- 
- = 1-050 1:435 1-560 1-750 
b = 10-!* ergs, p = 0-3333 x 10-8 cm. (3.29) 


The corresponding calculated cohesive energies are also given in Table 9. 
The agreement with the experimental values is scen to be very satis- 
factory, especially as the experimental values are subject to possible 
errors of the order of a few kilo-calories per mole. 

Let us return to discuss how the experimental values of the cohesive 
energies are obtained. The cohesive energy is the energy difference 
between the dispersed ions and the crystal lattice at the absolute zero 
of temperature. Formally we shall regard the dispersed ions as the gases 
of the ions at the absolute zero of temperature. We shall find the energy 
difference by considering a series of changes of states, which lead from 
the lattice at 0°K. eventually to the ion gases at OK. In following 
through the changes, it is more convenient to consider the changes in 
the heat function H = E+ PV rather than the energy E. Let us thus 
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consider the following changes and the corresponding changes in H. 
(In the following [], () indicate the substances respectively in the 
crystalline and gaseous states under unit atmospheric pressure. Un- 
bracketed symbols refer, to elements in their natural state under the 
temperature specified.) 


(i) [A+B-]oex, [A! B-Jzss-k., heating of the lattice from O K. to 
298˙ K. (room temperature). The corresponding AH is obtained by 
integrating the heat capacity; the latter can be estimated in all cases. 

(ii) [A+B~]oggex, > [A Jass-K.＋ Bass · K., separation of the crystal into 
the pure metal and the halide element in its natural state, which is in 
most cases the diatomic gas. AH is the heat of formation of the salt. 

(iii) [A lass -. (A) zog -K, sublimation of the metal. The heat of 
sublimation AH ean be deduced indirectly from the vapour pressures 
of the molten metal at high temperatures, the heat of fusion and the 
heat capacities of the condensed phases up to high temperatures. 

(iv) Basr > (Basr. transformation of the halide element from its 
natural state to the monatomic gas. The corresponding AZ is deducible 
from the energy required for dissociation of the diatomic molecule. 

(v) (Ahꝛss· K. (A)o-K. and (Bes K. (Blox, Taking the gases 
approximately as ideal gases, one has AH = - (5/2) RT per mole. 

(vi) (A)o⸗k. > (A) -k. Fe, removal of the valence electrons from the 
alkali atoms. The corresponding energy change per atom is equal to 
the ionization potential. 

(vii) e (Bjr. > (B-)»g. the electrons being added to the halide 
atoms to form negative ions. The energy per atom is — E, E being the 
electron affinity; the latter has been determined for Cl, Br, and I by 
Mayer and his collaborators.{ 


As the heat function and energy are identical at 0° K., the sum of AH 
in the above changes provides an experimental estimate of the cohesive 
energy. The experimental cohesive energies for the alkali-halides and 
the experimental data used are collected in Table 11. 

When the value of the electron affinity is not known, the above 
considerations can be used in reverse to determine the electron affinities 


7 Historically this method was first proposed and used by M. Born (Verh. d. D. Phys. 
Ges. 21, 679 (1919)) and represented in graphical form by F. Haber (ibid., p. 750); it is 
now often quoted as the Born-Haber cycle. 

For dotails, seo J. E. Mayor and W. Helmholz, Zeit. f. Phys. 75, 19 (1932); and 
J. Shorman, Chem. Rev. 11, 93 (1932). Tho latter two papers deal with ionic lattices ` 
and introduce the Coulomb forces (Madelung's constant). 

t K. J. McCallum and J. E. Mayer, J. Chem. Phys. 11, 56 (1943); P. M. Doty and 
J. E. Mayer, ibid. 12, 323 (1044); P. P. Sutton and J. E. Mayer, ibid. 3, 20 (1935). 
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TABLE 11 
Experimental Values of the Cohesive Energies of the Alkali Halides 


(All values refer to one mole of salt and in units of kilo-calories.) 


Cohesive energy . 


Gy | diy | diy | Gey | v | wü | (vi) | = (i) Gi) +... + (iil) 
LiF 14 | 145-2 | 38-3 | 318] —29] 1238] 2. | $ 
Lic 2.0 | 974 | 383 | 28-8 | —29 | 123-8 | —85-8 21)1+6 
LiBr | 25 | 83-6 | 383 | 26-7 | —2-0 | 123-8 | —805 191-5 
Lil 28 | 649 | 38:3 | 255 | —2-9 | 123-8 | —72-4 180-0 
NaF 1-9 | 136-1 | 260 | 318 | 2.9117.) m 
Nacı | 24 | 983 | 26-0 | 288 | —2-9 | 117-9 | —85-8 184.7 
NaBr 2.5 86-4] 26-0 | 267 | —2-9 | 117-9 — 805 175-9 
Nal 28 | 60-4 | 26-0 | 255 | —29 | 117-9 | —72-4 186-3 
KF 2-2 | 134-1 | 21-65 | 31-8 | —2-9] 995| .. m 
KCI 2-6 | 1041 | 21-65 | 28-8 | -29 | 99-5 | —85:8 187.8 
KBr 2.7] 94-0 | 21-65 | 267 [2.9 995 — 805 161-2 
KI 2-8 | 78-6 | 21-65 | 255 | —29 | 995 | —72-4 152-8 
RbF | 2-6 | 133-1 | 19-92 | 318 | —29] 960] .. 8 
Rbel | 28 | 104-8 | 19-92 | 28-8 | 2.9 96-0 | —85-8 163-6 
RbBr | 2-0] 95-9 | 19-92 | 296-7 | —29 | 96-0 | —805 158-0 
RbI 30 | 80-6] 19-92 | 255 | —29] 960 | —72-4 149-7 
CaF 2-7 | 131-8 | 19-11 | 318 | —29] 89 A 
Cs@ -| 28 | 1063 | 19:11 | 28-8 | —29 | 89-5 | —85-8 157-8 
CsBr 2.9 97:5 | 19-11 | 26-7 | —29 | 89-5 | —80-5 152-3 
Cal | 3-0 | 836 | 1911 | 255 | —29| 89-5 | —72-4 145-4 


from the theoretical cohesive energies. As different salts of the same 
electro-negative element (halide in the case of alkali halides) provide, 
in this way, each a distinct estimate of the electron affinity, the con- 
sistency between the different values serves as a check on the method. 
Take the case of fluorine. From Tables 9 and 11 we can immediately 
form the following values (in kilo-calories): 


TABLE 12 
Electron Affinity of Fluorine 


Cohesive energy 192-5 | 183-0 
(Huggins) 
Sum of (i)-(vi) 
(Table 11) 


Electron aflinity of F 


286-3 | 280-4 | 272-0 


93-8 97 4 


Moan 
t This was done in the first publications by M. Born (Verh. d. D. Phys. Ges. 21, 13, 679 


(1919)) from which all these investigations started and which contains the first definition 
of electron affinity. 


I. 9 3 ATOMIC FORCES 37 


Shermanf has determined in this way the electron affinities of oxygen, 
sulphur, and selenium (to form divalent ions!) from the theoretical 
cohesive energies of the corresponding salts with the alkaline earth 
elements Mg, Ca, Sr, Ba. Using these values and the affinities of the 
halides, he has calculated the cohesive energies for a large number of 
compounds. The discrepancies with the experimental values have been 
taken by him as a measure of the degree of departure from an ideally 


ionic structure. 
1 Loc. eit. 


II 
LATTICE VIBRATIONS 


4. Simple approximate treatment of thermodynamical be- 
haviour i . 
In classical mechanics, it is well known that when a system of particles 
in stable equilibrium is disturbed, the system performs certain vibrations, 
such that every particle remains in the neighbourhood of its equilibrium 
position. For the description of the vibratory motions, a set of coordi- 
nates q; can be introduced which are linear functions of the displacements 
of the particles and vary independently of one another, each as a 
sinusoidal function of time A,;sin(27v,é+5,) (the frequency , is deter- 
mined by the nature of the forces, whercas A,, &, are arbitrary constants). 
Such coordinates are known as the normal coordinates of the system, 
and the corresponding motions they describe as the normal vibrations (or 
modes). Their number must obviously be equal to the degrees of freedom 
of the system, namely, three times the number of particles. In many 
ways, the vibratory system is completely equivalent to a collection of 
independent simple harmonic oscillators with the respective frequencies 
v; In particular, the possible quantum-mechanical energy levels are 
identical in the two cases. According to statistical mechanics, the energy 
levels of a system completely determine its thermodynamical functions; 
the Helmholtz free energy 
F = E—TS (E = energy; S = entropy) (4.1) 
is given quite generally by 
F = —kT inZ, (4.2) 
where Z, the partition function, is the sum of the Boltzmann factors 
corresponding to all possible energy levels of the system: 


Z = J e-t, 4.4.3) 


et being the eigenvalues of the energy operator. 

For à collection of independent oscillators, one can construct the free 
energies according to (4.2), (4.3) first for the oscillators separately and 
afterwards take the sum. The eigenvalues of an oscillator with frequency 


e E yt, Shv,, Sy . ; 
the corresponding partition function and free energy are thus 
Aix FJ p-shvikT E AMUNT 
Zi = e 2 e i — Ie hrkt? (4.4) 


F. = thy, +kT In(l— e-). (4.5) 
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For a crystal lattice with the normal vibration frequencies v,, 2 F; gives 


the part of its free energy due to the vibratory motions. The Chaplets 
free energy includes in addition the energy U of the static lattice in 
which each lattice particle occupies its mean position; thus 


F = U+4 Z hy tk X In(1— er) (4.6) 


If a solid is deformed, the shifts in the mean positions of the particles 


oaront te, 


alter the frequencies v; as well as the static energy U. At present we shall 
consider the isotropic change i in volume V as the only form of deforma- 
tion; thus in (4.6) both v; and J are to be considered as functions of V. 
From the free energy F(V, T) as a function of V and 7, all the thermo- 
dynamical behaviour concerning changes in volume and temperature 


can be deduced with the help of thermodynamical relations. The 


entropy is 9 
5670. (4.7) 


hence the energy E is given by 


97 
E = FTS = F— 1661 57) 
ö > S (4.8) 


The heat capacity at constant volume is obtained by differentiating the 
energy with respect to temperature: 


ee, , J (hvk T euer | 
C= (ar), = . rT bn 


For T = O K., the last term in (4.8) vanishes and the energy reduces 
tot the static lattice o energy U plus the zero-point energy } t 2 hvg to which 


reference has been made earlier. 
For high temperatures such that kT > hv,, we can expand the terms 
in the sums of (4.8) and (4.9) with respect to (hv,/k7') and obtain in this 


way E x U+4 > hr;+3kT x (number of particles), (4.10) 
i 


Cy = 34x (number of particles), (4.11) 


remembering that the total number of normal coordinates is equal to 
three times the number of particles. These relations express the classical 
energy partition law (the energy for each v vibrational degree of freedom 


is kT) and the Dulong-Petit law of specific heat, which follows from it. 
These laws thus hold only when the “temperature is so high that the 
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vibratory modes are in such highly excited states that quantum effects 
5 kad carbine sabi lech teases sacha 

The equation of state, which connects the state parameters p, V, T', 
follows from the thermodynamical relation: 


oF 
Hee: %. (4.12) 
Thus we find on substituting the expression (4.6) for the free energy in 
(4. 12) that dU 1 1 dv; 
p=- > tae) ai a 


Since v; and U are to be regarded as known functions of V, (4.13) provides 
the requisite relation between p, V, 7. Often it is convenient to intro- 
duce, instead of the derivatives of the frequencies, the dimensionless 


quantities diny, V dv, 


Yi = Ain d (4.14) 
In terms of y;, the * of state becomes 
1 
eee 47 y eL ae} (4.15) 


The actual normal iaio in crystals are very complicated in 
nature, but for the purpose of constructing the thermodynamic functions 
some very crude approximations have proved successful. 

The simplest possible approximation is usually referred to as the 
Einstein model: it is assumed that all the vibrational frequencies v, are 
equal (strictly speaking, one could imagine this to be the case only if 
the lattice particles in a simple lattice were to vibrate independently of 
one another, each isotropically about its mean position). Let N be the 
number of cells per mole and n be the number of particles per cell. Then 
the energy per mole and the molar heat capacity can be written down 
directly from (4.8) and (4.9) by putting all the frequencies v; equal to vo: 


= Hoy Cab [+l , (4.16) 
i € —1 £=(0,/7) 
26$ 
Cy = Nnt N : 4.17 
9 (er — 1)2Jf=% N 
where u(v) = UJN is the static lattice energy per cell and 
Op = = (4.18) 


t A, Einstein, Ann. d. Phys. [4], 22, 180 (1907). 
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is a parameter having the dimension of temperature, called Einstein's 
characteristic temperature. In this model, the heat capacity as a function 
of temperature depends only on a single parameter, namely, Op. We 
notice that Nn divided by the number of atoms per molecule is 
Avogadro’s number 6-022 x 10%, the same for all substances. Thus if 
we measure the temperature for each substance in a suitably chosen 
unit (~ ©,), the heat capacity divided by the numbor of atoms per 
molecule is the same function of the reduced temperature for all sub- 
stances. We shall discuss how this theory compares with the experi- 
mental results later in conjunction with the results of the more elaborate 
Debye theory. 

Speaking physically, the Einstein model appears very unrealistic for 
a monatomic substance, where all atoms are equivalent. For an atom 
is held to its equilibrium position only in virtue of its interaction with 
its surrounding atoms, and thus cannot possibly vibrate independently 
of the others. The situation becomes different, if one considers a mole- 
cular crystal. Consider, to start with, a diatomic gas, where the vibration 
frequency of the two atoms in the gaseous molecule is v In the gaseous 
phase, there is thus a part of the free energy exactly described by the 
Einstein model. In addition, there are of course contributions due to the 
translational and rotational motions of the molecules. When the mole- 
cules are condensed into a crystalline lattice, it may happen, as in the 
case of molecular crystals, that the molecules are held together by much 
weaker forces than that binding the atoms in the molecule. The atoms 
within each molecule will vibrate with respect to each other with much 
the same frequency as before, resulting in a contribution to the free 
energy of the Einstein type. The free translational and rotational 
motions of the molecules are, on the other hand, lost on forming the 
lattice and become transformed into characteristic lattice vibrations: 
the corresponding contributions are not describable realistically in terms 
of the Einstein model. It is precisely the latter vibrations that are more 
adequately considered in the Debye model, which we shall presently 
discuss. | 

Before doing this, let us examine more closely how the vibration 
frequencies are best described for a macroscopic system. For a macro- 
scopic specimen, the number of vibration frequencies is clearly enormous. 
What proves to be relevant is not so much the individual frequencies as 
the number of frequencies falling within any particular interval of fre- 
quency (v, / AY). Let us denote this number by N(v)Av. When the 
specimens are so large that the number of cells near the surface is only 
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a negligible fraction of the total number N, N(v)Av becomes practically 
proportional to N. In a more precise way, this means that the limit 


fv)» = lim 20 z 2 (4.19) 


exists; the function f(v) defined by pe ae will be called. the frequency 
distribution function. It follows immediately from the consideration of 
the requisite degrees of freedom that f(v) fulfils the normalization con- 
dition 00 , 

J dy = zn. (4.20) 


0 
For a mole of the substance, we have then N (vx) = Nf(v), where N stands 
as previously for the number of cells in a mole. Using the frequency 
distribution function we can express (4.8), (4.9) in terms of integrals: 


E = N{ule) +E j s+ ser |(er) fv ) ar}, (4.21) 


Cy = Nk f an a] 0 d- (4.22 


(In order to avoid e by surface effects, when considering 
molar quantities one does not think of an actual specimen of one mole. 
Instead, one imagines very large specimens and divides the corresponding 
extensive quantities such as the energy and heat capacity, etc., by the 
number of moles contained. The molar quantities refer to the limits of 
the normalized values for infinitely large specimens. Thus the integral 
forms given in (4.21) and (4.22) are the precise expressions for the molar 
quantities E and Cy.) 
In Debye’s model, f one takes 
fv) = Cr for v vn 
= 0 for » vn 

where vu, the maximum frequency, is a parameter characteristic of the 
substance. We shall return presently to discuss the physical significance 
of the above frequency distribution function; let us first discuss the corre- 
sponding expressions for the energy and heat capacity. The constant 
of proportionality C in (4.23) is not arbitrary; it follows immediately 
from the normalization condition for f(v) that 


(4.23) 


y3 
C f v? dy = ra — = 3n, or ==. (4.24) 


t P. Dobye, Ann. d. Phys. [A], 39, 789 (1912). 
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Substituting (4.23) and (4.24) in (4.21) and (4.22), we obtain the energy 
per mole and the molar heat capacity: 


25/7 
E =N beo Í G+) a|), (4.25) 
i 0 
O/T 
Cy = oNvnk|{ S) | a aft dé, (4.26) 
where Op = hom, (4.27) 


k 
Oy is the characteristic parameter in this case and is usually known as 
the Debye temperature. 


778, 
2 3 „e. eee 4.8 7.8 9 2 1 2 3 4 8 0 


8 Il i 
Š á 25 5 ee ê a ; 
3 Pb, Ag, KCI, Zn, NaCl, Cu, Al, Caf, C 
re 8 
2. 22 22 J------ > 
8 
3 3 
2 * 
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8 Fe 1 
8 | Al can /feS,fCu JKCI 
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Fic. 4. Experimontal and Dobyo's values for the heat capacity. 


Also according to this theory, there is a universal curve for heat 
capacity versus temperature, if we divide the heat capacity for each 
substance by the number of atoms per molecule and express the tem- 
perature in the appropriate unit (~ Oy). Fig. 4 shows how well the 
experimental values can be fitted on to the Debye curve with suitably 
chosen values of Op; the values used for ©, are given in Table 13. 
The curves I, II, III are identical Debye curves relatively shifted to 
avoid overcrowding of the experimental points. The agreement of the 
Debye curve and the experimental points is seen to be remarkably close. 
In Fig. 5 the Einstein and Debye values for the heat capacity are com- 
pared, where Op is chosen equal to 0:750,. The two curves practically 
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coincide except in the region of very low temperatures, where the 
Kinstein values fall abruptly to values which are too low. The close 
agreement between the Debye and Einstein curves despite the radically 
different frequencies assumed, shows that the thermal properties are not 
sensitive to the frequency distributions except at very low temperatures. 
This is the main reason for the remarkable success of these simple theories. 


tas 


~p 


— 


G, (calories /. degree gram atom) 


0 02 04 06 O8 10 12 14 46 18 20 22 24 
Reduced temperature 


Fic. 5. Comparison of tho Debye ( ) and Einstein () models. 


TABLE 13 
Debye Temperatures 


Substance | Pb 


Tin. | tee | °C Cee | ieee | ee | oe | eee | ee | ee 


Substance | KCl 


ee | oe —— —— — . — — — —— 


To one not aware of the atomic constitution of solids, a solid would 
appear as an elastic continuum as conceived in the classical elasticity 
theory. Debye’s frequency distribution is obtained in fact by regarding 
the crystalline lattice in this way. It is well known that all the motions 
taking place within an elastic continuum can be resolved into elastic 
waves of the form | NV 

u(x,t) An sin(2 ny. xXx 2d), (4.28) 
u(x, t) being the displacement of the medium at the point x and time t. 
(4.28) describes a plane wave of frequency v with displacements in the 
direction of the unit vector n (the polarization vector), with wave normal 
parallel to y and wave-number equal to |y|; y is known as the wave- 
number vector. A and 6 are the usual arbitrary amplitude and phase 
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associated with an oscillatory motion. For any given y, there are three 
independent modes of clastic waves, with mutually perpendicular 
polarization vectors n; (i = 1, 2, 3) and in general different frequencies 
v; The corresponding phase velocities 


„ 4.2 
Ci yi (i = I, 2, 3) (4.29) 
and the polarization vectors n; depend on the direction of y but not on 
its magnitude. We notice that owing to the presence of the arbitrary 
phase ô in (4.28), a similar cosine wave does not constitute any further 
independent mode of vibration; moreover, by keeping to a fixed sign 
for the vt term as we do here, we can count y and —y as two distinct 
vibrations, corresponding to identical progressive waves travelling 
opposite to one another. 

(4.28) represents solutions of the elastic equations of motion and need 
not constitute the normal modes of vibration. The normal vibrations 
for a particular specimen are lincar combinations of the above solutions 
(of the same frequency) which satisfy the boundary conditions on the 
surface (e.g. kept fixed or left free, etc.). When the specimen is suffi- 
ciently Jarge, however, the distribution of the normal modes over 
frequency becomes practically independent of the shape of the specimen 
or the particular boundary conditions imposed. f For our purpose, it is 
simplest to take a large cubic specimen of volume V and impose the 
boundary condition that corresponding points on opposite faces of the 
cube must move in exactly the same way. The great advantage of this 
procedure is that we need not take combinations of the solutions (4.28); 
we can take as the normal modes those solutions which have the following 
wave-numbers: 


y= 9 (11, 12, Ng) (nz, N, Ng = integers). (4.30) 


For such solutions obviously satisfy the requisite boundary condition. 
In particular, we note that if we represent these permitted values of y 
by points in the vector space of y, the points are distributed with a 
uniform density (dimension = volume in the y-space!) equal to “.. 

The above boundary condition is known as the periodic boundary-. 
condition first proposed by Born. We can give the condition a different 
interpretation (cyclic condition) which makes its generalization to the 


t See also W. Ledermann, Proc. Roy. Soc. A, 182, 362 (1944). An elegant proof of 
this result has been recently given by R. Peierls (see Appendix IV). 
t See M. Born, Atomtheorie des festen Zustandes, p. 557 (2nd ed., Teubner, 1923). 


c 
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case of an atomic lattice straightforward. Thus, instead of a finite 
specimen, we imagine an infinitely extended medium. Since there is no 
boundary to reflect progressive waves, the solutions (4.28) all represent 
permissible modes of the medium. Clearly the modes cannot be 
enumerated, as y can take up a continuum of values. The condition 
(4.30) provides, so to speak, a procedure of sampling. Imagine a cubic 
volume V as before, but this time it is a portion of the infinitely extended 
medium. To this volume we ascribe those vibrations which repeat the 
vibration pattern within the cube periodically throughout the whole 
medium. As the geometrical configuration of the whole medium in such 
motions is completely determined by that in the cube, the number of 
such vibrations must evidently reproduce the dynamical degrees of 
freedom in the cube. Moreover, as can be easily verified, if the cube 
edges are increased by a factor s and hence the volume by ss, the number 
of vibrations ascribed to the cube within any given frequency interval 
is raised by 83. Thus by enlarging the cube indefinitely in this way, we 
should be taking in more and more of the vibrations in the medium, 
whereas the frequency distribution remains the same (a constant factor 
such as & does not affect the distribution). It is thus plausible to regard 
the sampling as representative; and the above consideration of the 
degrees of freedom enables us to associate the vibrations with a finite 
volume. The vibrations thus ascribed to the cube V are evidently the 
same as before, i.e. those with the wave- numbers (4.30). 

For an ideal isotropic solid, two vibrations (i = 1, 2) for a given y 
are transverse (ni, na L y) and have the same frequency v, = vg = v; 
the remaining vibration (i = 3) is longitudinal (ng|| y) and has a distinct 
frequency u. Owing to the isotropy, the phase velocities 


vi 
C1 = Ca = — = Cp Ca = — 2 (4.31) 
1 t 3 ly| t 
are constants independent of the direction and the magnitude of y. The 
transverse vibrations with frequencies in the interval v to vr A thus 
occupy a spherical shell of the ‘volume’ 


Airy? 
dry Ay = 0 Ay 
in the y-space. The number of permitted y values in the shell is obtained 
by multiplying the volume by the density of their representative 
points, V: 
anh 20. 
Ci 
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As there are two transverse vibrations to each value of y, the number 
of transverse vibrations in the frequency interval v to y-+-Ay is thus 


8 v Av, (4.32) 
c; 
In exactly the same way we find, the number of longitudinal vibrations 


in the same frequency interval to be 
Av. (4.33) 


When we discuss the vibrations in terms of actual atomic lattices it 
will become clear that the wave-number y cannot be increased in- 
definitely; in fact all the distinet modes of vibration are included in a 
range of |y| from zero to l /a, a being roughly the linear dimension of the 
lattice cell. That such a limit should exist is obvious, for otherwise the 
number of vibrations given by (4.32) and (4.33) would be infinite, rather 
than equal to the number of degrees of freedom of the atoms in V. One 
reasonable way to take account of this effect is to consider only the 
vibrations (4.32), (4.33) which lie within a sphere about the origin in 
the y-space; the radius of the sphere can then be determined so as to 
give the correct number of degrees of freedom. We notice that owing 
to the different velocities of the transverse and longitudinal waves, this 
implies that we cut off the transverse and longitudinal frequency spectra 
(4.32) and (4.33) at two different frequency maxima. Usually, however, 
one adopts the more straightforward way of cutting off both the longi- 
tudinal and transverse spectra at a common frequency vn. This procedure, 
we observe, leads directly to the frequency distribution function (4.23), 
which we have used. This latter method appears somewhat arbitrary, 
but as the difference in the two methods of cutting off the vibration 
spectra concerns only vibrations with very short wave-lengths for which 
the elastic treatment is in any case inadequate, whichever method is 
adopted is thus of no precise significance. 

Adding(4.32) and (4.33) and comparing with N/f(v), we find introducing 
the volume per cell, v = V/N, that 


fov) = m+) (4.34) 


The constant of proportionality, as we have seen, is related to the cut-off 
frequency v by (4.24), therefore 


9 
tn( +5) sa (4.35) 
ci m 


48 LATTICE VIBRATIONS II. § 4 


which, we recall, follows from the normalization condition. The 
maximum frequency, and hence also the Debye temperature, can thus 
be calculated from the velocities of the elastic waves. As the crystalline 
solids are never isotropic, we can only check the above relation roughly 
by replacing (2/c?--1/c}) by the following average over all directions of 
propagation (ef. § 6): 


1 1 1 1 
where ¢,, ca, ca are the phase velocities for a given direction of propagation. 
The Debye temperatures calculated for a few compounds in this way are 


compared in the adjoining table with the values quoted earlier as 
determined by fitting the specific heat data. 


TABLE 14 


Comparison of Debye Temperatures determined from Elastic and 
Heat Data 


CaF 


Heat 474 
Elastic 510 


We shall return to a closer examination of Debye’s theory when we 
have considered the lattice vibrations in more detail. 

Using the Einstein and Debye frequency distributions, we readily 
obtain the corresponding free-energy expressions: 


ape base Fe, 


F = N{u(v)-+3nkT[3é+In(1—e-£)];-0,/7} (Einstein model), 


(4.37) 
ƏpiT 
F=N tore | [4é+-In(1 —e-£) ]é? ae (Debye model). 
0 (4.38) 


We notice that in both expressions the vibrational contribution F- Nu(v) 
is a function €(V, T) of V, T of the following form: 


80, T) TY, (4.39) 


where (T / O) is a function of one argument 7 / O, O being a function of 
volume only. We easily verify that 


„ 
(ain 3), =- S — C7), (4.40) 
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Using this relation we find that 
pom -e). - 3 isis 
p 


97 V \ alno om Zp 
where we have written y= — ond ; (4.42) 
din V 
Expressing 7 in terms of é q = $, 


on the right-hand sido of (4.41), we obtain the following relation, which 
holds generally for a function of the form (4.39): 


(267.7) — m 5 87 9. El, n), TA 


Substituting the vibrational part of the free energy Fm = F—Nu(v) 
into this relation, we find that 


( 4 = naea = F+Nu(o)}, (4.44) 


where y stands for the following expressions: 
_ dinOy dn O 
dinV ’ din V ’ 
respectively, for the Einstein and Debye models. We notice that (see 


(4.1) and (4.7)) 
l 27 -F =—TS—F = E; 
V 


eT 
hence (4.44) can be written as 


oF dulv) yEvtn 
7% do OV” 


where Em = H—Nu(v) is the vibrational contribution to the energy. 
Introducing for — (//) the pressure p (seo (4.12)), we obtain finally 
the equation of state of Mie and oe T 


Evin 
This equation is probably of wider validity than either of the above 
special frequency distributions. The general equation of state (4.15) 
reduces to this form, if we assume all the y, to be equal. This is in fact 
the case for the actual vibrations in the simple linear case considered in 
the next section. Although the assumption of the equality of y; is not 
t Cf. M. Born, Atomtheorie des festen Zustandes (2nd od., Teubner, 1923), p. 652; 
E. Griineisen, Handb. der Phys. 10, 22 (Springer, 1926). „ cesta i Arle ae Er 


3595.87 , : E . j 
“WANs N- wf ov NA: * IE 2-. : r Jy 154. * g. gt 1 2, 


(4.45) 


(4.46) 
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generally true, it provides a very useful approximation for discussing 
the thermal properties. 

The value of y in (4.46) can of course depend on the volume, but if one 
makes a theoretical estimate of y from the atomic forces, on the basis of 
either the Einstein or Debye model, its variation with volume is found 
to be slight. By treating y as a constant (Griineisen’s constant), 
Grüneisen f has made extensive investigations as regards the various 
conclusions ıs deducible 3 from the equation of state and has obtained in 
most cases. s satisfactory’ éxperimental confirmations of the theoretical 
results. Following generally Griincisen’s method, we shall deduce certain 
relations giving the thermal variations of the volume and the com- 
pressibility; the results can then be used to calculate the volume and 
compressibility for the lattice in static equilibrium. 

As we desire the volume and compressibility under normal pressures, 
which have negligible effects on solids, we can put p = 0 in the equation 
of stato (4.46), obtaining 


du — E. 
oe = Poe, (4.47% 


Besides (4.47) a further relation is required to determine the thermal 
variation of the compressibility; it can be obtained as follows: Multiply- 
ing (4.46) by V and differentiating the equation with respect to V at 
constant temperature, we find that 


ap du En 
7 1 700, +EH dè =| ye), oe) 


Since Een is a function of the form £(V, T) (see (4.16), (4.25), (4.39)), we 
can apply the general relation (4.43), obtaining 

OE, n, OE, m 

eh, i e) = 0 = 4 {TCy— Erp}. (4.49) 


Substituting (4.47) in (4.48) and putting p = 0 (atmospheric pressure 
negligible), we find the requisite relation (8 = compressibility): 

5 = — of) =% v an 25 5 (PCy E viv). (4.50) 
The significance of the two relations (4.47) and (4.50) for our purpose 
becomes more obvious if we express the static energy u(v) more explicitly 
as a function of volume by a Taylor expansion with respect to v—vp, 
where vo is the static equilibrium value satisfying the equilibrium 


condition (du/dv),, = 0. (4.51) 
E. Griineisen, loc. cit. 
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For ordinary temperatures (v—v,)/v, is small (< 1/30 for the alkali 
halides); we shall thus retain only linear terms in (v—v,)/v9. Carrying 
out the expansion and remembering (4.51), we obtain the following 
approximate forms for (4.47) and (4.50): 


V—Uy E, nu. 5 
50 o = Ea Bo» (4.52) 


du 
hy 
14 (z) 24o (- F T0, —Em) (4.53) 


B Bo 0 d Uo 
dv*}o 
where By denotes the compressibility for the lattice in static equilibrium: 
1, {dtu 75 
7 = teat). (4.54) 


Eliminating (v - vo) / vo from (4.53) with the help of (4.52), we have 


v (3) 
11 2 : du? 0 yen 
dèu V 
dv*}, 
The relations (4.52) and (4.55) can be used directly to calculate the 
changes in volume and compressibility due to the thermal and zero-point 
vibrations, if the quantities on the right-hand side of the relations are 
known. 


y can casily be expressed in terms of directly measurable quantities. 
Let us differentiate the equation of state (4.46) with respect to T at 


constant volume. Since 
ö oer 
aa"), c. 


8 ð Cy 
we have (67) = y i (4.56) 


= TC. E;n). (4.55) 


Expressing (0p/07'),- in the form 


7 = 


1707 
êp 747 
( i -ZUN 
Tl). 
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we can also write the above relation as 
1707 
v\ War), 
wela lo 
Cy Te 
* op 7 


where (1 / TN?) and (—1/V)(aV /ép)p are respectively the thermal 
expansion coefficient and the compressibility 8. The values of y for the 
alkali halides deduced with the above expression are given in Table 15; 
they are all in the neighbourhood of 1-5. 


TABLE 15 
The Griineisen Constants y, Nearest Neighbour Distances ro, Compressi- 


bilities By (for Lattice in Static Equilibrium), and the Revised Cohesive 
Energies of the Alkali Halides. 


Cohesive energy 


(k.cal.jmole) 
Cale. Diff. 
ro lO em.) | By (LO7M/barye) | (3.15) | Ep.] (%) 

LiF . 1-983 1-09 257 P ee 
LiCl . 2:538 3°16 200 201-5 | —15 
NaF 5 2-283 1-97 223 fs 8 
NaCl - 2-783 3°94 185 1847 0˙3 
NaBr | 1°55 2-946 4-63 176 175-9 0-1 
Nal 1°59 3°189 6-40 162 166°; — 4:3 
KF 1-48 2.637 3°06 196 a tg 
KCl 1-34 3-108 5:20 168 167-8 | — 0-2 
KBr 1-43 3°258 6-10 161 161:2 | —0˙2 
KI 1-58 3-484 7°62 .| 150-8 | 152:8 | —2-0 
RbF 1-28 2:788 3°82 185-2 ot si 
RbCl 1°25 3°239 6-14 161-2 | 163:6 | — 24 
RbBr | 1-27 3-394 7:30 154-1 | 1580 | —39 
RbI 1-50 3-622 8-62 145:6 | 149-7 | —4-1 
CsF 1-49 2-976 3:88 177:2 zi 825 
CsCl 1-97 3°520 518 152-4 | 157:8 | — 5'4 
CsBr 1-93 3-665 6-10 146-4 | 152 — 5-9 
CsI 2:00 3-900 7:30 138-3 | 145-4 | — 71 


To calculate Een requires a knowledge of the frequency distribution. 
Mayer and Helmholzt have given approximate distributions for the 
alkali halides, in some cases as pure Debye distributions, and in other 
cases, as superpositions of an Einstein and a Debye distribution. Their 
results are adopted in evaluating E m and TC,-—£#,,, for the calculations 
carried out below. 

There still remain the quantities depending on the static energy 2, 


q J. E. Mayer and L. Helmholz, Zeit. f. Phys. 75, 10 (1932). 
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namely, che second and third derivatives at v. If we use the approximate 
form (3.10) for u(v), we easily find with the help of the equilibrium 
condition (3.13) that 


12 
dv) 


Hence we may write (4.55) in terms of (ro/p) as 


oft 
00 5 50% 


(2) : yE Y 
P lem i — 5 
p 


A first approximation for $, can be immediately deduced from the 
room-temperature values of B, v with (4.58) by using on tho right-hand 
side the approximate values for (ra/p) given in Table 9 in the last section. 
From the values of 8, so obtained and vo determined from (4.52), revised 
values for (ro/ po) can be calculated as in the last section with the help of 
(3.14). This process of successive approximations for determining (r5/p), 
Bo, and vo with the equations (4.58), (4.52), and (3.14) can be carried on 
until no further changes occur in these quantities; the ultimate values 
are in fact already obtained in the second approximation. The values 
for f, and v, obtained in this way for the alkali halides are collected in 
Table 15. Revised values for the cohesive energies can now be calculated 
from (ro /p) and vo as in the last section by the use of (3.15); the results 
for the alkali halides are also given in Table 15. If we compare these 
values with the values calculated in a similar way in § 3 (Table 9), where 
room-temperature values B, v have been used for Bo, vo, we observe a 
significant improvement in the agreement with the empirical values in 
all cases. When we take into account the van der Waals interactions 
(see Table 10), the calculated values agree in most cases with the 
empirical values within the probable experimental error. There remains, 
however, a systematic increase in the deviation towards the heavier 
compounds. One may perhaps speculate that this is due either to an 
underestimate of the van der Waals interactions, or that with the more 
polarizable heavier ions, the van der Waals interactions are partly 
replaced by chemical forces of a more complex description. 

The values of v, and f, at the absolute zero of temperature can be 
similarly deduced from (4.52) and (4.58) now that the values of (ro/p) 
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are known. The values for {v(293°)—v(0°)}/uy as well as the values of 
(0°) and 8(0°) (the temperatures are indicated in the brackets) obtained 
in this way are given in Table 16. We have also given for comparison 
the values for 8(0°) obtained by Slater} by linear extrapolation from 
room temperature, and the values of {v(293°)—v(0°)}/v, as obtained by 
linear extrapolation, and as estimated by Hildebrandt from Henglein’s§ 
low-temperature measurements. Hildebrand’s values can be considered 
practically as empirical values, since the extrapolations from Henglein’s 
values cover only a very small change in v; the calculated values are seen 
to be in good agreement with Hildebrand’s values. The changes in g;. and 
v as estimated by linear extrapolations are exaggerated, as the tempera- 
ture coofficients decrease to zero as the absolute zero of temperature is 
approached; the errors as shown by the calculated values are in fact quite 
considerable. 


TABLE 16 


Compressibilities and Volumes of the Alkali Halides at the 
Absolute Zero of Temperature 


800 K.) in 


0(293° RK.) —v(0° K.) 
10723 em.? dyne=? 


500 K.) 


Linear 
extrapolation 


Hildebrand- | 1 ler 


Henglein 7 570. K. 


L-4 
2.7 


Cell vol. 
v(0° K.) in 


0:027 

0-036 

ee 0-026 
0-024 0032 
0-027. 0-035 
0-030 0-040 
ga 0:029 
0-021 0-030 
0-027 0:033 
0-030 0:037 
as 0-028 
0-020 

0-031 

0-035 

0-028 

0-040 

0-041 

0-043 


3°3 


7 J. C. Slator, Phys. Rev. 23, 488 poe 
t J. H. Hildebrand, Zeit. f. Phys. 67, 127 (1931). 
§ F. A. Henglein, Zeit. f. Elektrochem. 31, 424 (1925). 
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5. Vibrations of a diatomic chain - 

In this section we shall discuss lattice vibrations in tenps 61 a simple 
model due originally to Born and Kärmän. f The example is explicitly 
soluble and possesses many features common to lattice vibrations in 
general. The model consists of a chain of two different types of particles 
occupying alternate positions (Fig. 6). It is assumed that forces act only 
between neighbours; we shall denote the corresponding potential of 


S db a — ee => ab — 
Yo JO u} 77 


Fic. 6. Linear diatomic chain. 


interaction by ¢. Clearly, whenever the particles are evenly spaced, each 
particle is in equilibrium, the separation between neighbours for such a 
static configuration will be denoted by s/2 so that successive particles of 
the same kind are separated by s. 

Let us regard the chain, for a moment, as an elastic string. The tension 
in the string, being equal simply to the attractive force between neigh- 
bours, is clearly given by $'(8/2). 


When the string is subject to a uniform extension, so that s becomes 
S ＋òs, the tension is increased by 


4dsp"(s/2). (5.1) 

As the corresponding linear elastic strain (extension per unit length) is 
88 / s, (5.2) 

the Young’s modulus E of the string is obtained by dividing (5.1) by 
(5.2). Thus we have E ='}3¢"(s/2). (5.3) 


The chain forms, so to speak, a linear lattice with two particles to each 
coll, Taking any arbitrary cell as reference, we can label different cells 
by an integral index I. In the following, we shall restrict the particles 
to move only along the length of the chain. When we discuss the lattice 
vibrations about any particular static configuration with. a given spacing 
8, we shall denote the displacements of the two particles in cell / from the 
evenly spaced configuration respectively by u, and u, With the help of 
the potential function, the typical equations of motion for the two types 
of particles can be readily written down as: 


mit, = (1 — ty +-48)— (- tu- 48) . 
m'i = Ne- +48) — G ( — uy +48) 
t M. Born and Th. von Kármán, Phys. Zeit. 13, 297 (1912). 


(5.4) 
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where mn, m' are the masses of the particles. Making the assumption that 
the displacements are small, we can develop the potential functions in 
Taylor’s series with respect to the displacements and neglect the second- 
and higher-order terms. Thus for small vibrations, (5.4) becomes 


mit, = S (28) (d 1 — (.- 1-1) 

m't = GSC) — (ui 270 f] 

(5.5) expresses a system of simultaneous equations, infinite in number. 
Since the equations are linear and homogeneous, we can make use of 


complex solutions with the usual understanding. Let us seek to reduce 
the above equations by the following special substitution: 


(5.5) 


Mm 9 eꝛrti- tot (5.6) 
u = 

One recognizes that these represent essentially progressive wave solu- 
tions, similar to the elastic waves discussed in the last section. w is the 
circular frequency (2 times the frequency v) and |s/7| is the wave-length. 
With the above substitution, the equations in (5.5) reduce to the following 
pair of equations: 


bee 26" (30). (1e)! Pe- r, = 0 | (5.7) 
0 e.: — 2% (Be) = 0 ö 
which are linear homogeneous equations, soluble only if 
m2 (0 () l- Te- a 
G (48)(1-+-e27*) m'w? — 20 (18) 


For any given , there are thus two admissible values for the frequency, 
given by the solutions of (5.8), namely, on 


$ (38) Le {(m-+-m')—[(m-+m')?—4mm’ sin?ry]?} (acoustic) | ~ 

mm’ (5.9) 

050 (en Em) In“)? 4mm sina] (optical) 
Substituting these alternative values for w? in (5.7), we potai the 
corresponding amplitude ratios: 


i —m'(14-e-27in) , 
Yt FE] (acoustic 
w`  |(m=m')—[(m+m')—4mm'sin?rn]t ( ) 
w m1 Te-2rin) 
(m -n * Ion + nv’)? — imm’ sin?ry |} 


As usual we can take the real part of the complex solution to represent 
the actual displacements. This leads to a sinusoidal wave for the dis- 


— 
te 


(5.10) 
(optical) 
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placements of either kind of particle. The two waves (cf. (5.6)) describing 
respectively the displacements of the two types of particle have the 
same wave-length and frequency; moreover, they share the same arbi- 
trary phase and amplitude factor, for the equations of motion, as we 
have seen, fix the ratio of the complex amplitudes 2, u“, and leave only 
a common multiplicative (complex) factor arbitrary. We note that owing 
to the presence of the arbitrarily disposable phase and amplitude factor, 
the imaginary part of the complex solution does not give further inde- 
pendent vibrations. Furthermore, we shall use only positive values for 
the frequency w so that the solutions for j and j are distinct from one 
another. Corresponding to the two alternative complex solutions above, 
we have thus exactly two real modes of vibration for each given 7. 

The solutions for w? and uju’, we notice, are both periodic functions 
of » with period 1. <All the distinct solutions are thus obtained, if we 
restrict 7 to a unit range, which we can choose as the following: 


—2 l7 <}. (5.11) 


This restriction on the range of 7 is in fact to be expected. The trial 
solution (5.6) is equivalent to the specification that as we pass from ono 
cell to the next, the phase of the motion is changed by e*7*7. The pattern 
of motion specified by (5.6) is thus completely unaffected if ņ is altered 
by an integer. Hence, only by restricting 7 within a unit range do we 
obtain a unique correspondence between the value of 7 and the pattern 
of wave motion. As /s is the wave-number, the restriction (5.11) is 
equivalent to a cut-off of the wave-number at (1/28); waves with a 
higher wave-number do not correspond to any further distinct vibra- 
tions. This fact has already been mentioned in introducing the maximum 
frequency in the Debye model. 

In Fig. 7 the solutions are represented by plotting the e 
against j for several different mass ratios /m. In general (i.e. m + m), 
the frequencies fall into two distinct branches, corresponding respec- 
tively to the two alternative solutions given in (5.9) and (5. 10). The lower 
and upper branches are usually designated as the acoustic and optical 
branches for the following reasons: 

The acoustic branch is characterized by the fact that w —> 0 as 7 > 0. 
We find in fact on expanding the acoustic solution in (5.9) in a Taylor’s 
series with respect to 7 that 


w? = ( * O(n*')+..., 


mm 
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or A (5 FEED bern) (emali q). (5.12) 

Thus for small 7 (i.e. long wave-lengths), the frequency is linearly pro- 


portional to the wave-number. Since s/y is the wave-length it follows 
from (5.12) that the phase velocity v of the acoustic vibrations approaches 


Fia. 7. Vibration frequencies (arbitrary units). 


for large wave-lengths. Moreover, it follows immediately from (5.10) that 
as 7 -> 0, the corresponding amplitude ratio uju’ œ= 1. This means that 
for long acoustic waves the two particles in the same cell move practically 
in unison as a rigid unit. 

The long waves of the acoustic branch are in fact identical with the 
longitudinal elastic vibrations, if the chain is regarded as an elastic 
string. The phase velocity of such elastic vibrations is given in terms 
of the Young’s modulus E and the linear density p by the following 


formula: Z | zt 
p 


Since in this case p is obviously given by (mm) /s, we find by using 
the value (5.3) deduced earlier for the Young’s modulus that this 
formula becomes s*d"(s/2) U 

= e 
which is identical with (5.13). 


(5.14) 
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The optical vibrations approach, on the other hand, the finite fre- 


quency (see (5.9)) o = Pete )P"(8/2))4 (5.15) 
mm 


as 5 0. Moreover, it follows from (5.10) that the corresponding 
amplitude ratio is given by 
u m 


2 or mutmu = 0. (5.16) 
u m 


The motions of the two particles in every cell aro thus opposed to one 
another and the centre of mass of the cell remains stationary. 

The optical vibrations of long wave-lengths are of special importance 
in considering the interaction of crystals with light. In general an 
electromagnetic wave interacts-only-with-lattice vibrations of the same 
wave-length, and will be strongly affected only. if its frequency is near 
that of the latter. The frequencies of lattice vibrations are generally in 
the range 4 from 0 to 10¹⁸ sec. 1, hence light waves of similar frequencies 
have wave-lengths larger than 


cl0-*8 = 0:003 cem., 


which, we note, are enormously large compared with the lattice constants 
of crystals (~ 10-8 cm.). Therefore the lattice vibrations which can 
interact appreciably with light are very long waves, with practically 
vanishing » (~ 10-5). The strength of the interaction depends on the 
electric oscillations associated with the lattice vibrations. Asan analogue 
of ionic crystals, let us assume the two types of particles in the chain to 
be equal but oppositely charged (the chain as a whole must be electri- 
eally neutral). In the long optical vibrations, the opposed motions of 
the oppositely charged particles give rise to a net oscillating dipole 
moment of a cell, which is totally absent in the long waves of the acoustic 
branch, where the opposite charges move in unison. Therefore only the 
long waves of the optical branch will concern us in the discussion of the 
optical behaviour of crystals. 

(The above discussion is only schematic. For if one considers an electro- 
magnetic wave travelling along the chain, the electric field will be per- 
pendicular to the chain, whereas the oscillatory electric moments of the 
optical vibrations are parallel to the chain. The formal features of the 
schematic discussion remain nevertheless the same in a real three- 
dimensional case, which we shall consider in § 8.) 

We have seen that to each there are two modes of vibration belong- 
ing respectively to the acoustic and optical branches. For an infinite 
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chain, y can take any value between —4 and 4; there are thus an infinite 
number of independent vibrations. It was seen that for the discussion 
of thermodynamical functions the vibrations must be normalized to a 
finite bulk of a crystal. The required normalization can be achieved in 
the present case by taking a finite chain of Z cells and joining the two 
ends to form a ring. So long as J is large enough for the curvature of 
the ring to be negligible, the equations of motion (5.5) remain completely 
unaltered, if we identify the Zth cell with the cell 0. The solutions are 
the same as before, but now subject to the additional condition 


Ur = Up, 


since these displacements now refer to the same particle. It follows 
from this condition that we must have 


J = integer. l (5.17) 

Combining this with (5.11), we find that I is restricted to the following 
values: h 

: T h being integers: —4L <h < 4L. (5.18) 


The total number of vibrations is thus 2L, equal to the degrees of freedom 
of the chain (notice that a particle has only one degree of freedom in the 
present case, as its movement is restricted along the chain). 

It is observed that in the one-dimensional case the finite ring arrange- 
ment is exactly equivalent to the use of the periodic boundary condition; 
this condition is not so easily realizable in the threc-dimensional case. 

When the chain is uniformly stretched, the vibrational frequencies 
are altered, since (15) depends on the average spacing 4s. From the 
expressions (5.9) for the frequencies, we find readily that 


dme Id r s"es) (5.19) 


which is independent of j and hence the same for all modes of vibration. 
In this sinple case, the Mie-Grüneisen equation is thus rigorously 
justified. 

We have seen that the elastic waves agree only with the long acoustic 
lattice vibrations. In Debye’s model, one replaces the lattice vibrations 
completely by elastic waves; in this way, one effectively assumes that, 
in an (w, n) diagram such as Fig. 7, all the vibration frequencies fall on 
the tangents to the acoustic branch at the origin. These tangents are 
indicated in one case in Fig. 7. Debye’s model is thus only a very crude 
representation of the acoustic lattice vibrations. The vibrations of the 
optical branch are taken into account only in so far as the number of 


II. 8 5 LATTICE VIBRATIONS 61 


degrees of freedom is concerned; the frequency maximum in Debye’s 
theory is chosen such that the tangents representing the clastic vibrations 
are cut off at points such that the total number of vibrational modes is 
correctly given. 

We notice that if there is a large discrepancy between the masses of 
the two types of particles (cf. Fig. 7) the frequencies of the optical branch 
are confined to a relatively narrow range. These vibrations involve 
mainly the motion of the light particles, the heavy particles remaining 
largely stationary. Since in the model the light particles affect one 
another only through the motions of the heavy particles, the motions 
of different light particles in these modes are largely independent and the 
corresponding vibrational frequencies do not thus differ very appreciably 
from the vibration of a light particle between its two neighbours held 
fixed. In this case, an Einstein model suitably describes the vibrations 
of the optical branch; the Debye model can be used, in addition, to take 
account of the vibrations of the acoustic branch. 


6. Frequency spectrum of lattice vibrations and specific heats 
Despite its value as a widely usable approximation, Debye’s clastic 
continuum theory is not sufficient for the complete elucidation of the 
behaviour of the specific heats, and has to be replaced by the atomistic 
theory of Born and Karman,f published independently about the same 
time. This fact was first demonstrated conclusively in a series of articles 
by Blackman, when the success and simplicity of the continuum theory 
had all but obliterated the fact that the theory is only an approximation. 
In the first place, one expects that any discrepancy between Debye’s 
theory and the experimental results should be most manifest at fairly 
low temperatures. For specific heats at high temperatures are not 
sensitive to the characteristics in the frequency distributions; we have 
seen, for instance, that the widely different Einstein and Debye models 
yield specific heat values not essentially different except at low tem- 
peratures. On the other hand, Debye’s theory is expected to be rigorously 
correct in the limit of extremely low temperatures. At such temperatures, 
the specific heat is contributed predominantly by the vibrations of the 
lowest frequencies. This is immediately clear from the expression (4.17) 
for the Einstein model; the formula shows that the specific heat due to 


t Loe. cit., p. 55. 

M. Blackman, Proc. Roy. Soc. A, 148, 365, 384 (1935); A, 149, 117, (1035); Phil. 
Trans. Roy. Soc. A, 236, 103 (1936); Proc. Roy. Soc. A, 159, 416 (1937); Proc. Camb. 
Phil. Soc. 33, 94 (1937). 
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a vibration with frequency v falls rapidly with temperature as 
mo T-2e-ħvikT 


at low temperatures such that kT < hv. In the linear chain example, we 
have seen that the lowest vibration frequencies belong to the long 
acoustic waves, which are identical with the elastic waves used in the 
Debye model. This is true generally also for any three-dimensional 
crystal (see §§ 26,27). It thus follows that Debye’s theory must 
reproduce correctly the specific heat in the limit of extreme low tem- 
peratures. Blackman has shown essentially that there is a low-tempera- 
ture region immediately above this extreme limit, where considerable 
deviations from the Debye values are expected on the basis of lattice 
theory and are in fact borne out by certain experimental results. 

If we refer to Debye’s expression (4.26) for the specific heat, we find 
that, for T < Op, the integral has very nearly the limiting value 


P leidt 4. 


(f—1)2 15 
0 


and we have thus approximately 


Cie (5,0 (T < Op). (6.1) 


5 


This is the well-known 7?-law that the specific heat varies as the third 
power of the absolute temperature at very low temperatures. 

It follows from the arguments given above that the 7°-law should be 
rigorously fulfilled at sufficiently low temperatures. It is true that 
(4.26) has been deduced under the special assumptions of elastic isotropy 
and a single cut-off frequency v, = kOp/h for the vibrational spectrum 
of the crystal, but it can be readily shown that the expression (6.1) for 
Cy at very low temperatures is independent of both these assumptions, 
provided Oh is chosen in accordance with (4.36) and the normalization 
condition (4.24). Let us consider an anisotropic elastic medium. The 
three types of elastic waves for a given wave-number y (no longer cither 
transverse or longitudinal) have then in general distinct phase velocities 
c,(8, $) (è = 1, 2, 3), which are moreover functions of the direction of y, 
specified here by the polar angles 0, S. We confine our attention first to the 
_ elastic waves of a particular type i, whose directions of propagation are 
within an infinitesimal solid angle sin dd = dw. For a piece of the 
crystal of volume F, the number of frequencies within the range v, vr di 
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is obviously equal to V times the element of the y-space, or 

y? ? dydw 

| | E 

Ifthe vibrational spectrum is assumed to be cut off at a certain maximum 
ymax; irrespective of the direction of propagation, then the contribution 
to specific heat from those vibrations of the type i whose propagation 
vectors y lie in the solid angle dw is given by 

OKOT 


(1Y Imax)? 2 al ) des J 15 (6.2) 


Vy? dydw = 


0,(8, $) 
where, for convenience, we have written 
E = wjkT and cd, ꝙ) * |¥lmax = (4/h)O,(8, $). 


At very low temperatures T < ©,(8, $) we can replace, as before, the upper 
limit of the integral in (6.2) by co. Then (6.2) becomes 


(ol HE (GG) dex FE 


Summing over the three types of waves and remembering that 
3 
(IY Imax)? = = Nn, 


we obtain for the total specific heat per mole the expression 


12Nnkrt 1 


1 AN 1 1 

where g = 00 75 Í > EES dw. (6.3) 
It is immediately verified that © as given by (6.3) is the same as Op 
when © is defined by (4.36) and (4.27) as has been actually done in (6.1). 

Experimentally it has been found that Cy/ T attains a roughly con- 
stant value for a large number of substances when the temperature is 
lowered to the order 10°-50°K. The corresponding temperatures have 
thus been interpreted as the beginning of the region of low temperature 
within which the 7° law is rigorously fulfilled. Blackmanf showed, 
however, that this is not the case; the experimentally verified 73- 
variations are in fact spurious and do not correspond to the low- 
temperature limit, which lies at a much lower temperature and extends 
usually not more than a few degrees above the absolute zero of tem- 


perature. 
t M. Blackman, Proc, Roy. Soc. A, 149, 117 (1935). 
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Blackman’s conclusions, which are based on semi- quantitative con- 
siderations, have since been confirmed by a number of actual calculations 
carried out for real crystals. Following Blackman we shall use the 
linear chain model to discuss schematically the behaviour of the specific 
heat and its deviation from the continuum approximation; afterwards 
we shall reproduce some results of the calculations that have been made 
for real crystals. 

Let us denote the acoustic and optical frequencies of a linear chain 
by vi, va; using (5.9), we can write 


‘l= he 0 +|- e . (6.4) 


Acoustic vibrations within the frequency range v, „Av correspond to 
n-values in the following dual ranges: , +â and — , —(y-+Ay), 
where Ay is given by du 


N (ie) oe 


It thus follows from (5.18) that for a finite chain of D cells, there are 


oLAn = 22% Ay 
1 


5 2 
acoustic vibrations in the above frequency range, where the factor 2 
takes account of the dual ranges for the y-values. Similarly we find that 
22 0% Ay 
dv, Ye=y 
gives the number of optical vibrations in the same frequency interval. 
The heat capacity of the chain is thus given by the following expression: 
ehvikT 


Cy = 2Lk f erp METY 15 0 +e) | dv. (6.5) 


Bath the acoustic and optical frequencies are limited within certain 
ranges; in the above expression, we shall understand that the integrations 
of the two terms in the integral are extended over these respective ranges. 

If we apply Debye’s approximation to this case, the relation between 
the frequency and y is given by (of. (5.12)) 


no (Tc)) ii 


The number of vibrations in the frequency interval v, v Av is thus 


OL Ay = 270 dy | = 2p (em aw (6.7) 
Vapp 
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The frequency maximum vp is determined by the normalization con- 


dition 95 
Í (4 — oD, 
p" 
0 
_{_¢ _\k 
or Vp = (2055 . (6.8) 


The frequency distribution can thus be written as 
fo) = 0 A 
$ vp (6.9) 
= 0, Vp < Vv; 


hence the specific heat in the continuum approximation is given by the 
following expression: 


AvjikT È 
W oak er ET dv = 2A] ig feat 


e& —1)? 
(6.10) 
k, I ae 
where Op = = = kl Sn | (6.11) 


is the Debye temperature. 

A convenient way of expressing the deviation of the approximate 
expression (6.10) from the accurate expression (6.5) is the following: 
If we simply equate (6.5) to (6.10), we can calculate a value for ©, for 
any particular 7 from this relation. Weexpect thatthe values of ©, calcu- 
lated in this way will agree exactly with (6.11) only for very small 7’, for 
only in this limiting case is the Debye formula (6.10) exact. The deviation 
of ©, from this limiting value can be used conveniently as a measure of 
the inaccuracy of the approxiinate formula. Blackmant has calculated 
Oy in this way as a function of T for a number of cases and represented 
the results in graphical form; his graphs are reproduced in Fig. 8. We 
notice that the frequencies v, and va, and hence also the specific heat, 
depend only on the following two parameters: the frequency maximum 


(see (6.4)) 2mm o" 
ice 250 mm } Í 
and the mass ratio m'm. 


The cases considered by Blackman correspond to the same arbitrarily 


+ M. Blackman, Proc. Roy. Soc. A, 148, 365 (1935). 
3505.87 F 
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fixed value of v, (namely hvo/k = 200°) and various values for the mass 
ratio mm, as indicated in the figure. 

If the continuum theory were an accurate approximation for all 
temperatures, ©, should appear as a horizontal straight line equal to the 


1509-90-40 60 30 100 720 0 
T — 


Fio. 8. ©, for linear diatomic chains of various atomic mass-ratios. 
(1) m] =I. (2) = 3, (3) = 8, (4) = 13. 
value given by (6.11). As regards the actual graphs in Fig. 8, we note 
thus in particular the following points: 

(i) ©, is far from being. independent of temperature and shows con- 
spicuous variations at low temperatures. 

(ii) Although ©, tends to a fairly constant value at high temperatures, 
it is very different from the low-temperature limiting value at 7 = 0 
(equal to (6.11)). This means that although a fair representation of the 
specific heat at relatively high temperatures can be achieved by using 
the Debye formula with a suitably chosen value for the parameter Op, 
this does not necessarily confirm the idea that the lattice vibrations can 
be suitably replaced by elastic waves; the formula used in this way 
becomes largely heuristic in significance. 

(iii) It is readily seen from (6.10) that the analogue of the 7-law in 
this linear case is a linear Iaw Cp oc T; the region for which this limiting 
law holds should appear in the graph as a region of constant Oh imme- 
diately adjoining 7 = 0. The curves shown indicate that this region is 
extremely narrow and is barely recognizable as a horizontal tangent 
at T = 0. 

(iv) Curve (2) has a minimum, where O5 is stationary. If the corre- 
sponding temperature is sufficiently low compared with O5, so that the 
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upper limit of the integral in Debye’s formula can be put equal to œ, we 
have in the neighbourhood of the minimum spurious 7°-variation, quite 
unrelated to the real TA. region at T' = 0. A minimum of this type appears 
always to occur in the curves for real crystals, and is apparently related 
to the experimentally verified 7-region. 

As we shall see, all the above features are retained in the real three- 
dimensional cases, but in a less exaggerated way. 

The general features of the lattice ~ vibrations in three-dimensional 
lattices are very ‘similar to the linear case. It will be shown in ‘Chapter V 
that the equations of motion can be set up quite generally without 
any assumption as regards the interaction forces and can, moreover, 
be simplified readily. For the present purpose, we need only quote the 
results to be established there. 

Let us consider a general lattice structure with ꝝ particles to each cell. 
We shall distinguish different particles in.the same cell by an index 
k = 1, 2, ., . Choosing any cell as reference, we can label different cells 
by a triple lattice index IIl, L, la) exactly as in the case of the simple 
lattices considered in § 3. A particle in a general lattice is thus specified 
by the indices I and . 

If we represent the total potential energy ® of a lattice as a function 
of the displacements of the lattice particles from their equilibrium 
positions, we can form its derivatives with respect to the components 
of the particle displacements u,(/) (c- component of the displacement 
vector of the particle (1), & = 1, 2, 3). Small vibrations of a lattice are 
controlled by the second derivatives: 


ET 88 


1 pre 


The symbol on the right is introduced partly for simplicity, 8 what 
is more important, because it exhibits the fact that the second derivative 


depends only on the relative cell index I and not on the indices / and 
individually (8 23). 


If we denote the position vector of a lattice particle (j) in the equili- 


brium configuration by x( AP the complex solutions of the equations of 
motion are of the following form: 


u) = ue h)exp[2niy. x() — ici], (6.13) 
where u°(X) is a constant vector depending only on . For a given y the 
circular frequency w 2m is determined by the following determinantal 


equation: CU) wke Sagl = 0, (6.14) 
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where C,(,3.) is defined a dea . . 


l 


Cable) gene D, Pople) exp{—2riy Rech- (0.15) 
the summation being over all integral values of It, 12, [3 and m, my being 
the particle masses; pw, dag in (6.14) signify Kronecker symbols, e.g. 

ôy = : 3 ° (6.16) 
If we order a pair of indices (a, k) in the sequence (1,1), (2,1), (3, 1), 
(1,2), .., (I, 2), (2, ), (3, u), the elements Cag( l;) can be displayed in 
a square array (a square matrix): 


Cali) Cizli1) Cl)» © Gin) Cli) Galina) 
Cali) C22(11 Cz2(11 . 
Cailin) 


GCI ts a w howe a de aa o wed 8 Ol?) 
(6. 14 a) 
The left-hand side of (6. 14) is merely a short notation for the characteristic 
(or secular) determinant of the above matrix. 

(6.14) is a 3n-degree equation in w; we can as before restrict our 
considerations to the positive frequencies; thus the equation gives 3n 
frequencies. To cach of these frequencies we have a distinct solution of 
the form (6.13); it is not necessary to discuss here how the polarization 
vectors uo) are to be determined. The construction of the real solutions 
is the same as in the linear case, and for a given y we obtain exuctly one 
real progressive wave for each of the 3n frequencies given by equation 
(6.14). 

Exactly as in the case of the linear chain, not all y-values correspond 
to mutually distinct solutions. This is most readily seen as follows: let 


us write x(!) = x(1)--x(k), 
where xi) is the lattice vector: 
x(l) = lia ia fag, (6.17) 


Ai, Ae, Ag being the basic vectors forming the edges of the cells. As x(k) 
does not depend on the index /, (6.13) expresses that the phase of the 
motion changes progressively from cell to cell according to the factor 


EPEN ae. (6.18) 
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We notice that the reciprocal basic vectors defined by 


PT 
al. az A Ag laz. a3 NAI ag. a1 AA 
(6.19) 


have the property that their scalar products with the basic vectors 
ai, az, a, are either equal to one or zero according to the following rule: 


bi. a, = ot (6.20) 


Let us define a reciprocal lattice in the y-space with the reciprocal basic 
vectors; thus a lattice vector in the reciprocal lattice is of the form 


y(h) = h, b'!+h,b*+A,b3, (6.21) 


h(hy, Ra, la) being integers. It follows immediately from (6.20) that the 
scalar product between a lattice vector and a reciprocal lattice vector 
ae X(. () = Dh, +P het ha. (6.22) 
Thus if we add to y any reciprocal lattice vector y(4), the phase factor 
(6.18) is not affected. Therefore all the distinct solutions (6.13) are taken 
into account, if we restrict the values of y to one reciprocal lattice cell in the 
y-spuce, because, for any point outside the cell, there exists a point 
within the cell connected to it by a reciprocal lattice vector. 

It is, however, not necessary always to choose a reciprocal lattice cell 
to limit the values of y; in fact it often proves more convenient for 
practical considerations to choose an equivalent region in y-space, which 
has the same volume as the reciprocal cell but a greater geometric 
symmetry; the only criterion to be satisfied is that no two points in the 
chosen region are related by a reciprocal lattice vector. We shall illustrate 
this point by a hexagonal network (Fig. 9a). The simplest choice of the 
basic vectors a,, a, does not exhibit the hexagonal symmetry. The 
reciprocal lattice (Fig. 96) is similarly a hexagonal network; the hexa- 
gonal symmetry is not exhibited by a reciprocal lattice cell (shaded in 
the figure). A more symmetric region is the hexagon (indicated in Fig. 
9b) about a lattice point bounded by the bisecting lines with its six 
neighbours. It is immediately clear from the figure that this region 
is completely equivalent to a reciprocal cell, for the respective portions 
of the reciprocal cell and the hexagonal region marked off by the same 
number with and without a prime in the figure are obviously related 
by reciprocal lattice displacements, 
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In § 4 we have seen that to obtain the frequency distribution, we can 
normalize the vibrations to a finite volume V by i imposing the periodic 
boundary condition. The latter restricts y to? reertain, discrete values, 
which are represented by evenly distributed points in the y-space; the 
density of such representative points in the y-space is exactly constant 
and equal to V. We notice that the volume of a reciprocal cell is given by 


bi. ba A b3] = (az A ag). (as A ay) A (a, Nag) a 1 Ss L 
|a; . a2 A azl? fal- a NAI Va 
(6.23) 
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Fic. 9a. Hexagonal network. Fic. 96. Reciprocal lattice. 


for (ai. az A a) is equal to the volume of a lattice coll. Multiplving this 
by the density of representative points V, we obtain the total number 
of y-values: 
V x 2 = N, 
Va 
where N. is the number of lattice cells in V. As there are 3n real waves 
for each y, the total number of vibrational modes is 


Zn N, 


which is exactly the total number of degrees of freedom of the lattice 
particles contained in V. This fact further ensures that not only do we 
obtain all the distinct’solutions by restricting the y- values to a reciprocal 
cell, but the different y-values in the same cell do in fact correspond to 
distinct solutions. We can therefore write for the distribution function 


Fou): an 
Jv) = y lim 5 2 If dy, de dys, (6.24) 


„ IMI v Av 
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where the integration is over a reciprocal cell. (6.24) evidently corre- 
sponds to the normalization of f(v) in accordance with (4.20), namely 


| flv) dv = 3n. (6.25) 


Various methods have been suggested to calculate the frequency 
distribution function f(v) for crystals. We shall now briefly describe 
these methods and discuss some characteristic features of f(v) obtained 
by them. 

The most commonly used method to calculate f(v) is due to Blackman. 
It consists of selecting a finite number of evenly distributed points in a 
reciprocal cell in the y-space, or rather an equivalent region with 
maximum symmetry. The 3n frequencies for each of these y-values 
are then determined from the equation (6.14). Finally the frequency 
scale is divided into a number of suitably chosen finite intervals and 
the number of frequencies falling within each interval counted. If the 
resulting number is plotted as ordinate against the frequencies in the 
corresponding interval, a step curve is obtained which may be smoothed 
out into a continuous curve. The vertical scale is then adjusted so as to 
give a curve representing the frequency distribution function f(v) satis- 
fying the normalization condition (6.25). For structures possessing 
special symmetry, the equation (6.14) is the same for groups of sym- 
metrically placed points in the y-space so that the equation has to be 
solved only fora small fraction of the total number of y-values considered. 
For a crystal lattice with cubic symmetry such as NaCl, the equation 
need only be solved for points within a volume 1/48th of that of a 
reciprocal cell. The actual numerical work involved in such calculations 
remains, however, still very considerable. 

Blackman has calculated the frequency distribution by this method 
for a two-dimensional square lattice and simple monatomic cubic lattice 
under the simplifying assumption that only the nearest and next nearest 
neighbours interact with each other. The (Op, 7') curve calculated from 
this distribution function is similar to one obtained by him for a linear 
chain. 

The above numerical method has been somewhat refined by Houston. 
There are always to be found straight lines through the origin of the 
reciprocal space for which the frequency equation (6.14) can be solved 
exactly. Thus the frequency distribution F(v, @,,¢,) per unit solid angle 
can be obtained easily for several directions (0%, &) in the reciprocal 

t M. Blackman, Proc. Roy. Soc. A, 159, 416 (1937). 
ł W. V. Houston, Rev. Mod. Phys. 20, 161 (1948). 
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space. These can be expanded in spherical harmonics in the form 
F (v, 2 $a) = 27 4% T. (0, $s)» (6.26) 


where by choosing the Y’s properly one can allow for the symmetry of 
the lattice; the number of terms on the right-hand side corresponds to 
a certain degree of approximation. By taking this number equal to the 
number of directions (6,,¢,) for which the frequency equation has been 
solved, one can solve for f;(v). The total distribution function f(v) is then 


given by 
fv) = f f F(v,8,ġ)sin0 ddd = 4nf,(v)¥o. 


Houston has applied this method to obtain the frequency distribution 
for a monatomic simple cubic lattice with the same force constants as 
those chosen by Blackman. In contrast to Blackman’s finite step 
function Houston’s curve for f(v) has several sharp peaks where it is 
actually infinite (cf. p. 75). The area under the peaks, however, is 
finite. The curve Oy plotted against 7 from this distribution function 
has a much greater dip than that in Blackman’s curve. 

As distinct from these numerical methods for obtaining the frequency 
distribution, Montrollf has proposed a method for approximating the 
frequency distribution by analytical expressions. In order to determine 
all the 3nN circular frequencies uf (vi one has to obtain the characteristic 
roots of the matrix (6.14 a) for N values of y in the cell of the reciprocal 
lattice. Let these values of y be denoted by yj, Ya... Yy and let C(y) 
denote the matrix obtained from (6.14a) by dividing each row of it by 
(22)*. Then, if r = v, obviously r7(y,) (J = 1, 2,..., 3n; 2 = 1, 2,..., N) 
are the characteristic roots of the N x N diagonal matrix 


Cy) o.. 0 


0 Cya) . ° 
3 Q (6.27) 
Oe me ee OS Cly y) 


in which each diagonal element C(y,) is a 3n x 3n matrix as defined above. 
Now from a well-known theorem on matrices it follows that the sum of 
the kth powers of all the characteristic roots of a matrix C is given by 
trace C* (i.e. by the sum of the diagonal elements of the kth power of C), 
provided we use the convention that if a characteristic root is d-fold 
degenerate, it is to be counted d times. Hence, denoting the average 


t E. W. Montroll, J. Chem. Phys. 10, 218 (1942); ibid. 11, 481 (1943). 
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value of the kth power of the characteristic roots viy) 2 by Hor WE 
have 


9 — 
fo = ai av’ l k 


e p 
and Hey, = In ir C = 3n N p) ir{C(y))} 


Nx S viv] (E= 1 2, dun (6:28) 


71 11 
so that by definition zr is just the 27th moment of the distribution 
function. Assuming the set {v,(y,)} to be densely distributed, we can write 


Uk = f fiv dy/ f flv) dv. (6.29) 


Now since the frequencies are the square roots of the characteristic 
roots of C, the-distribution function f(v) is an even function of y, Hence 
if vm (% > 0) denotes the highest frequency, the limits of integration 
in (6.29) can be chosen from —y,, to +v, 80 that the odd moments jo;,4 
areallzero. Following Montroll we next express the distribution function 
in terms of the moments . Let 


fv) = pX An 5 /), (6. 30) 


where the P’s are the Legendre polynomials of the argument Ploy and 
the a's are given by 


a, = EI f Farm E. (v) dz, (6.31) 
= 
If now 1 = J (rv dx, (6.32) 
then Ax = i f(v)" ol | 7750 dy = Gr . (6.33) 
since 50 dy = Zn. 
ö 


With the help of these relations and remembering that odd moments 
are all zero and that odd Legendre polynomials contain only odd powers 
of æ, one easily obtains 
ay = as, = as = ceo = Nax. r1 = 0, 
Ay = (62) o/ 21m, a = (Bn)5(3ua—Hovm)/ (dvn) 
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and generally 
_ 4k+ l 2.— 1)2k 
dr = en 701 2er b. N b 


Thus if the 's are known, the distribution function f(v») can be obtained 
as a series in Legendre polynomials. Since the 's can be determined 
with the help of (6.27) without actually solving (6.14) for the frequencies, 
this method for determining f(v) involves much less calculation than the 
numerical method. Another point worth mentioning in this connexion 
is that since a thermodynamic quantity (as a function of temperature) 
is generally an average over all the normal modes, it can be expressed, f 
as Montroll has shown, as a series in terms of the moments, thus avoiding 
the use of the distribution function altogether. Hence in cases where 
such series are rapidly convergent this method can be very advantageous. 

Montrollt and Montroll and Peasle§ have applied this method to deter- 
mine respectively the frequency distributions for monatomic simple and 
body-centred cubic lattices under the simplifying assumption that only 
the nearest and the next nearest neighbours interact with each other. 
The matrices C(y) for such lattices are 3X3 matrices and explicit 
expressions for the moments can be easily derived. These authors 
determined the coefficients a in (6.30) up to k = 5. Their results are 
in general agreement with those of Blackman] and Fine ff who obtained 
the distribution functions for the two types of lattices by the numerical 
method. 

A characteristic feature of the frequency distributions for monatomic 
cubic lattices is that they have two maxima, one near about „ %/2 and 
the other close to the upper frequency limit „- In view of this result 
Brenig and Schröder have recently suggested that to a good approxi- 
mation f(v) can be taken of the form 


F = Zy(v)+- ag 8(v—vz). (6.35) 


Here 8 — vg) is the Dirac 5-function and zp(v) is the Debye distribution 
function; the cut-off frequency v., however, is now somewhat smaller 
than the Debye cut-off frequency vp. There are three unknowns in 
(6.35), namely ag, vg, and v, By equating the expressions for the 


(6.34) 


7 Such an expansion was first introduced by Thirring: H. Thirring, Phys. Zeit. 14, 
867 (1913); ibid. 15, 127, 180 (1914). 
t E. W. Montroll, loc. cit. (1943). 
§ E. W. Montroll and D. C. Peasle, J. Chem, Phys, 12, 98 (1944). 
M. Blackman, loc. cit. (1937). 
tt P. C. Fino, Phys. Rev. 55, 355 (1939). 
tt W. Brenig and M. Schröder, Zeit. f. Phys, 132, 312 (1952). 
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moments pp, Ho, and h of (6.35) to the corresponding expressions for 
these moments obtained from (6.28), one is able to determine v, vg, 
and a, uniquely. A distribution function of the type (6.35) is obviously 
more manageable for calculations of specific heats, etc., since it merely 
represents the superposition of an Einstein term on the Debye spectrum. 
If, however, there occur more than two maxima in the frequency 
distribution, one will have to superpose several Einstein terms of 
different frequencies », vz,,.... The determination of the various 
constants v,; vg, af; Yep Ng, is then more complicated. 

Montroll has also made a very detailed analytical investigation of 
the frequency distribution of a two-dimensional square lattice, whereby 
he is able to obtain for f(v) closed expressions involving complete elliptic 
integrals for certain values of the force constants. One theoretical result 
of considerable interest in this investigation turns out to be that f(v) has 
logarithmic singularities in this case (these singularities, unlike the 
singularities obtained by Houston which are due to approximate methods 
employed, are genuine), This result has been derived by a simpler method 
and extended to the three-dimensional case by van Hove. A short 
account of this work will be given here. 

We consider the distribution function f,(v) for the jth mentee of the 


normal modes, 
Foy) = Š file) 


Then the integral corresponding to f,(v) on the right-hand side of (6.24) 
obviously represents the volume enclosed between the two neighbouring 
surfaces vi(Y1 Yo, Y3) = v and (7/1, Yo, Y3) = v-+Ayv. Hence if dS repre- 
sents an element of area oit the surface of %, , Y3) = v and An the 
element of the normal to it at d&, f, ) can be written ass 


ho) = lm . An dS = I lim f Seas. 
yo Ay N avo 
VS WY yas) V+ Av 
(6.36) 


Now Arv = grad (7/1, 72, Y3). A = 45 n- -Anti Ah (6.37) 
3 

inà Av _ ev Ay, , & Aye , ov dys 

An ay, An % An % An ` 


t E. W. Montroll, J. Chem. Phys. 15, 575 (1947). 

t L. van Hove, Phys. Rev. 89, 1189 (1953). 

§ For convenience the suffix j on the function v, in the remaining equations will be 
omitted 
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But A/ / An, Ay,/An, A/ / An in the limit Av or An > 0 are the direction 
cosines of the normal to the surface v(y,, 7, ) = v. Since these are 
proportional to 2@v/éy,, dv/éy., and av/dy5, we have 
An = 1 
dv ‘s{(2v/ay,)?+ (êy) + (@v/ðy) 7 

Hence (6.36) becomes 

fie) = A If OS 5 
N J J MVH]? ( οννι f ( ονι] 


For the two-dimensional case f,(v) is obviously given by 


W 
i N J Ve- vay) 
where ds now represents an element of arc of the curve v(y,, Ya) = v. 

The discussion of the analytic singularities in the frequency distribu- 
tion f,(v) due to a particular branch j is now an easy matter. They 
obviously occur at ‘critical’ points where all derivatives dy/éy, vanish. 
One can assume that the determinant | 


(6.38) 
(6.39) 


(6.40) 


ay 
9% 97/8 
at these points, as this could happen only for special values of the 
dynamical constants. This implies that the critical points are isolated 
and hence finite in number. In the neighbourhood of any critical point v, 
one has an expansion of y which contains no linear terms; if it is broken 
off after the quadratic terms, the 5% are linear in the y, and the 
integral for I e) can be evaluated by elementary methods. The result 
is the following: For a two-dimensional crystal there is a finite dis- 
continuity (jump) in the curve f(v) at each maximum (jump downwards) 
and minimum (jump upwards) and a logarithmic peak of the type 
—log|1—v/v,| at a saddle point (i.e. when v = v,+-a(y2—y?)). For a 
three-dimensional lattice the function f,(v) is continuous at a maximum 
or minimum, but has a discontinuous direction of the tangent, of the 


type 8 
five) ~ 0 A ji 


in the case of a maximum and vice versa in the case of a minimum; 
the behaviour at saddle points is similar. 

The singularities are therefore of a rather harmless type and do not 
invalidate the numerical computations. It can further be shown (see 
van Hove, loc. cit.) that owing to the periodicity of the lattice, a number 


— 
77 


for v < ve 
for vy > v, 
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of critical points must necessarily exist for each branch, though a 
different number for the acoustical and optical branches. 

In contrast to the work of Blackman, Montroll, Fine, and others 
described above, where the forces are assumed to be of short range, 
Lyddane and Herzfeldt (NaCl), Kellermann{ (NaCl), Iona§ (KCl), and 
Helen Smith|| (diamond) have calculated frequency distributions without 
assuming that the forces in the crystal are of a short range. Lyddane and 
Herzfeld have calculated the frequencies only for relatively few isolated 
values of y, from which a frequency distribution cannot be deduced. 
In the following we quote some of the results obtained by Kellermann, 
Iona, and Helen Smith, which represent the most accurate calculations 
available. The frequency distribution was calculated by these workers 
by using the numerical method of Blackman. 

For his calculations on NaCl, Kellermann considers only the overlap 
force between the nearest neighbours; as regards the Coulomb inter- 
action, the ions are considered as equivalent to point-charges. The 
overlap force is determined with the help of the observed lattice constant 
and compressibility essentially as in § 3. Since in lattice vibrations the 
ions are displaced from their symmetric positions, the. effect of the 
polarization of the ions, which is ignored in Kellermann’s calculation, 
can be quite considerable; we shall obtain some idea of the inaccuracy 
from this source in the next section. The point-charge and overlap 
interactions are two-body forces; to make use of the general formulae 
given earlier in this section, we have only to replace ® by the sum of such 
interactions between all pairs of ions in the lattice. Once the coefficients 
Cap (i) given by (6.15) are calculated, the frequencies can be determined 
from (6.14). Tho principal difficulty in the calculation is that for the 
Coulomb interaction the series in (6.15) converges very slowly. In §30 
we shall see how such series can be converted into quickly convergent 
expressions suitable for practical calculations. 

Some of Kellermann’s results are represented graphically in Figs. 
10-12. Fig. 10 gives the frequencies of the various branches of lattice 
waves propagating in the direction of any cube-diagonal. As there are 
two particles to each cell, there should be altogether six branches of 
vibrations corresponding to the 3n solutions of the determinantal 
equation (6.14). Owing, however, to the symmetry of the NaCl-structure, 


7 R. H. Lyddano and K. F. Herzfeld, Phys, Rev. 54, 846 (1938). 

t E. W. Kellormann, Phil. Trans. Roy. Soc. 238, 513 (1940); Proc. Roy. Soc. A, 178, 
17 (19-41). 

§ M. Iona, Jr., Phys. Rev. 60, 822 (1941). 

|| Helen M. J. Smith, Phil. Trans. Roy. Soc. 241, 105 (1948). 
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all waves along the cube diagonals are either transverse or longitudinal, 
all the former being double (corresponding to two independent choices 
for the polarization vector). The acoustic and optical vibrations are 
easily distinguished in the graph, as the former go through the origin. 
Fig. 11 gives the frequency distribution function obtained in the way 
described above. In the same figure the frequency distribution according 
to the Debye model is also given for comparison (dotted line). The 
calculated and experimental values of the Debye temperature Op given 
in Fig. 12 are obtained in the same way as in the linear case, namely, 
by equating the Debye formula (4.26) to the calculated and experimental 
values of the specific heat for various temperatures. 

Iona's calculations for KCl are essentially similar. He has considered 
the overlap forces between second neighbours as well, which are deter- 
mined with the help of the infra-red dispersion frequency (see §§ 8, 9) 
together with the elastic data. Since the masses of the K+ and Cl- ions 
are not very different, Iona has assumed them equal in his calculations. 
The frequency distribution function and the calculated (Op, T) curve 
are given respectively in Figs. 13 and 14. We notice that the Debye 
distribution (thin line in Fig. 13) is much closer to the calculated 
distribution according to the lattice theory in this case. When the masses 
of the ions are equal, the lattice behaves somewhat like a monatomic 
solid w ith one > atom to each cell; the optical branches join ı smoothly with 
the acoustic branches so that we have apparently only three acoustic 
branches, the upper halves of which correspond to the optical vibrations. 
Such acoustic-like branches are obviously more closely approximated 
by the Debye model than in the more general case where the optical 
and acoustic vibrations form separated frequency-bands. 

The nearest neighbours in the diamond lattice are joined by valence 
bonds, which cannot be adequately approximated by central inter- 
actions. In her considerations of the diamond lattice, Helen Smith 
thus makes no assumption whatever about the second derivatives of Ð 
correlating two nearest neighbours. She shows that all such derivatives 
depend only on two independent constants on account of the symmetry 
of the diamond structure. Besides the nearest neighbour interactions, 
she finds that one should, on the evidence of experiments, consider also 
the interaction between second neighbours, which she assumes to be 
central. Thus there are altogether three independent constants under- 
lying the potential in her treatment; these constants are determined 
with the help of the Raman frequency and the elastic constants. Fig. 15 
gives the frequencies for the waves travelling in the direction of any 


` : t œ 7 . 
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cube-diagohal; us iii the case of NaCl, these vibrations are either trans- 
verse or longitiidinal, the former being double. One difference between 
Fig. 15 for diatiiond and Fig. 10 for NaCl is particularly worth noticing, 
namely, that all thie optical branches in the diamond lattice converge to 


1 2 3 4 5 6 = 7x10"%/sec, 
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the same limit for À -> œ, whereas in the NaCl lattice the longitudinal 
and transverse vibrations converge to different limits. As we shall see 
in the next section, this difference is due to the fact that owing to the 
ionic character of the NaCl lattice, there is an electric field associated 
with the longitudinal vibrations, which raises the vibrational frequencies. 
In Figs. 16 and 17 respectively are given the frequency distribution 
function and the calculated curve and experimental values for the Debye 
temperature Op as a function of temperature. 
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We notice that in all cases there is a minimum in the (Op, T) curve, 
as predicted by Blackman, giving rise to a spurious 78-region. The 
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calculated values in the graphs also indicate that the true T°3-region is 
very narrow, appearing in the graphs merely as a horizontal approach 
of the ©, curve towards the axis T = 0. Clusiust has made extensive 


t K. Clusius, Zeit. f. Naturforschung. 1, 79 (1946). 
3595.87 QG 
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measurements on the specific heat at low temperatures for seven alkali 
halides; he reports that in none of the cases has he been able to reach 
the proper 7°-region, although evidence of its existence is detected. 


7. Long lattice vibrations of the optical branches” 

We have seen that long acoustic lattice vibrations are identical with 
elastic waves; the latter, of course, follow from the macroscopic equations 
of the elasticity theory. Equally the optical lattice vibrations of large 
wave-lengths can be considered on a macroscopic basis. Such optical 
vibrations are important chiefly in the ionic crystals owing to the strong 
electric moments associated with the motion. The macroscopic theory 
is particularly simple for the diatomic crystals with optical isotropy; in 
this category are included most of the commonly discussed simple ionic 
crystals (structures: NaCl, CsCl, ZnS). In the following we shall discuss 
this case in detail. [SIT peer a ong E 

In the linear chain example, we recall that, in contrast to the Tong 
acoustic vibrations where atoms in a macroscopically szaall section move 
practically in unison, in a similar section of an optical vibration atoms 
of one type move as a body against the atoms of the other type. Thus 
to describe the long optical vibrations, we require a parameter specifying 
the relative displacement between the positive and negative ions. For 
an elastic motion, the effective inertial mass for a unit volume is the 
density; for the optical type of motion, on the other hand, the corre- 
sponding mass is the reduced mass of the positive and negative ions 

= AI. AI. / (Al. A) divided by the volume of a lattice cell. It has 
been found that the most convenient parameter to choose for describing 
tho optical type of motion is tho displacement of the positive relative to 
the negative ions multiplied by the square root of this effective mass 
per unit volume; we shall denote it by w. For the diatomic ionic crystals 
under discussion, the macroscopic theory is fully embodied in the follow- 
ing pair of equations: 


W = Un W bi E, (7.1) 
P = bo, W+ bo. E, (7.2) 


where P and E are the dielectric polarization and electric field as defined 
in the usual way in Maxwell’s theory. The precise interpretations of the 
various terms in these equations will become apparent when we deduce 
equations of this form from a special microscopic model in § 9; at present 
we can regard them as purely phenomenological equations. 


t K. Huang, E. It. AI. Report LIT 239 (1950); Proc. Roy. Soc. A, 208, 352 (1951). 
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As macroscopic relations, the above equations are rigorous, and thus 
applicable whenever conditions are everywhere practically uniform over 
regions containing many lattice cells. The linearity of the equations is 
an assumption analogous to Hooke’s law in the theory of elasticity and 
is here strictly equivalent to the usual approximation used in considering 
lattice vibrations, whereby terms of orders higher than the second in the 
potential functions are ignored. That the coefficients b,,, biz, bai, beg are 
scalars, not tensors, follows from the condition of isotropy. 

The coefficients in (7.1) and (7.2) are not all independent; it is shown 
in Appendix V that 

Oy, = bar (7.3) 
Taking account of this general relation, we can express the b-coefficients 
in terms of experimentally measurable quantities. It is known in the 
electromagnetic theory of light that the square of the refractive index 
is equal to the dielectric constant; the phenomenon of dispersion (the 
dependence of the refraction of a monochromatic wave on its frequency) 
follows directly from a frequency-dependent dielectric constant. For 
the crystals under consideration, the dielectric constant for any par- 
ticular frequency w (= 2mv) can be deduced directly from (7.1) and 
(7.2) by considering periodic solutions: 


E = Eo 
W = Wo x eiut, 


Thus we obtain from these equations, 
—w’W = iI Wiz E, 
P = ba WZ E. 
When w is eliminated from these equations, it is seen that P and E are 


related by 
P = bb he. 


Comparing it with the definition of the dielectric displacement, 
D = E+4r7P = £, 


we obtain the dielectric constant 
4biz 521 


This dispersion formula is most conveniently written as follows: 
e = e - el (7.5) 


1— (w/c)? i 
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The constants in this formula are directly measurable quantities: 

(i) wp the infra-red dispersion frequency (circular), is the frequency 
at which the refractive index and the dielectric constant become infinitely 
large. As we shall see later in § 10, in practice it is measured as the 
absorption frequency of a thin film of the crystal. 

(ii) eo, the static dielectric constant, is the value of the dielectric constant 
measured in a static field or an alternating field. of a frequency very low 
compared with wọ. 

(iii) co, the high-frequency dielectric constant, is the value of the 
dielectric constant deduced from the refraction of electromagn»tic waves 
with frequencies high compared with wọ so that the last term in (7.5) 
can be ignored. 

We shall discuss the experimental aspect of the dispersion in a later 
section. Here we need only remark that e is a constant only for fre- 
quencies small compared with the frequencies of electronic motion in 
the crystal; in the following we shall always understand this to be the 
case. This restricts the use of the above dispersion formula to the 
infra-red region. However, as the frequencies of electronic motion are 
generally several hundred times the infra-red dispersion frequency wo, 
this restriction creates no practical difficulty in determining a constant 
value for e,,. ; 

Using the general relation (7.3) and comparing (7.4) with (7.5), we can 
express the 6-coefficients in terms of the measurable constants wg, €g, €» 
as follows: b 


11 = — w$, (7.6) 
61 = ba = (la (7.7) 
b = 22 A (7.8) 


The empirical values of wo, eo, € for a number of common crystals are 
collected in Table 17, where for convenience of reference vg = /r, the 
ordinary frequency, and A, = c/v,, the corresponding vacuum wave- 
length, are given as well as w. 

The long optical vibrations can be obtained directly by considering 
(7.1) and (7.2) in conjunction with the equation of electrostatics: 


V.D = V. (EAP) = 0, (7.9) 
the electric field E being an irrotational vector. The interpretation of 


the relative significance of the equations (7.1), (7.2), and (7.9) is plain: 
(7.9) can be interpreted as the Poisson equation giving the electric field 
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TABLE 17 


Static and High-frequency Dielectric Constanis and Dispersion 


Frequencies 

Substance Structure Wo v0 Ao €o Ew 

Lir NaCl 5°78 x 10% fee. 20x 101 ue. 32-0 microns | 9:27] 1-92 
NaF NaCl 7-40 40-6 6-0 J 1:74 
NaCl NaCl 4-92 61-1 562] 225 
NaBr NaCl 401 74:7 5-99 | 2°62 
Nal NaCl 3°50 85°5 i 6-60 | 2-91 
KCI NaCl 4°25 70-7 4:68] 2°13 
KBr NaCl 3°39 88-3 4:78 | 2°33 
KI NaCl 2-94 102-0 4:94 | 2-69 
RbCl Naci 354 84-8 5 2-19 
RbBr NaCl 284 114-0 5 2°33 
RbI NaC] 2.31 129-5 5 2°63 
CsCl CsCl 2:95 102 7-20 | 2-60 
CsBr CsCl 9.95 134 6-51 | 2-78 
TICI CsCl 2-58 117 31-0 | 5°10 
TBr CsCl (1-85) (162) 29-8 | 5°10 
CuCl ZnS 5.67 53 10 3°57 
CuBr ZnS 5:27 57 8 4-08 
AgCI NaCl (3-09) (97) 123 | 4-04 
AgBr NaCl (2-29) (131) 13-1 | 4-62 
MgO Nacl 17.3 17-3 9-8 | 2-95 
Cal Nach 10-9 27-4 11-8 | 3-28 
SrO NaCl O35 47 13-3 3°31 
ZnS ZnS 91 33 8˙3 5-07 


due to the charge density —V.P caused by dielectric polarization, the 
value of which is given by (7.2). (7.1) is the equation of motion: apart 
from a constant factor (A / r.)], the first term on the right is the local 
elastic restoring force, whereas the second term expresses the effect of 
Coulomb interaction with the charges elsewhere. The use of the method 
of electrostatics is equivalent to assuming a Coulomb interaction 
between charges in the lattice. In reality, of course, the Coulomb inter- 
action is retarded; the effect of retardation will be considered in the next 
section. 
Using the value of P given by (7.2) in (7.9), we find that 


— 4b 
V. E A.. 7.10 
The solution for E is readily obtained as follows: Let w be split into its 


solenoidal and irrotational parts, 
w = W. - W,, 


t eand e from K. Hojendahl, A. Danske Vidensk. Sclskab, 16, No. 2 (1938); wo from 
data collected by B. Szigeti, J'rans. Faraday Soc. 45, 155 (1949); values given in brackets 
are indirectly deduced from residual ray frequencies (sve § 10). 
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where V.w,=0 (solenoidal) (7.11) 
VAW,= 0 lirrotational) N 
Thus (7.10) can be written as 
— 41 
V.E = V. w, 7.12 
IAA: l = 
An obvious solution for E is j L5 sip 
A . K 
= E fbn wy, J aS "¿° (7.13) 


This solution is in fact unique, as E must be irrotational. Substituting 
this expression in the equation of motion (7.1) and writing w as the 
sum of w, and w, we find that 


TE 


witb We 


Since the division of a vector ae into its solenoidal and irrotational 
parts is unique, we can equate the solenoidal and irrotational parts on 
the two sides of the equebon page 


rbis bai €p 2 
W. = fon ae 1, = E Wo W. 


where we have expressed the b- coefficients in terms of wo, €9, e, With 
the help of (7.6), (7.7), and (7.8). The respective general solutions of the 
abeve equations can clearly be written as 


W, = w,(x)e™!-+-complex conj., (7.14) 

W. = w,(x)e+-complex conj., (7.15) 

where l w = Wp (7.16) 
w = (Na, ; 0.17 

and w,(x), W.) are arbitrary functions of the space coordinates satisfy- 
ing the conditions V.w,(x) = 0, (7.18) 
V AW.(xX) = 0. (7.19) 


We notice that transverse and longitudinal plane waves are special 
cases of w(x) and w(x), satisfying respectively (7.18) and (7.19); more- 
over, any arbitrary functions w(x) and w,(x) satisfying (7.18), (7.19) can 
be represented as linear superpositions of such plane waves of different 
wave-numberg een of pore Thus i in the macroscopic 
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theory the independent vibrational modes can be taken as transverse 
and longitudinal plane waves of different wave-numbers and directions 
of propagation: all the transverse waves vibrate with the infra-red 
dispersion frequency w, and all the longitudinal waves vibrate with the 
higher frequency w, given by (7.17). The reason for the difference in the 
frequencies of the transverse and longitudinal waves is obvious: in a 
transverse wave, the electric field E vanishes everywhere (see (7. 13)) and 
the vibration frequency is solely determined by the local elastic restoring 
force represented by the first term on the right-hand side of (7.1); in a 
longitudinal wave, there is an electric field (given by (7.13)) which con- 
tributes an additional restoring force through the second term on the 
right-hand side of (7.1). In a non-ionic crystal such as diamond, the 
coefficient biz vanishes and the motion is solely determined by theelastic 
restoring force, hence in the macroscopic theory all the vibrations have 
the same frequency. As the macroscopic theory is rigorously applicable 
only for wave-lengths long compared with the lattice constant, the above 
solutions represent the long-wave limits of the actual lattice vibrations. 
The difference in the long-wave limits of the optical vibrations between 
the non-polar diamond lattice and the ionic NaCl has already been noted 
in connexion with the results of Helen Smith and Kellermann. The 
frequency difference between the longitudinal and transverse waves in 
ionic crystals was first pointed out by Lyddane and Herzfeld and 
Fröhlich and Mott;{ the rigorous value of the frequency ratio, (€9/e,,)', 
was derived in the first place by Lyddane, Sachs, and Teller.§ The treat- 
ment followed here by the systematic development of a macroscopic 
theory for the optical type of motion is that given by Huang. 

A check on the accuracy of Kellermann’s results is obtained by calcu- 
lating w, and w; for NaCl with the values of wo, eo, e given in Table 17: 


w, = 3:09 x 101% ec., w, = 487 * 10% ec. (rigorous), 
w = 2-86 x 101% ec., w, = 6:02 101% ec. (Kellermann). 


The most obvious cause of the inaccuracy in Kellermann’s treatment is 
the complete neglect of the polarization of the ions, which have been 
considered as point charges. The second term on the right-hand side of 
(7.2), for instance, is due entirely to the effect of the polarization of the 
ions; for clearly if the ions were not themselves polarizable, the relative 
t R. H. Lyddano and K. F. Herzfeld, Phys. Rev. 54, 846 (1938). 
t H. Fröhlich and N. F. Mott, Proc. Roy. Soc. A, 171, 496 (1939). 


§ R. H. Lyddane, R. G. Sachs, and E. Toller, Phys. Rev. 59, 673 (19-41). 
\| K. Huang, loc. cit., p. 82. 
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displacement between the ions would completely fix the value of the 
dielectric polarization P and the second term on the right-hand side of 
(7.2) would in consequence be absent. 

In numerous problems of practical interest, it is necessary to consider 
the motion of chargesin ionic crystals. Such problems become practically 
intractable, if the motion of the ions is treated rigorously. For semi- 
quantitative purposes, it is thus useful to consider the lattice motion 
approximately on the basis of the macroscopic theory. It is outside the 
scope of the present book to consider explicitly such special problems; 
we shall confine ourselves to deriving certain genera] formulae, which can 
be used as the basis for treating special problems. In the following, we 
shall consider first the formulae suited for classical considerations; the 
quantum-mechanical case will be taken up in the next section. 

Let us describe the charges present at any time £ by the charge density 
function p(x,t). In the presence of the charges, the earlier equation 
(7.9) for the charge-free case has to be replaced by 


V.D = V.(E+42P) = 4ap. (7.20) 


We can follow the same method as used earlier in deriving the free lattice 
vibrations. When P is eliminated from (7.20) with (7.2) and w(x) written 
as the sum of its solenoidal and irrotational parts, we obtain 


V.E= 


ae ai bei V. Wit p(X, C)]. (7.21) 
We can look upon it as the Poisson equation determining the electric 
field. If we compare it with the equation (7.12) for the charge-free case, 
we see that the solution of (7.21) must be equal to the sum of the solution 
(7.13) for the charge-free case and i / (I Aub) times the Coulomb field 
that would be produced in vacuum by the charge density p(x,t). Hence 
if we introduce the vacuum field due to p(x, t£), 


— _v f lx) t) 9 
E. ac(x, 1) = v eo K dxꝰ, (7.22) 
the solution of (7.21) can be written as 
Ebel E, ue = 1 1\]3 1 
ITirh. ITAab lt) Ni Eee Fee 
(7.23) 


Substituting this field in the equation of motion (7.1) and separating 
the solenoidal and irrotational parts, we obtain the following equations 
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(note that E. as is irrotational): 


W. = 511 Wi = — wW, (7.24) 
=i Amb obey 612 Erne Erne 1/1 ITE 
N ben I ebe w ‘TT irb T T pwel z a G | Frac: 
(7.25) 


(7.24) and (7.25) are the classical equations of motion for the lattice, 
when free charges are present. For any particular problem the corre- 
sponding equations of motion for the charges can be readily written 
down with the help of the electric field (7.23). 

We notice that the solenoidal motions of the lattice are not affected 
by the presence of the free charges. On the one hand (7.24) is free of both 
w and px, f), and, on the other hand, as the electric field (7.23) is inde- 
pendent of w,, the latter does not enter the equations of motion of the 
charges. (7.23) and (7.25) constitute the basic equations for the classical 
treatment of the motion of charges in the lattice; (7.24) merely gives 
rise to free transverse vibrations which are uncoupled to either the 
Jongitudinal vibrations or the charges. 

To cite a simple example, one may, for instance, readily estimate the 
energy loss by a charged particle to the lattice from (7.25), if one con- 
siders the particle approximately as having a constant velocity. f 


8. Infra-red dispersion and the retardation effect on lattice 
vibrations (0). g e they om. defo 02g" 

The electrostatic method used in the last section is equivalent to 
describing the electric interaction between the ions by the Coulomb 
force. Since the actual interaction does not operate instantaneously but 
propagates with the finite velocity of light, the method is only approxi- 
mate. Ina rigorous treatment, one should drop the irrotational condition 
on E and introduce besides (7.9) the remaining Maxwell equations 


pera V.H=0, (8.1) 
VAE= el, (8.2) 
VAH = Ef. (8.3) 


In using these equations of the electromagnetic theory, we do more 
than take account of the retardation of the interaction forces. Consider 


t Cf. H. Fröhlich and H. Pelzer, E. R. A. Report I/ T 184 (1948), whero a loss accurate 
equation than (7.25) has been used; see, however, ibid. L/T 221. 
tK. Hoang ee Sn 779 (1951); Proc. Koy. Soc. A, 208, 352 (1951). 


* 
‘oe 3 HK” Be 7 te 2 helt stn Ss 


8 1 5 eo, 
Lanf g walaan faato L, pa a ee ee 
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the case when the lattice motion is completely suppressed by holding 
the ions fixed in the configuration w = 0. (7.1), the equation of motion 
for the ions, is then to be discarded, and (7.2) reduces to 


P = by E = “eg, | (8.4) 


written alternatively as 
D = E-+4nP = % E, (8.5) 


the relation shows that the lattice merely functions as a normal refractive 
medium with the refractive index . Therefore, in this case, the lattice 
equations used in conjunction with the electromagnetic equations give 
rise to transverse light waves with the constant phase velocity c/ Ve. 
In Fig. 18a these light waves and the lattice vibrations obtained in the 
last section are represented on the same (w, æ) plot by dotted lines. 
These two groups of solutions bofh represent certain approximate 
solutions of the joint set of equations (7.1), (7.2) (lattice equations) and 
(7.9), (8.1), (8.2), (8.3) (electromagnetic equations). In one case, we 
effectively regard the ions as infinitely heavy and obtain then the 
radiative waves (the light waves) without lattice motion; in the other 
case, we ignore the retardation effect and obtain the lattice vibrations 
discussed in the last section, which contain no radiative energy. The 
two groups of diametrically opposite solutions together display the full 
ground covered by the six equations. 

In the rigorous treatment, the above approximate solutions are inter- 
mixed, As we shall see, the transverse lattice vibrations (without 
retardation) mix with the radiative waves (the light waves) and together 
they become the observed optical waves (infra-red dispersion). Of these, 
the waves immediately below the dispersion frequency wọ are actually 
predominantly mechanical oscillations of the lattice, only a small fraction 
of their energy being radiative. If the small admixture of radiative 
energy is ignored, these waves reduce to the transverse lattice vibrations 
discussed in the last section. These vibrational modes thus play the dual 
role of being optical waves as well as lattice vibrations; for these vibra- 
tions, the electrostatic approximation is adequate. They are, as we shall 
find, essentially transverse vibrations with phase velocities small com- 
pared with / For the transverse lattice vibrations which were found 
in the last section as having phase velocities larger than c/Ve,, (or wave- 
length > 10-2 em.), the electrostatic method is invalid. The admixture 
of radiative energy is in fact so large, that they can hardly be considered 
as lattice vibrations. 
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í a, light in vacuo. 

b, optical waves (trans.) with dispersion. 
bis r 90 without 70 ; 
c, long. ) lattice vibrations 
d, trans.) (usual approximation). 
¢, optical waves (trans.). 2 * > 
27, J, lattice vibrations proper. 
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Fia. 18b. Percentage mechanical energy in the transverso modes. 


We shall also see that in the rigorous theory, we obtain the same 
longitudinal vibrations as in the last section. In other words, the 


retardation of 


the Coulomb force has no effect on the longitudinal 


vibrations of the lattice. 
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Let us now proceed to consider the underlying mathematics. When 
the obvious trial solutions 


W = Wo 
P = Po xexp{i(k.x—wt)} 
E = Ep 


are substituted, the system of equations (7.1), (7.2), (7.9), (8.1), (8.2), (8.3) 
reduces to the following: 


—w'w = ba wtb E, (8.6) 
P = ba w+ba E, i (8.7) 
k.(E+47P) = 0, (8.8) 

k.H = 0, (8.9) 
kAE = H, (8.10) 
kAH = EAP). (8.11) 


To reach the physical conclusions outlined above, it is important that we 
should take care to obtain the complete solutions. 

In the first place, we notice that, in contrast to the electrostatie treat- 
ment, the electric field can in no case vanish identically. For if E were 
to vanish, it follows from (8.10) that the magnetic field H vanishes. On 
account of (8.11), P also vanishes. Likewise w vanishes because of 
(8.7) and the fact that E = P = 0. Thus vanishing E leads only to the 
trivial case that E = H = P = w = 0. 

Let us now write (8.6) as 
612 E 


w= = eT (8.12) 
When this relation is used (8.7) reduces to l 
P = 2 Prados tba. (8.13) 
With the help of (8.13) we find 2 (8.8) can be written as 
(k. B1 Hirde + pa) 0. (8.14) 
This equation admits two alternative possibilities, namely, either 
Case A: 1 Larbes-F ata o, (8.15) 


bir — w? 
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which also implies that (cf. (8.13)) 


— U = 
EAP = 0; (8.16) 
or 
Case B: k.E = 0, 


but as E does not vanish, we must have in this case 


E Lk. (8.17) 


The discussions for the above two alternative types of solution in relation 
to the remaining equations (8.9), (8.10), (8.11) have to be conducted 
separately. 

Consider first the case A. Owing to (8.16) the equation (8.11) reduces 
to kAH =0. (8.18) 
This requires that H either vanishes or is parallel to k; (8.9), on the other 
hand, requires that H either vanishes or is perpendicular tok. It follows 


that H = 0. (8.19) 
Now only (8.10) remains to be considered, which becomes in the present 
eee Kk NE = 0. (8.20) 


As E does not vanish, E must be parallel to k. 

Apart from being parallel to k, E is otherwise arbitrary. Once E is 
chosen, w and P are given by (8.12) and (8.13). The solutions under 
case A may thus be summarized as follows: the vectors are all longi- 
tudinal, namely, 


w ||P Ek; 
‘and the frequencies are given by the solution of (8.15): 
4irb,.b € 0 
2 — —. 12. __ (£012 (= w! 
w —b,4+—~+= 1+-4rbss (£ 2 ( wg ), 


which, we note, is independent of k. We recognize that the solutions are 
identical with the longitudinal lattice vibrations (the irrotational solu- 
tions) obtained in the last section by the electrostatic method. The 
retardation has thus no effect on the longitudinal lattice vibrations. 
Consider next the case B. Since in this case E is perpendicular to k, it 
follows from (8.10) that k, E, H form a right-handed system of orthogonal 
vectors in the given order, and their scalar magnitudes satisfy the 


following relation: 8 
kE = 9 ; (8.21) 
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(8.9) is now automatically fulfilled. The only equation still to be con- 
sidered is (8.11), which reduces to the scalar equation 


kH = P. 8.22) 


After H and P are eliminated with (8.21) and (8.13), the equation 


becomes 
(=F 5 = (14+ e + dnbio Spine. 
c —b,,—w 
Since Æ does not vanish, we have 
= r- = 1442572 + — pe, = c Hi ut — —s wy (8.23) 


Apart from being perpendicular to k, E is * Thus to each k 
there are two independent solutions corresponding to the two possible 
independent choices for E (e.g. any two mutually perpendicular vectors, 
both perpendicular to k); the corresponding values of w and P are 
determined by (8.12) and (8.13). To summarize, all the solutions in 
case B are transverse, namely, 


k, (wi|/P|/E), H, 


are mutually perpendicular. The frequencies, given by the solutions of 
(8.23), are in this case functions of k. For a given wave-number b, 
(8.23) gives two solutions, each being, as noted above, doubly degenerate 
(i.e. having two independent modes). 

In Fig. 18a all the solutions are represented on the (w,k) plot by 
solid curves. 

Remembering that the refractive index is equal to the ratio of the 
vacuum light velocity c to the phase velocity of an optical wave, we find 
that (8.23) is identical with the dispersion formula for optical waves 
which we have already mentioned in the last section. Since the solutions 
which we have obtained are complete, it follows that all the transverse 
modes are optical waves. 

In general, when two oscillatory systems are coupled, the vibrational 
modes of the coupled system are mixtures of the original vibrations of 
the two systems. If the frequencies of the original systems are close to 
one another, their mutual perturbation is strong, and in the coupled 
modes both systems take comparable parts. If the original systems have 
equal frequencies, their interaction is described as being in resonance. 
On the other hand, if the original frequencies are very different, the 
mutual perturbation is small and the coupled modes are essentially like 
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the original oscillation of one system, with a small admixture of the other, 
or vice versa. In Fig. 18a the transverse solutions (solid curves) represent 
the coupled modes, which are mixtures of the approximate transverse 
solutions (dotted lines) of the same wave-number k. The interaction 
point marked as O corresponds to resonance between the two groups 
of approximate solutions. The resonance effect tails off towards the 
right, where the upper and lower branches of the solid curves approach 
the dotted lines. The underlying physical interpretation is clear: towards 
the right of the resonance point, the frequency of the upper branch 
becomes so high that the ions cannot take part in the vibrations to an 
appreciable extent owing to their large inertia; hence the approximate 
solutions corresponding to fixed ions provide a good approximation. 
Here the lower branch represents essentially lattice vibrations with 
phase velocities small compared with c / Ve; by comparison, the propa- 
gation velocity of the interaction force is so large as to make the retarda- 
tion effect inappreciable. These modes are therefore closely approxi- 
mated by the lattice vibration calculated with unretarded forces. 

Using the expression for the energy density, to be established presently, 
we can calculate the relative proportions of the radiative energy and 
mechanical lattice vibrational energy in the transverse modes. Fig. 186 
gives the proportion of mechanical lattice vibrational energy for both 
branches of the transverse modes. We notice in particular that, towards: 
the right of the resonance point, the lower branch of the optical waves 
approaches practically pure mechanical lattice vibrations and the upper 
branch, on the other hand, tends to purely radiative energy, both in 
agreement with the aboveinterpretation. There are no modes resembling 
the pure mechanical transverse lattice vibrations for waves near or to the 
left of the resonance point (k S (wove../c¢) ~ 10 cm.-1) as given by the 
electrostatic method; for in this region (wave-lengths 2 10-? cm.) all 
modes are seen to be mixtures of radiative and mechanical energies in 
comparable proportions. 

The essentially mechanical nature of the transverse modes immediately 
below the dispersion frequency co has an important consequence on their 
behaviour as optical waves. The mechanical vibrations conserve energy 
only in the approximation where terms of third and higher order in the 
potential energy are ignored (linearity of the lattice equation (7.1)). 
In reality, each mechanical mode is coupled to the others through the 
higher-order terms and there is thus a small energy leakage from the 
mechanical vibrations. In the optical waves near w, the mechanical 
energy density is so large in relation to the radiative energy flux that the 
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small energy loss by the mechanical vibrations absorbs an abnormally 
large fraction of the energy flux, resulting in a strong damping of the 
waves. The experimental aspect of this phenomenon will be discussed 
in § 10. 

We now proceed to derive the energy density. We shall do so for the 
more general case when free charges are present; the result can then be 
used to construct the Hamiltonian for charges moving in a lattice. Let 
the charges be represented by e; (i = 1, 2,..., n) and their position vectors 
by x,. In the presence of the charges, the electromagnetic equations 
(7.9), (8.1), (8.2), and (8.3) become 


V.(E+427P) = 47 > e,8(x—x,), (8.24) 
i 
V.H=0, (8.25) 
VAE= — H, (8.26) 
VAH = „Tun Lr > ex). (8.27) 


where 6(x—x,) is the three-dimensional Dirac delta-function. (8.24) is 

equivalent to (7.20) used in the last section; the delta-function gives the 

charge density due to a unit charge concentrated at one point. Similarly, 

et XH & AX — X,) in (8.27) is equivalent to the more conventional form pv. 
Using (8.26) and (8.27), we can write 


V. (EH) = — (H.VAE—E.VAH) 
47 47 


=— (ndl. E. EYE. P+ 2 ey RSE (8.28) 


Integrating both sides over an arbitrary volume, we obtain 


LY 5 


8 


se f (arr. 1 E. F) +E. P+ Nei. ES H- dr, (8.29) 
z 


where the volume integral on the left-hand side has been converted into 
a surface integral over the bounding surface by Green’s theorem. We 
recognize that (c/47)(E A H) is the Poynting vector for electromagnetic 
energy flux; thus the left-hand side of (8.29) represents the rate at which 
electromagnetic energy flows out of the volume. (It is clear from the 
lattice equations (7.1), (7.2) that different volume elements are coupled 
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in the macroscopic theory only through their electric interaction; thus 
the left-hand side of (8.29) also represents the rate of total energy out- 
flow from the volume.) 

The last term on the right-hand side of (8.29) can be written as 


= 2, e: X.. E( x.), (8.30) 


where the summation is extended over the charges contained in the 
volume considered. Using the equations of motion for the charges: 


` M. X, =] C; E(x;), (8.31) 
we find that 
= Fm, 8} = — m. X.. X. = —e,X,. E(x,). (8.32) 


The last term in (8.29) is thus equal to the rate of decrease of the kinetic 
energy of the charges within the volume. Hence it follows from the 
energy conservation requirement and (8.29) that 


+ GI. HA. E. )- TE. P 8.38) 
4 


must be equal to the rate of change of the energy density (including the 
kinetic energy of the lattice particles as well as all the electromagnetic 
and potential energies in the system). If we denote the energy density 
by U, then dU/dt must be equal to the above expression. The following 
expression: 


U = WII II We big W. Eibe Ea. FE. Pg. (E 2TH) 
(8.34) 
fulfils this condition. For differentiating (8.34) with respect to time, we 
find that 
n w. W. bu W.W—bp W.E—beWw.È—bn E. E- E. PE. P- 
ILE. ETH. H)). (8.35) 
47 


The last three terms are equal to (8.33). The rest of the terms can be 
written as follows: 
W(W—b,, W- biz E) ++ E(P—b,5 W— ba E). 
This expression vanishes because of (7.1), (7.2), and (7.3). Hence apart 
from an arbitrary constant (equivalent to an arbitrary choice of the zero 
for measuring the potential energy) (8.34) provides the requisite expres- 
sion for the energy density. When P is eliminated by the use of (7.2) and 
3595.87 H 
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the b- coefficients are expressed in terms of wg, €o» c, the energy density 
assumes the very simple form: 


U = HWH af Ww) + — (6a Es- Ha). (8.36 


For a transverse mode, the second term represents radiative energy and 
the first term the mechanical lattice vibration energy. The curves in 
Fig. 18 ö are calculated by substituting the transverse solution in the 
respective expressions. 

The Hamiltonian of the system is obtained by integrating U over 
space and adding the kinetic energies of the charges, namely, 


AY nf Í (iwaw 5, Ul- dr. (8.37) 


The Hamiltonian includes also the energy of electromagnetic radiation. 
For problems where radiation effects are negligible, we can use the 
electrostatic approximation. H may then be put equal to zero, and the 
electric field E eliminated with the help of (7.23). If furthermore we 
write w = W. W. we find that the Hamiltonian can be written as 


H = dm kit | (ROWE vA H aw) 
i- ahl =) lw, Erot Be. Ez. ar, (8.38) 


€o €p Em eO 8e 


where we have made use of the fact that the integral of the scalar product 
between a solenoidal vector (e.g. w, or W,) and an irrotational vector 
(e.g. Wp W., or E, ac) vanishes identically. 

The last term in (8.38) can be transformed as follows: E, as is, we 
remember, the electric field due to the charges, if they were in vacuum; 
it is well known in electrostatics that l 

Fic 

Br | 
is, apart from the electrostatic self-energies of the individual charges, 
equal to the Coulomb interaction between the charges: 
1 — e j 

2 K- 

Therefore if we omit the electrostatic self-energies of the charges from 
the Hamiltonian, the last term in (8.38) can be replaced by the Coulomb 
interaction divided by e. Furthermore, since cod is equal to e h e (see 


t For details see K. Huang, Proc. Roy. Soc. A, 208, 352 (1951). 
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(7.17)) the two terms in (8.38) with wf can be combined, giving simply 
J wi. The Hamiltonian (in the electrostatic approximation) can thus 
be written as 


H = 2, Įm; XP „55 


2c XX 


+ f Gw 8 WI) L IWL w)) dr — 


171 ayi} 
A2) iR dr. (8.39) 


We have seen earlier that when the lattice particles are held fixed at 
w = 0, the lattico behaves as a normal dielectric with the dielectric 
constant e; the first two terms in (8.39) represent the Hamiltonian of 
the charges in such a medi um. The third term represents the Hamiltonian 
for the lattice in the absence of free charges. The fourth term gives the 
interaction between the system of charges and the lattice motions. Once 
more we notice that only the irrotational lattice motion is coupled to the 
charges present; this is true, however, only in the electrostatic approxi- 
mation. 

For quantum-mechanical applications it is necessary to describe the 
lattice motion in terms of normal coordinates. Since the transverse 
vibrations do not interact with the charges, and are thus of no interest 
in the present connexion, we shall ignore w, in the following considera- 
tions. Let us consider a finite volume F containing Lx Lx L = N lattice 
cells by imposing the corresponding periodic boundary condition. Then 
the normal coordinates can be introduced as follows (for general methods 
see 8 38). Express w, as the Fourier series 


Wi = ay 7D / DoD, (8.40) 


where, owing to the periodic condition, y is restricted to the following 
values: 1 
y= 7, Vi bi +h, b?+ hgb®), (8.41) 
h,, he, hg being integers in the range 
0 < |h] < L/2 (i= 1, 2, 3). (8.42) 
The polarization vector, y/|y], in (8.40) follows directly from the 
irrotational character of w, For w, to be real, we must have 


Qy) = —O*(—y). (8.43) 
Substituting (8.40) in the Hamiltonian (8.39) and carrying out the 


100 LATTICE VIBRATIONS II. § 8 


volume integral over the volume V, we get (ignoring w.): 


H= T t Rr +5 . Of OH 


— A5 yi- -=)} Sa f (2) bee dt. (8.44) 


The real normal coordinates ay). galy) are introduced by writing 


Oy) = lalv)+ = -A- (8.45) 


[in the case y = 0, Q(0) is the normal coordinate itéelf; fot the sake of 
simplicity in the following we shall not represent explicitly terms in 
Q(0)], where y can now be restricted to the values lying on one side of 
an arbitrary plane through the origin of the y-space so that only one of 
a pair y, —y is counted. In terms of the normal coordinates, the Hamil- 
tonian then becomes 


H = TuS eê; 32 Z. Meta 


|X; —X;| 


+p Jy 128 N 2 710% f 105 70 vac C08 21 x| dr + 


+ > “san f 800 E, ac Sin 27 dr}. (8.46) 


This is the form in which the Hamiltonian can be used directly for 
quantum-mechanical considerations. 


9. Atomic theory of long optical vibrations and infra-red disper: 
sion 

Having discussed the long optical vibratiohs and the infra-red disper- 
sion on a phenomenological basis with (7.1) and (7.2), we can now 
establish the atomic theory of these phenomena simply by deducing 
these equations from the general atomic theory. 

For the present purpose, we have to take into attount a feature 
hitherto ignored in § 1 and 3, namely, that the ions are polarizable by 
electric fields. As explained earlier in § 3, this effect can be ignored 
when the ions occupy positions of symmetry, such as in many simple 
crystals in the equilibrium state (or subject only to clastic strains). 
This is no longer permissible if either a macroscopic electric field is 
present or if the ions are displaced from their symmetric positions, for 
then, as we shall see, they may experience a field even in the absence 
of a macroscopic field. These are precisely the circumstances contem- 
plated in the phenomenological equations. The polarization of the ions 
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can be described as follows. When an ion is subject to an electric field E 
its electron cloud is deformed and acquires an electric dipole moment p. 
Tf the field is not excessively high the induced dipole moment is propor- 
tional to the field, u = aE, (9.1) 


where « is the atomic polarizability of the ion. « is a constant as long 
as the field does not vary appreciably within a period of the electronic 
motion in the ion. 

To derive the phenomenological equations, we have to find, for given 
w and E, the forces acting on the ions and the dipole moment per unit 
volume, The dipole moment is due partly to the displacements of the 
ionic charges and partly to the induced electric moments on the ions, 
When an ionic charge Ze is displaced by u, the net effect is as though 
a charge — Ze has been placed at the undisplaced position of the ion to 
annihilate the original charge and a fresh charge Ze has been created at 
the displaced position. The displacement is thus equivalent to the 
addition of a dipole with the moment Zeu. The induced electric moment 
on an ion, on the other hand, depends on the field net ing upon the ion, 
In practice, this field is never altogether uniform as implied in the 
formula (9.1); in the following considerations we shall always take the 
value of the field at the centre of the ion. This field, which acts upon an 
ion, will be designated as the effective field. 

It is important to realize that the effective field is different from the 
macroscopic electric field. The latter is not simply the total field, which 
includes the field of the ion under consideration; it is the total field 
averaged over the space occupied by a lattice cell. The effective field on 
an ion, on the other hand, is the total field with the contribution of the 
ion itself excluded and the value, as we have said, is taken at the centre 
of the ion. Our first task is to calculate the value of the effective field. 

The discrepancy between the effective field on an ion and the macro- 
scopic field in the same neighbourhood is clearly due only to the con- 
tributions to these fields of the matter in the close neighbourhood of the 
ion. For, in the first place, the charge sources farther away are naturally 
irrelevant for the exclusion of the field due to the ion itself. In the 
second place, the fields due to such distant sources do not vary appre- 
ciably in a neighbourhood of the dimensions of a lattice cell, as long as 
the sources are located at distances away which are large compared 
with the lattice constant a; thus the average value and the value at a 
specific point need not be distinguished. Hence let us draw a sphere 
around the ion under discussion with a radius R large compared with a 
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and proceed to calculate the difference between the effective and the 
macroscopic fields due to the matter contained within the sphere. 

For convenience, we take an intermediate value for R such that it is 
large compared with a, while the macroscopic quantities w, E, P do not 
vary appreciably over the region of the sphere. This is possible, because 
tho lattice constant a is to be regarded as an infinitesimal in a macro- 
scopic treatment. Macroscopically speaking, the matter within the 
sphere is a uniformly polarized sphere. It is well known in electrostatics 
that the uniform polarization P is equivalent to a surface charge distribu- 
tion with a density everywhere equal to the component of P along the 
outward normal to the surface. From the surface charge the macroscopic 
field at the centre of the sphere can be easily calculated. It is obvious 
from the symmetry that the resultant field must be parallel to P; thus 
in considering the contributions due to different surface elements we need 
only consider the component in this direction. If we introduce the polar 
angles 0, & with the polar axis in the direction of P, the contribution due 
to a surface element R sin dde is clearly 


281 
(Dc 6) = —P cos? sin 0 dd. (9.2) 


Integration over the whole spherical surface gives immediately the 
macroscopic field due to the matter contained in the sphere as 


47 € 
=E (9.3) 


Next we have to consider microscopically the effective field on the 
central ion due to all the other ions in the sphere. We are concerned, of 
course, only with the field arising from the displacements of the ions and 
their induced moments (the original field due to the undisplaced and 
unpolarized ions vanishes for the highly symmetric structures under 
consideration); we may thus imagine each ion site being occupied by a 
dipole equal to thesum of the displacement dipole Zeu and the induced 
dipole p. Owing to the assumed uniformity over the spherical region, all 
the dipoles on either the positive or negative ion sites are identical among 
themselves. Unlike the macroscopic field, which depends only on the 
macroscopic polarization, the effective field will depend on the detailed 
geometrical arrangement of the dipoles. Here we are concerned only 
with lattices in which every ion is in a surrounding with tetrahedral 
symmetry, the meaning of which we shall presently explain. For such 
lattices, as we shall find, the effective field duc to the dipoles in the sphere 
vanishes identically. 
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The tetrahedral symmetry about an ion implies that there exist 
Cartesian axes XYZ through the ion such that if there is an ion site 
with the coordinates (a,b,c), there must be identical ion sites (i.e. sites 
occupied by the same kind of ion) at points (—a, —b,c), (a, —6, —e), 
(—a,b, —c) and the eight more points with coordinates obtained from 
the above by cyclic permutations of a, b,c. (These points are generated 
from (a,b,c) by the tetrahedral group of operations about the origin 
which are rotations by v about the axes X, Y, Z and rotations either 
way of 27/3 about the cube diagonals +X = +Y = 4 Z. Tetrahedral 
symmetry of a structure means that the geometrical arrangement is 
completely unaltered, if the structure is rigidly subjected to the tetra- 
hedral operations. The simultancous existence of the group of twelve 
points listed above clearly follows directly from this definition.) A dipole 
p at x,(a, b,c) gives rise to a field at the origin equal to 


we 1 f° 


Let xs, è: = 2, 3,..., 12 denote the other eleven points which are occupied 
by identical dipoles; the contribution to the effective field due to the 
group of twelve identical ee can thus be written as 


->2 xt” > rae 


We notice that all ave: 1 05 are at the same distance (a?+-6?-+-c?)t 
from the origin. Thus when the explicit coordinates of the points are 
substituted, one obtains: 
5 + — x 
Gp LoL 
a(ap,+bp.+cps)—a(—ap,—bp,+-ep,)+a(ap,—bp,—cps)— 
—a(—ap,+bp,—cp,)+cyclic permutations of a, b, c 
(api pc —b(—ap,—bp,+-cp3)— (ap, —bp,—epy)+ 
+-6(—ap,+6p,—cp,)-+-cyclic permutations of a, b, c 
c(ap, +bp,+-cps)+ e(—ap, —bp,+ cps) —c(ap,—bp,—cpy) — 
—c(—ap,+bp,—cp,)-+cyclic permutations of a, b, c 


3 4a*p,-+-cyclic perm. 
f FEFA a 


* 


o lp 124er he) 0, 
(abc (a? ar Tb e — 
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where we have displayed the three components of the second term in a 
column. The effective field due to the ions in the sphere thus vanishes. 

Since the difference between the effective and macroscopic fields is 
due solely to the contributions of the matter contained within the sphore, 


we can write 
3 Beq—E = 0—(— P), 


or Lue = EEP, ` (8.4) 


which, we notice, is the same for either a positive or a negative ion site. 

The effective field in more complex and less symmetric structures 
cannot be calculated quite so simply. In Chapter V an expression for 
the general case will be given in the form of a quickly convergent 
series. In Appendix VI the above relation is alternatively derived from 
the general expression by imposing the special tetrahedral symmetry 
condition. 

Once the effective field is known, the rest of the task is straightforward. 
Let u,, + Ze, anda, be respectively the displacements, the ionic charges, 
and the atomic polarizabilities of the positive and negative ions. The 
effective dipole moments on the two types of ions are thus 


ZEW, ta Ber: (9.5) 
—Zeu_+a_ | Oe (9.6) 
Since there are 1/v, ion pairs per unit volume, the macroscopic polariza- 
tion P is obtained by multiplying the sum of (9.5) and (9.6) by 1 /va: 
l l j 
P = z LZe(¥4—U_)+ (a, +) Eon]. (9.7) 
After the effective field Eeg is eliminated with the relation (9.4), we find 
that i ER 8 
a een e stae), 9.8 
1—(47/3) PETET, Va }+{ Va ee) 


u,—u_, which is the displacement of the positive ions relative to the 
negative, is related to the parameter w used in the last two sections by 


-e (= 71 (9.9) 


On expressing (u. — u.) in (9.8) in terms of w, we obtain an equation 
which is strictly comparable with (7.2). The comparison of these 
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equations leads directly to the following values for the coefficients 
bei, bzz in the phenomenological equation: 


aie } Ea 
— a = a 2 e 
= oen] 1 7 * 


When the positive and negative ions are relatively displaced, the 
overlap potential between them gives rise to a force on the ions, which 
for small displacements can be taken as linearly proportional to the rela- 
tive displacement (u. u-) between the ions. Thus let us write 

—k(u,—u_) and &(u,—w_) (9.11) 
as the corresponding forces acting on a positive ion and a negative ion 
respectively. We note that the coefficient h is a simple scalar; this is a 
consequence of the symmetry condition that every ion is surrounded 
with the tetrahedral symmetry. (In general, the linear coefficient can 
be a tensor of the second rank, but the only tensors of this kind con- 
sistent with the tetrahedral symmetry are necessarily isotropic, in other 
words, equivalent to a scalar. A proof of this fact is to be found in 
Appendix VI.) That the forces on the two kinds of ions are equal and 
opposed as shown, follows directly from Newton’s reaction law. Later 
we shall express & explicitly in terms of the overlap forces between 
neighbours as discussed in § 3. 

Taking into account, besides the overlap forces, the forces exerted 
on the ions by the effective electric field E.g we can write down the 
equations of motion for the two types of ions as: 


M, ü, = —k(u,—u_)4+ZeEe, (9.12) 
M. ü. = ku,—u_)—ZeEog. (9.13) 


Multiplying the equations respectively by M. and M., subtracting and 
dividing afterwards by (II. II.), we find that 

M(ü,—ü_) = -A. u. —u_)+ ZeE gg. (9.14) 
On eliminating E.g from this equation and (9.4), and afterwards ex- 
pressing P in terms of (u,—u_) and E with the help of (9.8), we obtain 
the following: 
M(ü,—ü_) 


ár (Ze)? Z 
EEC * DEES) > |e (9.15) 
= | —k4 — | (U, -u. nlx t-a \ IE. A 
1-F (=| j 4 
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When the relative displacement (u,—u_) is expressed in terms of the 
parameter w by (9.9), (9.15) becomes 


4 (Ze)? Ze 
5 3 Hy, TORT 
W | E 3 Mu w+ __ Mod E, (9.16) 
M 1— a =| 1— 5 
Va a Va 


which is the phenomenological equation (7.1) as deduced from the 
atomic theory. A comparison of these equations gives the following 
values for the phenomenological coefficients 6,,, big: 


(9.17) 


(9.18) 


In particular, we notice by comparing (9.18) with (9.10) that the general 
relation b,. = bei is fulfilled. 

We shall next discuss in turn the values of ba, O11, biz given by the 
microscopic theory as compared with the observed values given in the 
relations (7.6), (7.7), and (7.8). 

bo. is distinguished from the other coefficients by the fact that it is not 
peculiar to the ionic crystals. For we remember that if the ionic motions 
are suppressed, the lattice behaves like a normal dielectric substance; 
the corresponding dielectric constant e is related to ba, by the relation 


(7.8), namely, Ey = I＋4ubzz. 


The microscopic expression for bz leads in fact to an expression for the 
dielectric constant e, which is typical of all substances consisting of 
polarizable atoms, Thus using (9.10), we find that 


(9.19) 


The above relation can be written alternatively as 


4 €n—l 
plete.) = (Sree (9.20) 
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Formulae of this type were obtained long agot by Clausius-Mosotti in 
connexion with electrostatics, by Lorenz and Lorentz in connexion with 
the electromagnetictheory. If we assume that the atomic polarizabilities 
are not altered when the substance is compressed, then (e 1) / (e 2) be- 
comes inversely proportional to v,, or directly proportional to the density. 
Another feature of great interest is the additivity of the polarizabilities 
expressed in (9.20), It is the usual practice to multiply both sides of the 
equation by Avogadro’s number N; 47Na,/3 are known as the atom- 
refractions of the corresponding particles, and V(e,,.— 1)(c..+2)(V = Nv, 
is the molar volume) as the mole-refraction of the compound. (9.20) is a 
special form of the general result{ that the mole-refraction of a composite 
substance is equal to the sum of the atom-refractions of its constituents. 
This result is significant, of course, only if the atomic polarizabilities of 
the same particles in different compounds and mixtures remain essen- 
tially unaltered so that the atom-refractions can be assigned unique 
values; the additivity law of the refractions is in fact found closely 
fulfilled in many chemical compounds as well as mixtures. For the 
alkali halide crystals Shockley§ has determined the values of the atomic 
polarizabilities of the alkali and halide ions so that the mean square 
deviation of e calculated with (9.19) from the observed values is a 
minimum. In Table 18 his values are compared with the values for the 
free ions as estimated by Pauling. 


TABLE 18 


Atomic Polarizabilities of the Alkali and Halide Ions 
(Units 10-** em.“) 


— — | oe fl ce — | ee | eee | es ee | — — 


Crystal (Shockley) 
Free (Pauling) 


It appears from the above table that the positive ions become more 
polarizable and the negative ions less polarizable in the crystal lattices. 

The values of e calculated from Shockley’s atomic polarizabilities are 
compared with the empirical values in Table 19. The agreement is seen 
to be remarkably close.|| 

t See H. A. Lorentz, Theory of Electrons (Teubner, 1909), pp. 137-50. 

t Seo o.g. H. A. Lorentz, loc. cit.; M. Born, Optik (Springer, 1933), pp. 341-5. 

§ W. Shockley, Phys. Rev. 70, 105 (A) (1946). 

|! Fajans and Joos (K. Fajans and G. Joos, Zeit. f. Phys. 23, 1 (1924)) had concluded 


that the additivity law is not fulfilled in tho alkali halide crystals; their argumont 
appears, however, to be fallacious. 
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TABLE 19 


The Calculated and Observed Valuest for the High-frequency 
Dielectric Constant ca of the Alkali Halide Crystals 


Later when we come to examine tho coefficient 6,, (or bi) we shall 
discover reason to believe that the second term in (9.17) has to be 
modified. In fact, we shall find that the ionic charge Ze appearing in 
all the coefficients should be replaced by an effective charge, which is 
not a priori known. Hence for the moment we shall consider the value 
of the first term in (9.17) alone by eliminating the second term as follows: 
Combining (7.7) with the expression (9.18) for 5,,, we find that 

9 60 — En — 2 Mv, 
aee- 


Va 


With its help, the expression (9.17) for 6,, can be written as 
E 4 20 — e dnja ta 
ee lees) 
When the atomic polarizabilities are eliminated with (9.20), we obtain 
the following expression for 511: 


-k e — Ex 
After using the relation (7.6) that b, = — w3, we can write the abovo 
relation as one determining k: 


A ye eee v 2 
Now let us relate & explicitly to the overlap potentials between the ions. 
In a displacement of all the positive ions against the negative, the 


1 Empirical values taken from K. Hojendahl, K. Danske Vidensk. Selskab 16, No. 2 
(1938). 


II. §9 LATTICE VIBRATIONS 109 


distance between second neighbours which, we note, are always ions of 
the same kind, is not altered. Hence if overlap potentials between third 
and higher neighbours are ignored, we need only consider the overlap 
forces between nearest neighbours for this type of displacement. Thus 
in this approximation we may concentrate on a single positive ion, which 
we may consider as situated at the origin surrounded by its nearest 
neighbours x(i) (i = 1, 2,...; M, M being as in §3 the coordination 
number) when the lattice is in the equilibrium state. The value of k may 
then be found from the fact that if the positive ion is subject to a small 
displacement x while its neighbours are held fixed, the force acting on 
the positive ion is in this approximation given by 


—kx. (9.22) 


If we denote the overlap potential between a positive and a negative 
ion by ¢, the potential of the positive ion at any position x due to its 


neighbours is given by aM 
È Hx@)—x)). 


The a-cotmponent of the force acting on the ion is thus 


— S se Hix) -x. (9.23) 


t=] 


For small x the expression can be expanded with respect to x and terms 
of second and higher orders may be neglected; hence the above force 
component becomes 


md 92 . . 


whicli tan also be written as 


M 3 sn D 
-$ > aae (e- ec, 0% 


It follows from the theorem already mentioned in connexion with the 
tetrahedral symmott y that 


> ax Tie ax Gjer l il) 


must be an isotropic tensor; i.e. the expression vanishes for œ = 8 and 
has the same value for œ = 8 = 1, 2, 3. In fact comparing (9.24) with 
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(9.22) we see that the diagonal elements of the tensor must be equal to k; 


thus we may write ” 
8 8² e 


Putting a = f and ee over a, we find that 


S > i aon (()) = 3k. 


ixl a 


3 
> (o/ ora(i)) is the Laplacian operator in the coordinates x(z); since 
a=1 


heli) ]) is only a function of the radial magnitude |x(i)| we find imme- 
diately on writing the Laplacian operators in polar coordinates that the 
above relation reduces simply to 


b Ae (x( MN) Tg (x( i | = 3k. 


As all the negative ions are equidistant from the origin, (i)] = 79, 
ro being the nearest neighbour distance, all terms in the summation are 


equal, and we ha 
0 * ebe fg. (9.25) 
3 To 


In §3 we have seen that if only overlap potentials between nearest 
neighbours are considered, they can be determined from the equilibrium 
condition and the observed compressibility. Instead, however, of 
calculating k from the potentials thus determined to compare with 
(9.21), an equivalent and more direct procedure can be followed, namely, 
by expressing k directly in terms of the compressibility with the help 
of (9.25). To show that this is possible let us rewrite some of the equations 
used in § 3 with the overlap potential expressed as ¢ as we have done here. 
Thus the energy per cell (3.10) is rewritten as 


u(r) = —2 4. g(r), (9.26) 


where the first term, we remember, is the Madelung energy. The equili- 
brium condition becomes now 


du A j 
0 (Fr), = SHUG). (9.27) 


Moreover, remembering that du/y = 3d7/r, we have for the compressi- 
bility B 


1 {du ro d / r du ro (2u) 7 
a= eda) = Erh — doce) — . t) 


(9.28) 
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where we have made use of the equilibrium condition (duſdr)o = 0; 
this relation clearly corresponds to (3.14) in § 3. 
On eliminating the Madelung term in (9.28) with the help of (9.27) we 


find that 1 _ Ti TELO 
B 9 : 70 
Comparing this relation with (9.25), we obtain the following simple 
relation between the constant k and compressibility 8: 
1_ Mr, 


15 (9.29) 


Our intention is to test the validity of (9.21). In view of (9.29), we can 
do so by verifying the relation (°C. . 47.) gel. toca to > Gen, 
1 255 24 0.30 
B 3% \€ot2 
which is obtained by eliminating k between (9.21) and (9.29). The relation 
contains only measurable quantities and relates essentially the com- 
pressibility and the dispersion frequency. To indicate to what extent 
it is fulfilled in actual cases, the ratios of the value of B calculated from 
(9.30) to the observed value are given in Table 20 for a number of crystals. 
The values are very close to unity for practically all the lighter alkali 
halides. A variety of causes is probably responsible for the larger 
discrepancies in the other cases. We notice that we have completely 
ignored the van der Waals forces in the above considerations; and in 
deducing (9.29) we have also left out the overlap forces between second 
neighbours. Some genuine deviations from the ideal ionic structure 
must also account for the discrepancies in some cases, such as those 
near the bottom of the table. It is, however, difficult to ascertain the 
predominant cause of error in individual cases. 


ł Historically the first connexion between the infra-red frequency wo and the com- 
pressibility g was derived, from simple dimensional considerations, independently by 
E. Madelung (Gott. Nachr. 48 (1910); Phys. Zeit. 11, 898 (1910)), W. Sutherland (Phil. 
Mag. (6) 20, 657 (1910)), and A. Einstein (Ann. d. Phys. (4) 34, 170, 590; 35, 679 
(1911)), in the form A, = @BALttpt, where Ay = c/w, is the wave-length corresponding to 
wy, M a certain moan mass of the ions, p the density, and Vn constant, independent 
of the material. W. Dehlinger (Phys. Zeit. 15, 276 (1914)) obtained the dispersion 
formula for infra-red light for a special lattice, and M. Born (Berl. Ber. 604 (1918); Phys. 
Zeit. 19, 539 (1918); ‘Atomtheorie des feston Zustandes’, loc. cit. 626) incorporated this 
in the general lattice theory and established the connexion with the compressibility ; in 
the formula thus obtained, 1/8 = €Afr} w2/v,, tho order of magnitude of the constant € 
was determined, but no attempt was made to find its numerical value. The determina- 
tion of © was tho object of modern investigations. An expression similar to that given 
in (9.30) was derived by K. Hojendahl (A. Dansk. Vidensk. Selskab 16, No. 2 (1938)); 
the formula (9.30) itself was found by B. Szigeti (Proc. Roy. Soc. A, 204, 52 (1950)). 
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To discuss the microscopic expression (9. 18) for 512, let us form the 
ratio of the directly observable value as given by (7.7) to (9.18): 


s= ofe) -ete lead 


47 3 Va Ze 
We can eliminate the atomic polarizabilities with (9.20) and write the 
ratio s as A igtlis fest) elem 
7 fa — 17 3 (v (Ma)! (9.31) 
ö s eot?) Ze ` i 
TABLE 20f 


Compressibility calculated from the Dispersion Frequency and 
Distortion Factor s 


BeatelBous | os 
1-0 0:87 
0°83 0:93 
0°99 0-74 
1-13 0:69 
1-05 0-71 
0-96 0:80 
0-93 0-76 
0-99 0:69 
0-89 0-84 
0-83 0:82 
0:66 0:89 
0:87 0-84 
0:87 0-79 
0-51 1-08 
0-85 1-10 
0:72 1-00 
0-47 0'88 

we 0'88 
s 0:58 
0:98 0:48 


The values of s for a number of crystals calculated on the basis of (9.31) 
are given in Table 20. Their deviations from the value unity are quite 
pronounced for the lighter alkali halides, which should approximate most 
closely the ideal ionic model. One cause for the deviations has been 
particularly emphasized by Szigeti, r namely, the mutual distortions of 
neighbouring ions owing to their overlap. This explanation of the 
discrepancy is favoured by the fact that it will not affect (9.19) or (9.30), 
which, as we have seen, are reasonably well fulfilled; this we shall see in 
due course. Moreover, it is a priori clear that some such distortion must 


t Values aro taken from B. Szigeti, Proc. , Hoy. 3 A al 51 (19500. 
t B. Szigeti, op. cit., p. 62 (1950). ) f f ., . 


8 z e : 0 1 
e t, AER 121 — * l. gees gents See, a 1 „ . Dye d o; * a 


a P -° 1A - = fe . a’ a 
J 47 my . -` 5 0 2 1 j j i J ` Z. ; ja F * 2 re fees telan + bes ' 1c. -4 
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accompany the overlap between ions, which is responsible for the 
overlap forces. Thus we shall investigate how such distortions would 
modify the microscopic expressions for the b-coefficients and in what 
manner they are related to the deviation of s from unity. 

Since distortions are merely rearrangements of the charge distribution, 
the most important effect can be described by the dipole moment 
associated with the rearrangement. Weshall consider only the distortions 
occurring between nearest neighbours, Let us denote by m(r) the distor- 
tion dipole moment between a positive and a negative ion; m(r) is a 
function of their separation r and the sign is chosen such that m is 
counted positive if the moment is directed from the negative towards 
the positive ion. Exactly as we have done for the overlap forces (p. 109), 
we may again consider a positive ion at the origin surrounded by its 
neighbours at x(t). When the positive ion is in an arbitrary displaced 
position x, the total distortion dipole moment surrounding it can clearly 


be written as M x(t) x 
Sede - (=e) 


where the vectors —{(x(i)—x)/(|x(i)—x|)} are unit vectors indicating 
the directions of the various individual dipoles, which, according to our 
sign convention, are directed inwards towards the positive ion at x. 
We can immediately reduce our problem to the same considerations as 
in the case of the overlap forces, if we introduce the integral function y 


of —m(r), namely, *r) = —m(r). (9.33) 


It is easily verified that the a-component of the distortion moment 


(9.32) ean be written in terms of the function i as 
M 
-> 65. 0 x(i)—x|). 09.34) 
i=l 
This is identical with tlie expression (9.23) for the total overlap force on 
the ion, apart from the replacement of ¢ by V. Therefore we can write 


the distortion moment as —qXx, (9.35) 


in analogy with (9.22), where g is given by 
a= F (vr + EEO = Alte + mtr (9.36) 


which is a direct transcription of (9.25) with ¢ now replaced by ys. q is 
thus determined jointly by the distortion moment mr already present 
in the equilibrium state between neighbours and its rate of change with 
the ion separation. 

3595.87 I 


(9.32) 
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In deriving the equation for the dielectric polarization P, we have to 
consider now the further contribution due to the distortion dipoles. For 
the relative displacement (u,—u_), the total distortion dipole moment 
surrounding a positive ion is, according to (9.35), 


—q(u,—t_). (9.37) 


Since the component dipoles are actually shared between the ion and 
its neighbours, (9.37) gives directly the distortion dipole moment per cell. 
Hence incorporating this contribution, we should replace (9.7) by 


P = — {(Ze—g)(u,—u_)+ (x+ a-)Eon}. (9.38) 


We notice that the only difference from the former equation is the 
replacement of Ze by Ze—q; the rest of the former treatment remains 
completely unaffected. So the net effect of the distortion on the equation 
for P is that Ze is replaced by the effective charge Ze—q in the expression 
(9.10) for 021. 

As regards the derivation of the equation of motion (9.16), we note 
that the forces exerted on the ions by the field E,g are no longer given 
by the product of the respective ionic charges by the field. The actual 
forces can be obtained by applying the principle of virtual work. When 
a positive ion is displaced by x in the presence of a field Eg, the virtual 
work involving the field is 

— E.g. (Ze—gq)x. 
The corresponding force is thus given by 
(Ze—q)E cg. ‘ 

When a negative ion is displaced, the same considerations as used in 
obtaining the distortion moment for the positive ion still apply, the only 
difference being the sign convention for mr); the distortion moment is 
thus the same as in the case of the positive ion but for a reversal of sign, 
i.e. gx. It follows from a similar application of the principle of virtual 
work that the force exerted on a negative ion by the field Een is given by 


Een(— Ze ＋q). 
Once more we find that the effect of distortion is equivalent to the replace - 
ment of the Ze by the effective charge Ze—q. Apart from this change, 
the details of the derivation of (9.16) remain completely unaltered. The 
net effect on the coefficients bi and b,x consists thus only in the replace- 
ment of Ze by Ze—q. 
Let us now assume that this effect alone is responsible for the deviation 
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of the ratio s from unity. Under this assumption, when Ze is replaced 
by Ze—q in (9.18), the formula should agree exactly with (7.7), i.e. (see 
p. 108) (Ze 
(Mv)! Fee b 
e AI i 
3 Va 
On eliminating the atomic polarizabilities with (9.20) and comparing 
the resulting formula with (9.31), we find that 
q = Ze(1—s). (9.39) 
Using (9.36), we find the following relation between s—1 and the dis- 
tortion moment m(r): 


(s—1)Ze = 30 be — . (9.40) 
0 


It is important to note that m(r) refers only to the deformation due 
to overlap; the deformations due to the Coulomb interactions are in the 
above model taken into account by the atomic polarization. Thus mr) 
vanishes for r sufficiently large to correspond to separated ions. Hence 
we have 8 

f m'er) dr = mir) * — m ſro). (9.41) 

re To 
There appears to be no reason to suppose that m’(r) should change sign 
in the range 7, to oo, hence it follows from (9.41) that the two terms in the 
bracket of (9.40) are opposed in sign. However, it is reasonable to assume 
that the distortion should vary roughly in the same manner as the overlap 
forces, for instance, as e, where p is of the order of a tenth of rẹ In 
that case, the m'(r,) term in (9.40) predominates and has thus the same 
sign as s—1 (m(r,) has the opposite sign). Now Table 20 shows that for 
all the alkali halides s— 1 is negative, therefore (ro) is positive and 
m' (ro) is negative. Thus from the sign convention of m(r) follows the 
interpretation that in the equilibrium configuration the electron cloud 
of the negative ion is more strongly pushed back than that of the positive 
ion, resulting in a dipole directed towards the positive ion (positive 
m(ro)). The negative sign of m'(r,) merely means that the magnitude 
of this dipole increases with decreasing r, or increasing overlap. This 
is understandable, as the electron cloud of the negative ion is very loosely 
held compared with that of the positive ion, so that the former will be 
pressed out of the overlap region more readily than the latter. If, how- 
ever, there is any degree of valence binding, no such simple pictures are 
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available; this might explain the rather irregular values for s for the 
crystals given near the bottom of Table 20. 

In the above model, two approximations have been made in connexion 
with the polarization of the ions. In the first place, E.g has effectively 
been used as a uniform electric field over an ion; in the second place, the 
Coulomb field due to a polarized ion has been taken as that of u suitable 
point-dipole. Both approximations are unsatisfactory in describing the 
mutual electric effect of closely situated ions. Thus, instead of consider-. 
ing the distortion due to the overlap between ions, several authorsf have 
attempted to modify the method by introducing an additional factor to 
the 47P/3 term in the effective field. Even a priori this does not seem 
to be a reasonable procedure. For if the dipole approximation breaks 
down owing to the electric interaction between closely situated ions, 
there is no reason to suppose that the actual effect should still be propor- 
tional to the value given by the dipole approximation. In fact the factor 
introduced has to be assigned very different values, depending on which 
of the three coefficients 11, iz, or bas is to be fitted. The reasonable 
fulfilment of (9.19) and (9.30) seems to indicate that the model as 
presented here is not very far from the truth. 


10. Experimental aspect of infra-red dispersion by ionic crystals 

By fitting the measured values of the refractive index in the wave- 
length range À = 1,800 A to 22 (lp = 10$ Å = 10-4em.), Fuchs and 
Wolff have constructed the following empirical dispersion formula for 
the NaCl and KCI] crystals: 


2 Ci 
n? = e= l+ Ss, (10.1) 

where the constants are (A; = c/v;) 

C, = 3-90x 10%, A, = 347 A, 

C, = 7.68 x 10%, A, = 1,085 A, 

C, = 0-972 1030, A, = 1,584A, 

C. = 837 X 1025 A, = 61-67 
for NaCl, and 

C1 = 5-066 x 10%, A, = 529:1 Å, 

C, = 6-044 x 10%, à, = 1,0828 A, 

C, = 0°7883 x 10%, A; = 1,621-4A, 

C. = 4765 x 10% Ay = 70°23 u 


t G. Heckmann, Zeit. f. Kristal. 61, 254 (1925); K. Hojendahl, K. Danske Vidensk. 
Selakab 16, No. 2 (1938); N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Clarendon Press, Oxford, 1940), pp. 16-25. 

ł O. Fuchs and K. L. Wolf, Zeit. f. Phys. 46, 506 (1928). 
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for KCl. In the above formula, vi, vz, va are absorption frequencies 
related to the excitation of electrons; their values are very high compared 
with the frequencies of infra-red radiations. The corresponding terms 
in the formula thus do not vary appreciably with the frequency v in the 
infra-red region and, for our purpose, may be replaced by their limiting 
values for v = 0. The formula then reduces to exactly the form of the 
infra-red dispersion formula (7.5) derived in §7. Remembering that 
now 2 = wo, we readily find from the above constants the following 
values for eo, e, and wo: 


eo = 4-78, Eq = 2:18, wg = 2:68 X 10% e (KCI) 


which are to be compared with the directly measured values quoted in 
Table 17, p. 85. As the constants in Fuchs and Wolf’s formula are 
determined on the basis of data far removed to the high-frequency side 
of the dispersion frequency wo, the agreement with the directly measured 
values is indeed very fair. 

The best-known phenomenon in connexion with the infra-red disper- 
sion by ionic crystals is the selective reflection of radiations with fre- 
quencies in the neighbourhood of the dispersion frequency. This fact 
forms the basis of the important residual ray (Reststrahlen) method 
developed by Rubensf to obtain practically homogeneous infra-red 
radiations, whereby an initially inhomogeneous beam is repeatedly 
reflected from crystal plates so that in the residual beam only the 
narrow range of the most strongly reflected frequencies remains. 

For an incident beam perpendicular to the surface of an optically 
isotropic medium, the fraction F reflected (reflective power) is given by 
the well-known formula: 


dee (10.2) 


n+l 
where u is the refractive index (whether real or complex, see later) and 
the vertical bars indicate the absolute magnitude. Now let us examine, 
on the basis of the dispersion formula (7.5), how R should vary with the 
frequency. According to (7.5), as w is raised from a zero value to the 
dispersion frequency wo, the refractive index n = ve rises from seg to 
approach an infinite value. It thus follows from (10.2) that the reflection 


1 For references see C. Schacffer and F. Matossi, Das Ultrarote Spektrum (Springer, 
Berlin, 1930). 
t Seo M. Born, Optik, p. 265 (Springer, Berlin, 1933). 
x e 22 1% EA a E e whe a, J ie fhe ee d 4 7 Ra ; 
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should become perfect (R = 1) when w, is reached. Immediately w, is 
exceeded, e switches from + to - and continues to have a negative 
value on further increase of w from wọ to the value of w satisfying the 
equation 

60 — Ew 


0 = ew) = eot; 


aa (10.3) 


Within this range, the refractive index n = ve is purely imaginary 
and, as follows from (10.2), there should be complete reflection. The 
solution of (10.3), we note, is exactly the longitudinal lattice vibration 
frequency w, = wo(€o/€.)?. Thus, according to the dispersion formula 
(7.5), there is a band of perfect reflection located between the frequencies 
w and w, Above w, N decreases once more and approaches eventually 
the limiting value (ve,.—1)?/(Veo+1)?. 

The dispersion formula (7.5) thus offers a natural explanation of the 
observed selective reflection in the neighbourhood of the dispersion 
frequency. The quantitative features predicted by the formula are, how- 
ever, by no means correct; the observed reflection is, for instance, at 
no frequency actually perfect. In Fig. 19, the percentage reflections by 
LiF, NaF, NaCl, and KCI, as calculated from the dispersion formula (in 
dotted lines) using the constants given in Table 17, are compared with 
the experimental curves (solid lines) given by Czernyf and Hohls.{ In 
all the cases shown, the region within which the observed reflection is 
large agrees well with the position of the theoretical band of perfect 
reflection; within this region, however, there is no agreement between 
theory and experiment. 

This discrepancy is not confined to the reflective power alone. The 
corresponding effect is even more manifest in transmission experiments. 
For frequencies within the theoretical reflection band, what remains of 
the incident beam, after the strong reflection, is found to be strongly 
absorbed by the crystal, whereas the dispersion formula (7.5) provides 
for no such absorption. Whenever we have a real dielectric constant, as 
in (7.5), the dielectric polarization P is in phase with the field. The work 
done by the electromagnetic field on the medium is given by (E. P) / 42 
per unit volume per unit time. For a sinusoidal variation with time, it 
is easily seen that P is 7/2 out of phase with P, thus also with E. It 
follows immediately on integrating E.P that the net energy loss by the 
electromagnetic field vanishes over a period. 

Thus we have to conclude that although (7.5) is correct for frequencies 


t M. Czerny, Zeit. f. Phys. 65, 600 (1930). 
t H. W. Hohls, Ann. d. Phys. 29, 433 (1937). 
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- 19 a-d. Selective reflection by ionic crystals. Dotted lines = theoretical curves 
ed on (7.5); solid lines = experimental curves; crosses in the NaCl case represent 


values calculated from the disporsion formula with damping (10.6). 
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removed from w, (as shown, for instance, by Fuchs and Wolf’s result), 
it fails in the neighbourhood of wy. The cause for this has already been 
indicated in § 8: the phenomenological equations (7.1), (7.2), from which 
the dispersion formula is deduced, are approximate in that we have 
ignored all but the linear terms. In ordinary circumstances, this is a 
perfectly legitimate approximation; however, the optical experiments 
in the neighbourhood of w, are, so to speak, inordinately sensitive to 
the slight inaccuracy occasioned by the approximation. The linearity 
of the equations (7.1) and (7.2) is responsible for the result that different 
lattice waves are mutually independent. In reality they are coupled by 
the small higher-order terms, which have been ignored. Owing to the 
coupling the energy of a particular lattice wave slowly diffuses into the 
numerous other lattice vibrations and appears eventually as heat. The 
magnified importance of this small effect on optical waves near w, is, as 
we have seen in § 8, due to the circumstance that the energy density in 
such waves is lodged predominantly in the lattice particles as mechanical 
energy of oscillation, rather than in the electromagnetic field. Thus the 
energy of the lattice particles is abnormally high relative to the electro- 
magnetic energy flux. In a steady state, whatever energy is lost by the 
Jattice vibration must be supplied by the electromagnetic energy flux. 
Under the circumstances, a small percentage energy loss by the former 
through the small coupling drastically reduces the latter. This means, 
of course, a strong absorption of the optical wave by the medium. . 

A detailed discussion of the dispersion in the neighbourhood of the 
dispersion frequency is very complex, for we have to consider the bulk 
of all the lattice vibrations, which are responsible for the energy dissipa- 
tion. We shall return to this problem in the last chapter. 

For the purpose of analysing the empirical data in the neighbourhood 
of wp it proves convenient to use a dispersion formula which takes 
account of the energy dissipation in an ad hoc way. Namely, we introduce 
in the equation of motion (7.1) a simple damping term as follows: 


Ww = 611 W-yW 512 E, (10.4) 


where y is a positive constant with the dimension of frequency; the 
additional term represents a force always opposed to the motion. For 
complex periodic solutions of the type considered in & 7 and 8, (10.4) 


reduces to —ww = (b,,+iwy)w+b,. E. (10.5) 


The addition of the damping term is thus equivalent to the replacement 
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of b,, by 5,,+-twy. Hence the dispersion formula (7.4) now becomes 


nbad 6e 
= 1+-47b,, + ——_—__2- . = ¢,, + —______° _2 ____.. 
clo) = baat eech iojo) 
(10.6 
and, for plane optical waves, we have now in place of (8.23) that k?c?/cw? 
is equal to the above expression. 


For a plane wave travelling in the x-direction, the phase factor is 
given by eitkz-af) — piwtkria-t) — piwlvewizic-1. (10.7) 


Exactly as for non-absorbing media (real dielectric constant), we define 
ve as the refractive index, which we denote by ñ: 

A = n(l+in) = ve. (10.8) 
ñ is now complex, n, nx being its real and imaginary parts. (In the litera- 
ture the refractive index is sometimes written as (I ic); the alternative 
choices depend on the convention as regards e, i.e. whether it goes with 
the part exp(— ict) (as here) or with the part exp(iwt). The meanings 
of n and « remain, however, the same for either of these conventions.) 


Squaring (10.8) and comparing with the dispersion formula (10.6) we 
see that 


2] — x?) = (eo— Eo) 1 —(w/w)?] 
i ) a [! — (w/ wo)" P+ (wlw) ty] Wo)” ” (aSa 
217 = (eo — Y w) (wwa) (10.10) 


[1 — wwo) PT wwo) ywo) 
The definition (10.8) for % leaves its sign still ambiguous; thus a simul- 
taneous reversal of the signs of n and nx does not affect (10.9) and 
(10.10). (10.10) shows, however, that n and nx must have the same 
sign (for ep e); the usual convention is to choose the sign of ñ such 
that both » and « are positive. 
Writing now ve in (10.7) as n(1--ix), we have 
eien, x en (newer 


With the above sign convention, the first factor represents a progressive 
wave in the x-direction, the phase velocity being c/n. The second factor 
represents an exponential diminution of the amplitude in the direction 
of propagation. The fractional decrement of this factor in a length dx 
is clearly 


2rien wad 
Qrefe} 


As 2re/w is the vacuum wave-length, 27n« gives thus the fractional 
decrement of amplitude per unit vacuum wave-length. n and x are 
known as the optical constants of an absorbing medium. 
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Fig. 20 shows the typical behaviour of the optical constants. ‘The 
curves have been computed with the numerical values of eg, c, /o for 
the NaCl crystal; the value 0-045 for (y/w,) has been chosen so as to 
reproduce as closely as possible the experimental curve for the reflective 
power. 


0-5 1 15 2 
AA. 


Fic. 20. Optical constants for NaCl (y/wo = 0-045). 


Replacing the refractive index in (10.2) by = n(1-++7x), we find that 
the reflective power is given in terms of the optical constants by 
R= (n—1)?- 08? 
(n T1) T 
The crosses in Fig. 19 c represent the values calculated from this formula 
for NaCl when the value y/w, = 0-045 is used. The general agree- 
ment with the experimental curve is seen to be quite satisfactory; but 
the theoretical values are too high on the immediate short-wave side of 
the peak and do not reproduce the secondary maximum; which is very 
distinct in all the experimental curves in Fig. 19. 
It is evident from Fig. 19 that the frequency w, at which the maximum 
reflection occurs does not coincide with the dispersion frequency wg 


(10.11) 


(= long-wave end of the theoretical reflection band). Using the optical 
constants based on the dispersion formula (10.6), Havelock} has shown 
that if y/w is small, the ratio w,,/w, is approximately independent of the 
damping constant y and given by 
cu eO C A 27C Ine 
=m — 1 2 2 j“ — ml = Å, — ° 1 

( as An 0 00 An = ae 


f T. H. Havelock, Proc. Roy. Soc. A, 105, 488 (1924). 
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Under ideal conditions the measured residual ray frequency should be 
equal to . The measured residual ray wave-lengths for a number of 
crystals are collected in Table 21 as %. In the next column are given 
the corresponding values for A, calculated with the help of Havelock’s 
formula and the values for e, c quoted in Table 17. The agreement 
with the directly measured values of À, which are given in the last column, 
is on the whole very satisfactory. The only large deviation occurs in the 
case of TIC]. In this case the conversion factor deviates considerably 
from unity; presumably Havelock’s formula is no Ongan a good approxi- 
mation. 


TABLE 21 
Determination of à from Residual Rays 


Apart from the complication involved in converting the residual ray 
frequency to the dispersion frequency, the residual ray frequency may 
at times differ appreciably from the frequency w,, for maximum reflective 
power. .Owing to the rather flat nature of the reflection maximum (see 
Fig. 19), it has been found that both the spectral distribution of the 
initial beam and the absorption by moisture could modify the mean 
frequency of the residual rays. A more desirable way of determining 
the dispersion frequency is by transmission experiments. Such experi- 
ments are, however, more difficult to perform, for the strong absorption 
near w requires the use of very thin specimens of the crystal. By the 
use of evaporated films with a thickness of the order 0-1 to 1-0 u, Barnes 
and Czerny{ were the first to succeed in making accurate transmission 
experiments throughout the absorption region for the NaCl and KCl 
crystals. For sufficiently thin specimens, as we shall see, the results of 
such experiments give directly the value of wy. 

{ From C. Schaeffer and F. Matossi, Das Ultrarote Spektrum, p. 306 (Springer, Berlin, 


1930). 
ł R. B. Barnes and M. Czerny, Zeit. f. Phys. 72, 447 (1931). 
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To obtain the expression for the transmission coefficient, let us con- 
sider linearly polarized light of a given frequency w incident normally 
on a plate of thickness d. If x is the direction of incidence, the scalar 
magnitude of the electric field (the part going with e-. can be written 
as 


within plate (Ceſonæle. . De- inæſo) e- tut 
far side Ze iclxie- .) 


incident side (A etre Be- ture) g- tut 
| (10.13) 


Part of the wave travels in the negative x-direction both on the incident 
side and within the plate owing to the reflections at the two boundaries, 
while on the far side only a wave in the z-direction emerges. The corre- 
sponding magnetic fields are given in (10.14) (cf. (8.21), where k should 
now be replaced by (w/c) x refractive index, i.e. (w/c) outside the plate 
and (wñje) within): 

incident side (Aeltie - Be-fwric)e—tut 

within plate Dee 

far side Eetattale)—-ti 


(10.14) 


The requirement that the electric and magnetic fields should all be 
continuous across the two boundaries gives four linear homogeneous 
equations in the coefficients A, B, C, D, E, from which one obtains 
quite readily that 

4n 


2 
A (Ape -e (Ie. 


(10.15) 


For very thin plates such that 22d <A = 2ac/w, we can expand the 
exponential functions in the denominator: 


a ee: 
4A 1—(iwd/2c)(1+77)+...° 
The radiation intensity is proportional to the square of the electric (or 
magnetic) field; thus the transmission coefficient, which is defined as the 
intensity ratio of the emerging to the incident radiation, is given by 
EP 
A| I (iod / 2c) *2— 512) .. 


(10.16) 


D= (10.17) 


Hence for very thin plates the minimum transmission occurs at the 
frequency for which 
ic 72) = tw(e*—e) 


is a maximum. When the value for e given by (10.6) is substituted, the 
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condition for maximum becomes 
Oe ee, «6 10-18) 


The solution is clearly w = wa showing that as d 0, the minimum 
transmission occurs exactly at the dispersion frequency. For films with 
a thickness of the order 0-1 to 1-0 p, it is found experimentally that the 


1007 
— 


Fig. 21. Transmission curves for NaCl (Barnes and Czerny) for 
films of various thickness. 
transmission minimum does not any longer shift appreciably with the 
thickness, giving thus directly the value of wy. In Fig. 21 are reproduced 
the transmission curves for NaCl obtained by Barnes and Czernyf for 
films of various thicknesses. The values for w quoted in Table 17 were 
obtained by transmission experiments by Barnes{ and Parodi.§ 

As shown by Figs. 19 and 21, both the transmission and the reflection 
reveal secondary variations in the neighbourhood of wp, which are not 
to be found in the dispersion formula (10.6). Part of the variations in 
the transmission curves is, however, only apparent; namely, they have 
been shown to be due to interference effects in accordance with (10.17), 

t R. B. Barnes and M. Czerny, loc. cit. 

t R. B. Barnes, Zeit. f. Phys. 75, 723 (1932). 


§ M. Parodi, C. Ie. Acad. Sci. (Paris), 204, 1111, 1636; 205, 906, 1224 (1937); 206, 
1717 (1938). 
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when the finite thickness d is taken into account. This is, for instance, 
the case with the violent variations on the long wave-length side of the 
curves; the irregularities on the short-wave side, however, correspond 
to genuine secondary variations in the optical constants. As shown in 
Fig. 22, these secondary variations are revealed as genuine minima in 
transmission, when the effect of the finite slit width used in the experi- 
ment is corrected for. Similar secondary structures in the dispersion 


35 40 45 80 55 60% 


Aa 
Fic. 22. Dotted curve as in Fig. 21; solid curve after 
correction for interference. 
havo been observed in all the alkali halides measured by Barnest and 
in many oxides by Parodit and Tolksdorf.§ Of the many oxides, MgO 
in particular has been subject to careful experiments by Strong, by Fock, 
and by Barnes, Brattain, Seitz, and Wilmot.|| Their measurements 
show the existence of a strong secondary transmission minimum on the 
long-wave side (~ 24 h) of the principal minimum (~ 17.3 h). Less 
distinct but still unmistakable maxima in the optical constant nx on the 
long-wave side of A, have also been observed by Cartwright and CzernyTT 
in NaCl and KCl. Barnes and collaborators{{ have further reported 


t R. B. Barnes, loc. cit. t M. Parodi, loc. cit. 
§ S. Tolksdorf, Zeit. f. Phys. Chem. 132, 161 (1928). 
|| J. Strong, Phys. Rev. 37, 72; 38, 1565 (1931); J. Fock, Zeit. f. Phys. 90, 44 (1934); 
R. B. Barnes, R. Brattain, and F. Seitz, Phys. Rev. 48, 582 (1935); J. C. Wilmot, Proc. 
Phys. Soc. 63, 389 (1950). 
tt C. H. Cartwright and M. Czerny, Zeit. f. Phys. 90, 7, 457 (1934). 
tt R. B. Barnes, R. Brattain, and F. Seitz, loc. cit. 


IT, § 10 LATTICE VIBRATIONS 127 


that on higher resolution many fine peaks are revealed in the trans- 
mission curves of MgO (nearly 40 in number); their results do not 
appear, however, to be confirmed by other investigators. 

Apart from the above characteristic deviations from the dispersion 
formula (10.6), Czerny and Mentzel have also observed that the value 
of nx begins, somewhere removed to the short-wave side of à, to fall 
away much more rapidly than is to be expected from the dispersion 
formula (10.6). 

As (10.6) is only an ad hoc formula designed to reproduce energy 
absorption in the simplest manner, these deviations in details are hardly 
surprising. When we develop the dispersion theory more properly by 
taking into account the coupling between the lattice vibration modes, 
we shall see that the presence of secondary structures in the optical 
constants near the dispersion frequency is only to be expected. Owing, 
however, to the excessive computational work that will be required, no 
satisfactory theoretical results are as yet available for a quantitative 
comparison with the experiments. 


TABLE 22 


Inner vibrations of CO3- 


NaCl. MgCO,.Na,CO, 14-14 p 


MgCO, 13-78 

CaCO, 14°16 

88 3 uniaxial 8 

FeCO, 13-64 

ZnCOy 13-92 

(Ca, Mg)CO, 14:70 

CaCO, 14-40 

SrCO, 14-28 

BaCO, biaxial 14-48 
PbCO, 14-92 and 15:2 


Na, CO, 14°65 


In more complex crystals the principal difference is the presence of a 
number of dispersion frequencies, and a certain dependence on the polari- 
zation due to anisotropy of the crystal. In chemical compounds, some 
particles in the cell may form chemical radicals such as COz—-, S037, etc.; 
such particles are more tightly bound to one another than to the lattice. 
Therefore some branches of the lattice vibrations reduce essentially to 


t M. Czerny, Zeit. f. Phys. 65, 600 (1930); A. Mentzel. ibid. 88, 178 (1934). 
t From C. Schaeffer and F. Matossi, Das Ultrarote Spektrum, Table 54 (Springer, 
Berlin, 1930). 
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the internal vibrations within the radicals; the absorption lines corre- 
sponding to such vibrations often persist even in solution. On the other 
hand, the lattice type of vibration is due to relative motion between 
the radicals and the metal ions; the corresponding absorption lines 
disappear on the break-up of the lattice structure. Owing to the stronger 
binding forces within the chemical radicals, the corresponding absorption 
lines lie on the long-wave side of those of the lattice type, and are readily 
distinguished by their characteristic frequencies, which are not much 
affected by the binding to the lattice. In Table 22 are given the three 
reflection maxima describing mainly the internal vibrations of the radical 
COg- in various crystals; their differences in different crystals are seen 
to be relatively slight. 


III 
ELASTICITY AND STABILITY 


11. Homogeneous deformation and the elastic constants 
Ir a lattice is deformed such that the resulting structure remains a 
perfect lattice, the deformation is homogeneous. 

A homogeneous deformation can be built up as follows. First we 
subject the coordinates of all particles in the lattice to a linear homo- 
geneous transformation: namely, a particle initially at x is moved to x’, 


where a = xat T Mapp (a, B = 1, 2, 3), (11.1) 


Uag being constants, which we shall call the deformation parameters. 
We have written the linear transformation in the above form so that the 
second term represents the displacement of the particle from x to x’. 
If the lattice is composite, with u particles per cell labelled by 


* = 1, LERN n, 4 ; è i 


we may further displace all particles ofeach type by the same vector u(k). 
A particle () (kth particle in [-cell) is thus subject to the total displace- 


aa Halt) = talk) + F Uopall) a) 


t: 


where x(/) denotes the initial position vector of (1). Evidently x() may 
be decomposed as follows: 


x(t) = x(1)+x(4), (11.3) 
where x(/) is the simple Bravais lattice vector: 
x() — a,t+la,+la, (11.4) 


and x(k) is the position vector of the kth particle in the zero-cell (l = 0). 
The decomposition (11.3) will be useful later on. 

A general homogeneous deformation of a composite lattice is thus 
characterized by the n vectors u, and the tensor u,g. We are interested 
in the case when the vectors u(k) are small compared with the interatomic 
distances and the (dimensionless) tensor components ug small compared 
with unity. In this case, as we shall presently see, the energy density can 
be expressed as a Taylor expansion and the terms of the second order 
determine completely the elastic properties. 

We shall assume that the lattice particles interact with central forces 
(the general case will be considered in Part II). Mathematically it is 
simpler to regard the potential energy between two particles as a function 

3595.87 K 
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of the square of their separation; a potential function regarded in this 
way will be denoted by ¢(r?), while r) will be retained to denote as 
before the potential energy as a function of the distance r. Consider the 
displacement of two particles such that the position vector of one relative 
to the other is changed from x tox + Ax; the change in the square of their 


separation is given by 
Xx Ax] |x|? = 2 T4 Azt > (Az,)*. 
* x 


For Ax <x, the corresponding change in the potential energy can be 
expressed as a Taylor series in ascending powers of the components of Ax: 


#'(Ixl*)[2 Ta. Arat T Gd: 2% (fe) T a. Arat (11.5) 


For the present discussion, terms of the third and higher orders can be 
ignored. 

Since the lattice structure remains perfect in a homogencous deforma- 
tion, all cells in the lattice are mutually equivalent. Accordingly the 
energy change per cell may be calculated directly; namely, we consider 
the change in the potential energy between (2) and all other lattice 
particles, and then sum (2) over the zero-cell. Thus as the position 
vector of (È) relative to (2) is changed from 


X HD- xx 
to GH) -F ust) -u, 
we find readily with the help of (11.5) that the corresponding energy 
change per cell is 
43D LH -x) (walt —wal BD) (ef) u.) 
+E (Halk) — talh) affe —2 (8) e) x 


x [F CU ae )( al) fh. (11.6) 


where y refers to the potential function between particles of the types 
k and . In the summation over (.) we need not explicitly exclude the 
case (J.) = (2) (which is clearly meaningless) if we understand that the 
functions vanish for zero value of the argument. The factor takes 
account of the fact that the interaction energy between (È) and (2) must 
be considered as being shared between them. 

For a homogeneous deformation, we have from (11.2) that 


Walk) — talt) =E )- % 2 Nag gl ri), (1 1.7) 
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where we have written for simplicity 
x(t) = XH) x(. (11.8) 
When (11.7) is substituted in (11.6) and the products in the various 


terms are worked out, we find that the energy density u due to the 
deformation can be written as 


— 1 á) . . 7 . 
u = v, 2 8 (ua(k)+ 2 10) ge A* Lalet) + 
+ 2 (tagt? Cure uyg) l Za eB lett) t 
k)ug(k’)(5,.°5 PE( ,) — ô, bz 
+ 22 zal) ug 0 x aß > L att dag 2 L*. IIA 
+25: Y ll re fl 0-2 F Ii · c 0) — 
ee 2 2 Ualk)ugy 2 Ln Hg (4) 
x By 
+ E tartip &. l rer gen bt)» (11-9) 
where the energy per cell has been multiplied by 1/v, to give the energy 
density. The arguments for the functions enclosed in the square brackets 
are indicated in the lower right corner in each case; moreover j is under- 
stood to refer to ,,, if the argument indicated refers to the relative 
position vector between particles of the types k} and k’ such as x(). 
It is not altogether obvious by inspection that (11.9) follows from the 
substitution of (11.7) in (11.6); our experience shows that it is a useful 


exercise to verify this result in detail. In this connexion one should take 
note of certain symmetry characters of the following sums: 


(a) 2. LATA symmetric 

(b) 2 CLARE ö antisymmetric 

o piendas ene , 
(d) 2 Lag (15) symmetric 

(e) 2 DI ep (Ii) antisymmetric 

(f) 2 Va t,tp IX (IA) symmetric 


Take (b) as an example, which can be written explicitly as 


2, [Pta] = > (ECO) +x (4) —x(E) El) “ Elk), 
(11.11) 
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where we have split the vector x() = x() -x) in accordance with 
(11.3). We may clearly replace x(/’) in the summand on the right-hand 
side by -x (I), for as ! goes over all integral values, xl), exactly as 
x(), goes through all points on the simple Bravais lattice. Thus we have 


IVa H = TUN -x CH) -I): TIE f 
ele) red) Halk) alle. (11.12) 


Apart from the negative sign, the right-hand side is the same as (11.11) 
with * and & interchanged; it follows thus that the sum (b) is antisym- 
metric in kand &. The same argument can be applied to all the sums 
in (11. 10); the result is obvious: a sum is symmetric or antisymmetric 
in k and k’ according as whether there is an even or an odd number of 
zx-factors appearing in the sum. In (11.10) the symmetry characters of 
the sums are indicated; they have been taken into account in writing 
down (11.9). 

If the lattice is initially in equilibrium, the corresponding energy 
density is a minimum; the terms in (11.9) which are linear in u(k) and 
tag must thus vanish. Hence we must have 


Lali = 0, Ea (11.13) 
eL AR, = 0. 1.14 


These constitute the equilibrium conditions for a lattice free from 
external forces. It follows from the antisymmetry of (11.10) (b) (in k 
and k’) that if we sum the right-hand side of (11.13) over all values of k, 
the result vanishes identically, This shows that of tlie n equations 
(11.13) for each given a, only (n—1) are mutually independent, so that 
(11.13) gives altogether 3(n—1) independent equations. For a given 
shape and size of the lattice cell, these equations determine the relative 
positions of the n particles in a cell. In view of the symmetry in « and B, 
(11.14) gives six independent equations, which exactly suffice to deter- 
mine the shape and size of'a cell; for a cell is specified by six parameters, 
which may for instance be taken as the lengths of the three edges and 
the three angles between them. 

Taking into account the equilibrium conditions, we can write the 
energy density as 


12 
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where for brevity the coefficients are expressed in the form of the 
brackets which are defined as follows: 


te} = = {Sa Spx 2 CARTA dag 2 TAANS 
728% NM ca glx) 2 f L 2b], (11.16) 


le, By} = —5 PALEALA TA, (11.17) 
a vie 
2 
pr} = — . & v. NI (11.18) 
{ay F >I B Ly Talali) 


The brackets are subject to certain obvious symmetry relations and 
identities. The first and third terms on the right of (11.16) are evidently 
symmetric in & and b. The same symmetry holds also for the second 
and fourth terms; this follows directly from the symmetry characters of 
the corresponding sums in (11.10). Since every term in (11.16) is obviously 
also symmetric in the Cartesian indices œ and B, we have the double 
symmetry in b, & and a, B: 


ap = A = . (11.19) 
When we sum (11.16) over all values of 4, we find that the first term on 
the right is cancelled by the second and the third term by the fourth. 
Thus we have the identities 


Fü = 0. (11.20) 


The symmetry relations (11.19) reduce the maximum number of inde- 

pendent coefficients of this type to 3n(n+1). (11.20) provides 6n 

independent identities which further reduce the number to 32(n—1). 
It is obvious from the definition (11,17) that 


la, By} is completely symmetric in all the Cartesian indices. (11.21) 
Moreover it follows directly from the antisymmetry of thé sum (11.10) (e) 


that 
1 67 — —4 "t,t, aif.) = 0. (11.22 
2 K. EN = 7 2, l rg xy ll ) 


The number of independent coefficients consistent with (11.21) is 102; 
this number is reduced to 10(n—1) by the ten independent identical 
relations (11.22). 

From the definition (11.18) follows directly that 


{ayBa} is completely symmetric in all four Cartesian indices. (11.23) 
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—— 


pendent. 

It is evident from the symmetry of all the coefficients in (11.15) with 
respect to the Cartesian indices a, B,, that the energy density depends 
only on the symmetrized parameters 


Ugg tH Uga 
Following Voigt} we may thus introduce instead of ug: 
sp = ere j Tl (11.24) 
aß? 8 


where the indices p = I, 2,..., 6 are related to the tensor indices a, B 
as follows: 


p 1 2 3 4 5 6 
(x, B) 11 22 33 23 (32) 31 (13) 12 (21) 


We can express the energy density (11.15) in terms of s, as 


u = AES Gualek) & I E choc, . & lese. 
. á (11.26) 


where the brackets are the same as before apart from a direct transcrip- 
tion of the tensor indices into the Voigt indices in accordance with (11.25). 

The components s,, we remember, describe the type of deformation 
expressed in (11.1). They are identical with the elastic strains in the 
classical elasticity theory. They specify to the first order (see later) the 
size and shape of a macroscopic specimen as well as a lattice cell. 

It follows from the identities (11.20) and (11.22) that the energy 
density (11.26) is unaffected if an arbitrary vector is added to all the 
vectors u(k). This shows that the energy density depénds only on the 
differences between the vectors u(x); these differences represent the 
relative shifts between the different component Bravais lattices. Such 
shifts are microscopic in magnitude and do not affect the macroscopic 
‘dimensions of a specimen. We may thus describe the deformations due 
respectively to uh) and s, as the internal and external strains; the latter, 
as we have seen, are identical with the elastic strains. 

In the energy density, the internal and external strains are coupled 
together through the terms containing their products. Thus as a body 
is elastically deformed a certain internal strain is in general induced; the 
internal strain is such as to make the energy density a minimum for the 


(11.25) 


t W. Voigt, Lehrbuch der Kristaliphysik (Teubner, Berlin, 1910). 
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given elastic strain components s,. Thus the uh) are determined by the 
condition for a stationary value of the energy density: 


Ou Ke ; : 
0= aue) = 85 agb) > fe P}Sp- nen) 
Owing to the identities (11.20) and (11.22), the sum of the right-hand 
side of this equation over all values of k vanishes identically; and only 
3(2—1) of the equations are mutually independent. The solutions are 
accordingly arbitrary in that an arbitrary vector can be added to all the 
vectors u(é) without affecting the equations; in other words, the equa- 
tions determine only the differences between the different vectors u(k). 
The internal strains can be eliminated from the energy density 
(11.26) with the equations (11.27). We remember that the energy 
density depends only on the differences between the different u(h), 
and (11.27) determine only these differences. Thus we may, without 
loss of generality, put u(1) = Oin both (11.26) and (11.27) and eliminate 
u(k) (k = 2, 3,..., n) from (11.26) with the 3(2— 1) independent equations 
in (11.27) corresponding to k = 2, 3,...,2. When the internal strains are 
eliminated, the energy density becomes a quadratic expression in s,, 
which we may write as 


u = T C5588, (Cog = Cop). (11.28) 
po 


This result is now strictly comparable with the strain energy function 
in the classical elasticity theory; the elastic stresses S, are given by the 
derivatives of the energy density with respect to the elastic strains: 


Sp a 2 Cpo So- (11.29) 


This expresses the general Hooke’s law that the elastic stresses are linear 
functions of the clastic strains, c,, being the elastic constants. 

If it so happens that no internal strains are induced by the elastic 
strains, the energy density (11.26) reduces directly to 


u=} 2 {pc}s,8, (Lo, = {aByd}, p a, f; o Y, A). 


In this special case the clastic constants are thus given directly by the 
brackets defined in (11.18): 


Coo = Cop = {po} (Igo {aByA}, p a, B:; o —>y, à). (11.30) 


We have seen that the maximum number of independent brackets of 
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this kind is fifteen. It is easily verified that in this case the complete 
symmetry of {ayBA} in the four tensor indices leads to the following 
relations between the elastic constants (11.30): 


Cog = Cg, C31 = ss) Cro = Ceg |. (11.31) 
C1, = C56, Cos = Cea, Coq = C45 


These are known as the Cauchy relations. As ch = C,,, there are in the 
general case twenty-one independent elastic constants; when the Cauchy 
relations hold, the maximum number of independent elastic constants 
is reduced to fifteen. 

A lattice point P issaid to be a centre of symmetry, if all lattice particles 
can be grouped into identical pairs such that the partners in a pair are 
reflection images of one another through the point P. In other words, 
an inversion operation applied to the lattice with respect to the point P 
leaves the lattice invariant. If a lattice is such that every lattice particle 
occupies a centre of symmetry, then no internal strain will be induced 
by elastic deformations. Let us examine the coefficients {*, By} defined in 
(11.17). Since (2) is a centre of symmetry, the lattice points () can be 
grouped into pairs occupied by identical particles, their position vectors 
X(x) from (2) being equal and opposite to one another. Owing to the 
odd number of times the components of x() occur in the summand C 
of (11.17), the contributions due to a pair exactly cancel, so the coeffi- 
cients {*, By} vanish identically. Thus from (11.27) it follows that the 
internal strain can be put equal to zero. This result is readily under- 
standable in physical terms. It is fairly evident that a particle at a centre 
of symmetry can experience no net force from the totality of the other 
particles. Moreover it is casily verified that a centre of symmetry 
remains one if the lattice is subject to an external strain (ef. (II. I)). 
This means that in the above type of lattice a pure external strain 
automatically leaves all the lattice particles in equilibrium; hence no 
internal strain occurs. 

Therefore the Cauchy relations will be fulfilled if the lattice structure 
is such that every lattice particle occupies a centre of symmetry and if 
the particles interact with central forces. 

The above treatment of the elastic properties cannot be applied to 
ionic crystals, for the coefficients ſaß] turn out to be essentially indeter- 
minate. Thus corresponding to the Coulomb interaction between the 
ions, we have 


dye, e- 1e, e- 
rr. = r ) 2 * 
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The value of the second term in (11.16) is 


2 Tires ch ot et 
Ta „eb = 8.3, >, FO RET 


For large “, we can ignore x(k’)—x(k) in comparison with x(“) and 
replace the summation by an integration: 


fæ =z ab 


Hence for the part of the above sum due to |x(/’)| > R lattice con- 
stant, we have approximately 


we 
R 


which is divergent. Similarly we find that the fourth term in (11.16) is 
also divergent in this case for « = £ and has a sign opposed to the above 
term. The values of the coefficients {5} are thus completely indeter- 
minate. 

This anomaly can be understood in physical terms as follows: (aß) 
represents the force (a-component) on the ions & (per unit volume) 
caused by a unit displacement of all the * ions in the f-direction. In 
terms of Maxwell’s theory, the displacement of the * ions produces a 
uniform dielectric polarization. If we are considering a finite specimen, 
the polarization creates a surface charge; the latter gives rise to a macro- 
scopic electric field which exerts forces on the k ions. The electric field, 
and thus also the forces exerted, depend essentially on the shape of the 
specimen. In the above treatment, we have tacitly assumed that the 
lattice is infinitely extended; in other words, we are considering formally 
the limiting case of an infinite specimen. As the forces depend on the 
shape of a specimen, they heve no unique limiting value for an infinitely 
large and arbitrary specimen. 

However, in the special case when no internal strain is induced, the 
above-mentioned difficulty no longer arises and the above theory may 
then be applied. As we have seen, this is the case if the lattice structure 
is such that every lattice particle is at a centre of symmetry. 

It is obvious that in all alkali halide lattices, both the alkali and halide 
ions are at centres of symmetry. Thus the above treatment applies; and 
the Cauchy relations will be fulfilled, if the ions interact with central 
forces. Owing to the cubic symmetry of the alkali halide crystals, the 


8 ee ß dire, ex 
a e ee 


00 
, 
R 
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non-vanishing elastic constants are related as follows: 


C11 = Cog = C33 
C12 = Cog = Cg} | (11.32) 
Cag = C55 = C86 

Thus the Cauchy relations reduce to the single relation 

Cio = C44. 

Experimental values for ciz and c are available for LiF, NaCl, KCI, 
KBr; they are given in Table 23 together with the ratio c,,/c,.. The 
deviations of / ei from unity are seen to be fairly small except in the 
case of LiF. As mentioned in § 1, Léwden finds by using a first-order 
wave-mechanical perturbation method that a part of the lattice cohesive 
energy cannot be ascribed to two-body interactions; in elastic deforma- 
tions this part causes deviations from the Cauchy relations. However, 
his theoretically calculated values for c,,/c,,, though showing the correct 
signs of the deviations from unity, differ in fact more strongly from the 
experimental values than the latter from the value unity. 


TABLE 23 
Deviations from Cauchy's Relation 


012 Cg 


ce 


LiF 4:04 x 10" dynes/ em. 5-54 & 10˙¹ dynesſem.] 1-37 

NaCl 1-23 (1°17) 1-26 (1-34) 1-03 (1-14) 

KCl 0-60 (0°60) 0:03 (0:67) 1-05 (1:12) 
0-54 0-508 0-94 


Let us return once more to the general expression for the energy 
density (11.9). In general, it refers to the lattice being initially under 
strain. The corresponding stresses in the initial configuration are ob- 
tained directly by differentiating (11.9); namely, 


Ou 2 ; r 
Salk) = Geh v, 2 a cl E), (11.33) 
Ou ] ; 
S, = 650. = 7 2 PEA gl) (P N, B). (11.34) 


Salk) represents the external forces to be applied on the k ions per unit 
volume to keep the lattice in this strained configuration; whereas S, 


t The values given refer to room temperatures; for LiF, NaCl, KBr see H. B. Hunting- 
ton, Phys. Rev. 72, 321 (1947); for KCI sec M. Durand, ibid. 50, 449 (1936). The values 


given in brackets are values extrapolated to the absolute zero of temperature by Durand 
(loc. cit.). 
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represents the elastic stress components in the lattice. The equilibrium 
conditions (11.13) and (11.14) given earlier for a free crystal are seen to 
be equivalent to the requirement that no external forces act on the ions 
and the elastic stresses vanish. | 

A general homogencous deformation, as we have seen, is described by 
Zu 9 parameters, namely, the three components of each of the n vectors 
u(k) (k = 1, 2,..., n) and the nine deformation parameters ug. The 
homogeneous deformations evidently include as special cases the transla- 
tions and rotations of the lattice as a whole; these motions, which are 
characteristic of rigid bodies and correspond to six degrees of freedom, 
clearly do not affect the energy density. Thus it should be possible to 
choose the 3n+9 parameters suitably so that only 3n -+3 of these express 
genuine strains of the lattice; and the energy density will then be a 
function of the latter only. In fact, we have seen above that the energy 
density (11.26) depends only on the differences u( v) u(1) (k = 2, 3,..., n) 
and the six elastic strains s,; making in all exactly 3(n-4-1) parameters 
as required. 

s, and u- u) (k = 2, 3,..., n) are adequate strain parameters, how- 
ever, only to the first order of approximation. Owing to the equilibrium 
conditions, the strains only appear in (11.26) in the second-order terms. 
Since the third- and higher-order terms have been ignored, we have thus 
only been concerned with these quantities to the first. order of approxima- 
tion. It becomes evident that these parameters do not completely 
describe the state of strain in the general case, if we return to the more 
general expression for the energy density (11.9). For (11.9) no longer 
depends only on the symmetrized parameters uag -u (= 8p). 

The form of the first two terms in (11.9) suggests that we should 
introduce in the general case as strain parameters the vectors ii() and 
the symmetric tensor g = tg,, defined as follows: 


a,(k) = u,(k)+ 3 tll) pe (11.35) 


Nag = Nga = dag tH ugat 2 Uya yp}: (11.36) 


It is easily verified that by adding terms of the third order only we can 
write (11.9) as 


2 1 
z% 7 if Pras 7 | SEN g x(t 
t= > Na ö v, > [ys a] d) T > laß o 2 [4 Ta xp] d) + 
+4 2 2 Ca) 2 È {is By}t(&)iig, +4 2 p> . mA 
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Taking account of the antisymmetry of (11.10) (b) and the identities 
(11.20), (11.22), we can show as before that the energy density is un- 
affected by the addition of the same vector to all the vectors ũ (v) and 
may thus be considered as a function of the n—1 vectors i(k)—ii(1) 
(k = 2, 3,..., n). Therefore in this general case fi(4)—ii(1) together with 
Lag = tg, constitute the 3(z-+-1) strain parameters. 

The above considerations are, of course, still restricted by the fact that 
higher-order terms in the energy density have been ignored; the above 
strain parameters might, for instance, be correct only up to the second- 
order terms. Later in & 36 we shall, however, find that these strain 
parameters are in fact the adequate parameters in the general case. 
We notice that the parameters u(k) and s, are merely the first-order 
approximations to i(k) and dag = ügy 


12. Mechanical stability of simple lattices 

The equilibrium conditions (11.13) and (11.14) express only the 
requirement that the energy density has a stationary value at equili- 
brium. For a lattice to be stable, the energy density (11.15) must be a 
positive definite quadratic form so that the energy is raised by any small 
strains. Using the results of the last section, we shall present some 
stability considerations for a few simple lattice types due to Born and 
his collaborators. f l 

Consider first the three cubic Bravais_lattices, namely, the simple 
cubic, body-centred cubic, and the face-centred cubic lattices. All three 
lattices can be described in terms of a common framework as follows. 
Let ai, az, a, be three mutually perpendicular vectors of the same length a. 
The lattice points in all three lattices can be expressed as 

1,8, +1, Ae tl,s ag, (12.1) 
where Ii, lz, la are integers subject to the following conditions for the 
three cases: 
(i) s.c. no restriction; 
(ii) b. c. c. Ii, Ia, la either all even or all odd; 

(iii) f. c. o. Ii Tla- Ta oven. 
We note that the vectors al, az, a, are not basic lattice vectors for the 
two latter lattices. 

For simple lattices (11.1) represents the. only type of homogeneous 

t M. Born, Proc. Camb. Phil. Soc. 36, 160 (1940); R. D. Misra, ibid. 36, 173 (1940); 


S. C. Power, ibid. 38, 62 (1942); M. Born, ibid. 38, 82 (1942); ibid. 40, 262 (1944); and 
also other papors in the serios. 
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deformation; thus only the last term remains in the energy density and 
is equal directly to the strain-energy function 


2 2 Coa 8p 85; 


the corresponding elastic constants are related to the brackets defined 
in (11.18) by (11.30). If we arrange the coefficients in the above quadratic 
form in the form of à matrix 


en bei, en e eis, ee 
n õis 
Ca f Ca F Cas ee e {C 
Ca i C | Cg | Cu e as p Cas | 
Coy (s : i Cs3 i Cs, i 655 —.— 
Co, : C i Ces i Cos : Ces : Ces 


then, according to a well- know theorem i in algebra, the above quadratic 
form is positive definite if the determinants of the matrices of successive 
orders as marked out above (the principal minors) are all positive. 

In the present case, the particle indices k, k’, etc., can be omitted and 
the summation in (11.18) is over all lattice points as given by (12.1). Thus, 
if the Cartesian axes are chosen parallel to the vectors al, az, as, we find 


that 
E = 5 2, Ilg lh (al- U- )), (12.2) 


where the summation over NL, Ia, ls) is subject to the respective restric- 
tions (i), (ii), (iii) for the three types of lattices. (12.2) vanishes identi- 
cally if one of the indices differs from all the rest. Take the case when a 
is different from £, y, A. The terms with J, = O in (12.2) obviously vanish. 
The rest of the terms can always be grouped into pairs with indices la, lg, 
ly hand —i,, lg, 47. l, for such a pair will be either admitted or excluded 
together in all the three cases (i), (ii), (iii). The contributions due to a 
pair evidently cancel; and so (12.2) vanishes. Hence, for non-vanishing 
coefficients, either all four indices are equal or they comprise two pairs 
of equal indices; i.e. the coefficients must be of either of the two forms: 


2a4 d 2 2 
a) (aaf) = — 2> REY (RHH) a +p 
8 (12.3) 
(b) {aaao} = Z 2 i oh" (-I) 
Owing to the sao ERE of the structures with respect to the 


three Cartesian directions, the values of both (a) and (b) are independent 
of the value of « or B. 


142 ELASTICITY AND STABILITY III, § 12 


The number of independent elastic constants for cubic Bravais lattices 
is the same as in the case of the alkali halides. As already mentioned in 
connexion with the latter, the cubic symmetry leads to only three inde- 
pendent elastic constants (ef. (11.32)) which may be taken as ci, Cig C44: 
the Cauchy relations require further that cia = c,,. These facts can be 
directly verified for the cubic Bravais lattices with the help of the above 
result, namely, that the sums (a), (b) are independent of the Cartesian 
indices and all other coefficients vanish. For the independent elastic 
constants cii and ¢,., we have 


cn = 1} = > 14 i" (a%(12-+-12-+2)), (12.4) 
4 7 

en 1122 . HU (RHH). (12.5) 
4 7 


The matrix of the quadratic coefficients has the form 


The principal minors are 


Cros Chay Chas Cte Cay» Cieli — Cie), ciz(011— 612) (Cu T 2012). 

For these to be positive, only the two following conditions need be 
fulfilled: Ge > 0, cue > 0. (12.6) 

In considering the summations in (12.4) and (12.5) let us group the 
lattice points on the s.c. lattice according to their distances from the 
origin; points in different groups lie on successive shells with radii 
Ti ra, Ta, etc. In the b.c.c. and f.c.c. lattices some of these shells are 
completely excluded. It is easily verified that in the b.c.c. lattice the 
first, second, fifth, sixth shells, etc., are missing and in the f.c.c. 
lattice the first, third, fifth shells, etc., are missing. Given below are the 
values of ii cis and ciz calculated from (12.4) and (12.5): 


2y 
a (1 — C12) —7 "42 


s. e. Seb" (ri) 16% (rz). Orb” (ri) 16% (rz) N.. (12.7) 
b. c. 0. O/ (ra) ＋ 128, (4) . 32% (rz) 256% (rz) S. 
fic.c. 16% (r) ＋128%ͤ (2) ＋ . 16% (r) 288% (4) T. . 
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Bearing in mind that the innermost (non-vanishing) shells in the s.c., 
b. c. c., f. c. c. are respectively the first, the third, and the second shells, we 
observe immediately a qualitative difference between the s. c. and the 
b. c. e. lattices on the one hand and the f. c. c. on the other; namely, in the 
two former lattices the innermost shell contributes nothing to one of the 
two quantities c,,—c,, and cia. Hence these lattices will be unstable if 
turns out to be negative for all but the innermost shell. This is in 
fact most likely to be the case. 


Fic. 23. A typical curve for the potential function lr“). 


A typical curve for the potential function % is depicted in Fig. 23. 
The potential function has a minimum —w, at r = po, at which distance 
the attractive and repulsive forces balance one another. The nearest 
neighbour distance (equal to the radius of the innermost non-vanishing 
shell) of a lattice in equilibrium is in general very close to po, since the 
lattice particles interact predominantly with their nearest neighbours. 
From the figure we see that, from the point r? = pẹ outward, the 
function soon passes through an inflexion point, where the second 
derivative v“ changes from positive to negative values. Thus if the shell 
next to the innermost one falls beyond the inflexion point, eig in the 
s.c. case and ¢,;—C¢), in the b. c. e. case will be negative, and the lattices 
in consequence unstable. Since the region between p and the inflexion 
is very narrow, such lattices with particles interacting with central forces 
are most likely to be unstable. In a case where the region between p? 
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and the inflexion point is relatively wide, the b.c.c. structure has a much 
better chance of being stable than the s.c. lattice; for the ratio of the 
r? of the second non-vanishing shell to that of the innermost shell is 


72/13 = 4/3 (12.8) 
in the b.c.c. lattice and 72011 2 (12.9) 


in the s.c. lattice. The separation between the two shells is thus much 
narrower in the b.c.c. lattice. 


AA 
YA 


Fid. 24. Projections of the atomic positions in the two hexagonal lattices. 


A similar analysis has been carried out by Bornf for two hexagonal 
lattices. Consider first the hexagonal Bravais lattice in which the lattice 
particles form planes of hexagonal network and atoms in different planes 
are directly aligned vertically. The atomic positions on a hexagonal 
plane are indicated by small circles in Fig. 24. The basic vectors of the 
lattice can be chosen as 


a, = (a, O, 0), a, = (ia — o), a, = (0, O, ya), (12.10) 
where the Cartesian components are indicated in the brackets. The 
vectors al, a, generate the plane of hexagonal network and a, displaces 
the atoms in a perpendicular direction with the separation ya between 
neighbouring planes. 


t M. Born, Proc. Camb. Phil. Soc. 38, 82 (1942); ibid. 40, 262 (1944). 
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For a simple lattice only the equilibrium conditions (11.14) remain. 
The summation in (11.14) is in this case over the following lattice points: 


x() = La, +la a2 tly as = (+ Ble TI, vh a. 


The consideration of symmetry shows quite readily that for a #8 
(11.14) is automatically fulfilled and for a = 8 we obtain only two 
independent conditions: 


(a) TIE = TIM = 0 
(b) 2 [Zl = 0 | 


As before, we group the lattice points into successive shells. If y is not 
too far removed from unity, the first few shells have the following values 
for the squares of their radii: 
as, 5, (1--y°)ja?, 3a?, 4a?, (3+y?)a?,.... 

When the contributions due to the different shells are worked out, the 
equilibrium conditions are found to be 

(a) (a?) +-24'((1-+y)02) +-34(3a%)-+... = 0 ) usii 

(b) WGO) 12% (I TY) +... = 0 
For any value of y the first term given has the smallest argument in 
both (a) and (b). For forces of short range, we need retain only this term 
and thus obtain approximately 

Wa) = 0, % = 0. 

These conditions require that a = p, and y = 1, where pọ, we remember, 
denotes the distance at which „/ is a minimum. The condition that y = 1 
means that the atoms vertically above and below an atom are at the same 
distance away as its neighbours in its hexagonal] plane. We notice that 
this is precisely the configuration of the atoms, if they behaved like rigid 
spheres. 

With the help of the Cauchy relations, which evidently hold in this 
case, and the considerations of symmetry, it can be shown that the 
energy density has the following form: 

u = 4{c1,(8}+- 83+ 361 82+ $85) Tc cis- 65 + 28, 89+ 232 85)}. 
(12.13) 
Clearly the lattice will be unstable if c is negative; for the energy 
density can then be lowered by a strain s, (or 85). When the contributions 
to {2233} (cf. (11.18)) due to various shells are worked out, we find that 


csa = {2283} = 5. lo lo- oled) -H. J, (12.14) 


3595.87 L 


(12.11) 
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where we have put in the values a = pp y = 1, Va = (3/2). The 
innermost shell which has the radius pọ is seen to contribute nothing 
to c. It follows from the same argument as before that most likely c44 
is negative and the lattice is thus unstable. The ratio of the square of 
the radius of the second non-vanishing shell to that of the innermost 
shell in this case is 2. Comparing with (12.9), we may conclude that 
the hexagonal Bravais lattice is as unlikely to be stable as the s.c. lattice. 

Adding to each atom in the above lattice a similar atom at a vector 


distance la+ łat 4a, (12.15) 


removed from the former, we obtain a composite lattice with two similar 
atoms per cell. Using the notation of the last section, we can label the 
originalatomsin the Bravais lattice and the additional atoms respectively 
by k = 1 and 2. The atoms designated as 2 form similar hexagonal 
networks halfway between the hexagonal planes of the atoms designated 
as 1. Their projections are indicated by crosses superimposed on Fig. 24. 

About any lattice point k = 1 are shells of atoms 1 with the squares 
of their radii given as before by 


a*, 77, (I ) a?, 3a’, etc.; (12.16) 
the squares of the radii of the additional shells of atoms 2 have the values 
1 das (Ea Nae (7 1 \92 
(5+ Ja ; 62) ; 6 a’, etc. (12.17) 


(12.16) also gives the squares of the radii of the shells of atoms 2 about 
an atom 2, and (12.17) gives the corresponding values for the shells of 
atoms 1 about an atom 2. 

It follows readily from the symmetry of the structure that the equili- 
brium conditions (11.13) and the conditions (11.14) for « #8 are 
identically fulfilled in this case. For a = B (11.14) gives two independent 
conditions: 


o F [oxi = a %% 8 — 7 — 8 | 


12.18) 


VIU = ( (a?) y (F+ 4 + 


= J [Vaiku = 


Uik 
pay Fee 4 Jh (12.19) 


For relevant values of y (sec below) the first term given has the smallest 
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argument in both of the above equations. Thus for forces of short range 
we retain only this term and obtain approximately 


a” TPR 
WG +2) =0, * = 0. 
These conditions require that a = p and 
5+% 1 or y= (8/3)! = 1-633. 


It is easily verified that this value of y corresponds to the configuration 
in which each atom has three atoms cach on the hexagonal planes above 
and below it, all at the distance pọ away. Thus every atom has twelve 
nearest neighbours at the distance pọ, six in its own hexagonal plane 
and three each on the neighbouring planes. The structure is known as 
the hexagonal close-packed structure, for it is an arrangement of hard 
spheres in the closest packing. 

Owing to the symmetry of the structure, a great number of the 
brackets (11.16), (11.17), (11.18) vanish identically and many of the rest 
are mutually related. It is found that the energy density (11.15) can 
be expressed as 


u = 4{P(si+-e}+ 3s 824483) + Qs§+ Ris; rene anes 
+20 (8, u 82 7 ½ Sg U) + V(uz-+-u2)+ Wud}, (12.20) 
where u is the difference u(2)—u(1) describing the internal strain and 


P = V2 p104” (P8) + 16% (25) 81% (3550 C..) 
Q = else le- Ear BeH B) 
R = Ë pol b"( 8) + 32p"(2p8)-+1129"(Sp3) - C. 


1 (p3)-+ 16y/"(2p8 j 40% (3c) -U. 
„l (p8)-+16$"(2p8)-+-=W (2p D+] 


(12.21) 


W = = {roy (pp) ＋ 16% (298) +— Ey (25050 T. 1. 


In the above D we have put in ai values y? = 8/3, a = po 
and v, = yv3a3/2 = V2 p} for the close-packed structure. 

We notice that the strains 5, S5, u, appear only in square terms. For 
stability, the corresponding coefficients must be positive, i.e. 


R > 0, W> 0. 
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The rest of the terms are in two groups, namely 
10 Pet 2U 961, + Vuh} 
and 
4{P(si-+ 83+ 361 52) + Q834 R(28, 83+ 28, 83) T 2U (8, 5 Ua) ＋ Vag}. 


Apart from a constant factor, the corresponding quadratic coefficients 


are 2 U ): (12.22) 


and eee 3 : l ; (12.23) 


U —U 0 V 
The principal minors of (12.22) and (12.23) are respectively 
+P, 1PV—U?, 
and P, PA, ¢P(gPQ—R*), 4(¢PQ—f)(tPV—O0?%). 


Considering only the interactions between the nearest neighbours, we 
have, from (12.21), 
32% 


P = 10%), = po (od, 
=e apo U Vel, (02.200 
ye. W = Eyo, 
Po Po 


and thus 
4PV—U? = 24("(p5))?,  §PQ— = 128 (. (o)). 
All the stability conditions are evidently fulfilled for this case as 
(od) > 0 (see Fig. 23). 
The structure provides a simple example where internal strains are 
induced by elastic deformations. For the determination of the internal 
strain u we have in the presont case: 


Ou 
0 = — = Us,4- Vu, 
ju, = Ust Vu, 


— — . 
0= a U (8, —8)-+ Ve, (12. 


to 
to 
Cı 
— 


0= 25 = Ws. 
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When the internal strains are eliminated from the energy density 
(12.20) with the ey of (12.25), we obtain the strain energy function 


u=3{(P-5 ET y) ut af Toi Raat 
+ R(s? ( 42e 


(12.26) 
The non-vanishing elastic constants are thus given by 


Us U2 
Cy, = Ce, = P- y. Cy, = PPA. C33 = Q, e 


v2 
ia = Cog = Cyu = Css = R, Css = P- = en- cg). 


V 
(12.27) 
We observe that all the Cauchy relations (11.31) except cı = Ces are 
fulfilled in this case. Evidently if the latter relation is also to be fulfilled, 
the constant U must vanish; in view of (12.25) this occurs only if no 
internal strains are induced by elastic deformations. 

If only the interactions between the nearest neighbours are considered, 
we see from (12.24) that all the constants P, Q, R, U, V, W, and hence 
also all the elastic constants, are proportional to (od). In fact, on sub- 
stituting (12.24) in the expressions (12.27) for the elastic constants, we 
find that the elastic constants are in the following ratios to one another: 

cas: 11: C13: C13 = 92: 29: 11:8. 
The only non-metallic crystal of the correct symmetry for which the 
complete set of elastic constants is known seems to be beryl, Be, Al,(Si0,),. 
It is interesting to observe that although it has a very complicated struc- 
ture, the ratios between the elastic constants 


Ca C11: C12 C13 — 28.6: 32 ·6: 11-6 8 8 


are fairly close to the above calculated values and the Cauchy relation 
1a = Cy, is very closely fulfilled, as in the above theoretical model. 
The basis of the above considerations of stability is essentially qualita- 
tive. In view of the short range of the atomic forces it has been 
assumed that the nearest neighbour interactions predominate, so that 
in the equilibrium configuration the nearest neighbour distance is 
practically equal to pg. Moreover, it has been supposed that the second 
neighbours most probably lie beyond the inflexion point of the potential 


t A more elaborate calculation which takes account of the Fermi energy for metals 
has been published by F. R. N. Nabarro and J. H. O. Varley, Proc. Camb. Phil. Soc. 
48, 316 (1952). 
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function %(r?). Such considerations have been verified quantitatively 
by Misrat for the cubic Bravais lattices, using a potential function of 
the following form: 


y(r?) = r) = 4-2 (m >n), (12.28) 


where the first and second terms correspond respectively to the repulsive 
and attractive forces. The potential function has the general form as 
already depicted in Fig. 23. It is convenient to express the constants A 
and Bin terms of the energy minimum — u, and the equilibrium distance 
Po; the latter are related to A and B by the following relations: 


A B 
agp ise 5 12.29 
o = 5) pm pe ( ) 
B 
0= 17 (p>) = 2 p 2 6 9 pate (12.30) 
When A and B are eliminated from (12.28) with (12.29), (12.30), we find 
the following: l 
2) = yO e“ _ 4 /e“ 
4 al z(e) ). (12.31) 
r'), Y” (r?) are thus given * 
"O Mo Po m+2 Po * 
(2) = TOA E 72 — (29) +(2 (12.32) 


er ee ee 


When (12.33) is substituted in the expressions (12.4), (12.5) for the 
elastic constants c}, and ¢,,. of the cubic Bravais lattices, we obtain 


ou (20 9 Nn len L 20h 51 TATA eT 
Ye Tr (12.34) 
u,\ mn p ls 
aa G mx fan 0e) > EEE 


—(n+2)(2)" > ara (12.35) 


1 R. D. Misra, Proc. Camb. Phil. Soc. 36, 173 (1940). 
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The stability conditions (12.6) thus become 


112 
me) yee en > (n-+-2)( 24) fie 


(12.36) 
Pa is tile j 


RI 
vusal Je p ra * 


The parameter a specifying the dimension of the lattice cell is deter- 
mined by the equilibrium conditions. Owing to the cubic symmetry of 
the lattices, the equilibrium conditions (11.14) are identically fulfilled 
for x E Band, fora = B = 1, 2, 3, the sum in (11.14) has the same value. 
Thus, putting x = g = 1 and using the expression (12.32) for (r), we 
obtain the single equilibrium condition 


ta \ mn ooh I 
cH (n — 72) — (2 40 > rgt 
p 
ug a) Te e e = 0 


Po n 55 
= R) Lapp pm = 10 È TE Afra Fi (12.38) 
Dividing the stability conditions (12.36) and (12.37) by (12.38), we find 


ma DD TE TE] e 
(Semm) (Dates) 


(12.39) 
1112 
Fe Sa EE TH 


| >, (+l FEED] 


HE 
e d. Ò Er i 


—— 


? 


(12.40) 
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which, we observe, depend now only on the exponents m, n in the force 
law and are independent of the values of u, and po. 

In view of the cubic symmetry of the lattices we clearly have the 
relations (7 = Si m 


Re GAU) U 
(A712 ‘a= 3 G BHF 34. UM T 


il (G+8+4)2—h—-B—E 
1 ETI). e 


1 
~ 6 >» MüT HTH a 3 TTE 


Hence we can express all the lattice sums in (12.39) and (12.40) in terms 
of lattice sums of the form 


an 


Sp = Zu (i? aT = D FET" (12+ Sep (12.41) 
namely, we can write (12.39) and (12.40) as 
m-+-2 Sa) n+2 Sb 
e ee 
m 2) Sia n+2\/. S9 
(=H) “gr — 1 > (700 Sco — 1) (12.43) 


The values of the two expressions 
a an -E 
(12.44) 
have been calculated by Misra for various values of p and for all three 
cubic Bravais lattices. They are plotted against » in Fig. 25. Since 
m > n the stability conditions (12.42) and (12.43) are equivalent to the 
requirement that the curves should increase monotonically with in- 
creasing p. The curves given in Fig. 25 show that the f.c.c. lattice is 
always stable and the s.c. lattice is always unstable. One of the curves 
for the b.c.c. lattice is seen to decrease monotonically except for very 
small p. Since the rapidly varying repulsive force in reality corresponds 
to an exponent m ~ 10, the structure is thus very unlikely to be stable 

for atoms interacting with central forces. 
Of course, a structure may be stable with respect to homogeneous 
deformations, yet unstable for other types of small deformations. It is 
most convenient to consider the totality of all smal! deformations in 
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terms of the normal coordinates. If it is found by solving the equations 
of motion that the frequencies of all the normal modes are real, then 
the lattice is stable for all small deformations; otherwise the lattice is 
unstable. For an imaginary frequency means that the system, subject 
to a small displacement, will disrupt exponentially with time instead of 
executing an oscillatory motion about the equilibrium configuration. 


p-12345 67 8 9 10 i2 3 14 15 
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Fic. 25. Tho functions 4 (p), B(p) in (12.44). 


We have already seen that the long acoustic waves are essentially 
determined by the elastic properties; the stability against homogeneous 
deformations in fact only ensures that the frequencies of the long lattice 
waves will be real. 

In § 6 we have quoted the result that the frequencies of the normal 
vibrations are determined by the equation (6.14), 


Capi )—0° ap dr: = 0. 


In order that the solutions for w? should be positive, the condition is 
that all the principal minors of the zu x 3n matrix 


[Cag] 
should be positive. Ifthe lattice is to be stable for all small deformations, 
the above condition must be fulfilled for all values of the wave-number 


~~ 
12 . . * 


* 
~ ~ - * 
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vector y. This problem has been considered by Bornf for the model of 
a linear chain of identical particles. It is found that the stability for all 
waves follows from the stability against homogeneous deformations, if 
the second derivative of the interaction potential is positive between 
nearest neighbours and negative between all other neighbours. As we 
have seen, this latter provision is probably always fulfilled in reality. 
A three-dimensional analogue has been developed by Power, f who 
considers specifically the f.c.c. lattice. For this lattice she shows that 
the stability against homogeneous deformation ensures also stability 
against all deformations, if only the interactions between the nearest 
neighbours are taken into account, 


13. Relative stability and polymorphism 

The consideration of mechanical stability alone cannot decide the 
actual structure of a crystal. The actual structure is determined by the 
Gibbs free energy (often called today free enthalpy) 


S U+pV—TS; 2 ta g (13.1) 


the structure, which is thermodynamically the most stable, has the 
lowest free energy. | 

At zero pressure and the absolute zero of temperature, a solid thus 
crystallizes in the structure with the lowest energy. As alternative 
structures frequently have energies which are only slightly higher, 
theoretical discussion of the relative stability between different struc- 
tures is often subject to considerable uncertainty, and has not been 
altogether successful in individual cases. Without attempting to give 
a general survey§ of the subject, we shall discuss a few simple instances 
to illustrate some factors which are important in determining the 
structure of a crystal. 

For structures with sufficient symmetry to suppress polarization 
effects, the Madelung energy and the overlap energy are the most 
important energy terms. Hundll has thus considered the relative 
stability between alternative coordinate lattices, taking into account 
only these energy terms. As an.example, let us consider the relative 
stability of the three structures CsCl, NaCl, and ZnS for ionic com- 
pounds of the type XV (the zine blende and wurtzite structures of 


t M. Born, Proc. Camb. Phil. Soc. 36, 160 (1940), Appendix. 

t 8. C. Power, Proc. Camb. Phil. Soc. 38, 62 (1942). 

§ For a more comprehensive survey see L. Pauling, The Nature of the Chemical Bond, 
chap. x (2nd ed., Cornell Univ. Press (1948)). 

F. Hund, Zeit. f. Phys. 34, 833 (1925). 


£ 57 "A ~~ 2 * 4 7 2 * ae 
S C. 1. . c . ae - e, 3 —— 2 5 i ? g TRR sincere 
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ZnS are essentially so little different that their difference may be ignored 
in the following discussion). We shall present Hund’s considerations in 
a somewhat simplified manner. Thus we take into account only the 
overlap energy between nearest neighbours; for the overlap energy we 
use the inverse power expression (3.1 a). The energy per cell can be 


written as a(ze)? MA, 


= 13.2 
2 r Er l ) 


3 


where the Madelung constant, denoted here by a, and the coordination 
number M have the following values for the three structures: 


CeCl 
1.7627 1-7476 


NaCl 


ZnSt 


a 1-6381 

M 8 6 4 (13.3) 
Remembering the equilibrium condition 

du . 

40. — 0, (13.4) 
we find that 
an IAn 1) n—l (ze) 2n 1Jn 1) 

* 6 ( 7 e ) SR 


Since the second factor is the samo for all structures, the relative stability 
depends only on the value of a”/M; the structure having the highest 
value for a/ is the most stable. For very small values of n the value 
of M predominates in determining the relative magnitude of a”/M, 80 
in this extreme case we have in the order of stability (from the most to 
the least stable): 

ZnS, NaCl, CsCl (small n). 
For sufficiently large values of n, on the other hand, the effect of a 
preponderates and the above ordering is exactly reversed: 

CsCl, NaCl, ZnS (large n). 

Let a, M and a, AL’ denote the constants for two alternative struc- 

tures. Consider the number p defined by the following equation: 


a? g P 
M — JF (13.6) 


Clearly, for n > p one structure is the more stable and for n < p the 


ea ag ae. 
t The values refer to the zinc blende structure; for the zincite structure 
hress t 
a = 1-639, M = 4, 
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other is the more stable. Writing (13.6) as 
log( /A.) 
log(œ e 
we can immediately calculate the value of p for the three pairs of struc- 
tures ZnS—NaCl, ZnS—CsCl, and NaCl—CsCl; the results are 
ZnS—NaCl ZnS—CsCl NaCl—CsCl 
p 6˙3 9-5 33 
From these values and our knowledge of the relative stability for the 
extreme values of 7 we can form the following table: 


III, 5 13 


n < 6˙3 ZnS, NaCl, CsCl; 
63 <n < 9-5 NaCl, ZnS, CsCl; (13.7) 
95<n < 33 NaCl, CsCl, ZnS; 
33 Tn CsCl, NaCl, ZnS; 


here the three structures are given in the order of decreasing stability. 
We notice that, according to this simple theory, for n between 6-3 and 33 
the NaCl structure is the most stable. 

In Table 24 the actual structures of a number of diatomic salts are 
indicated by the corresponding coordination numbers (8 for CsCl, 6 for 


TABLE 24 
Crystal Structures of Diatomic Ionic Crystals 


F Cl | Br I O 8 Se | Te 
1-36 | 1-81 | 1-95 | 2-11 1-40 | 1-84 | 1-98 | 2-21 


Li 0-60) 6 6 6 6 


Na 0:95 | 6 6 Mg 0:65 . 
0-47 | 0:36 | 0-33 | 0-30 
K 1-33] 6 6 6 Ca 099] 6 6 6 6 
0-71 | 0:54 | 0-50 | 0-45 
Rb 1-49] 6 6 6 Sr 1-13] 6 6 6 tb 
0-81 | 0-62 | 0-57 | 0-51 
Cs 1.69 6 8 8 Ba l · 35 6 6 6 G 
0:97 | 0-73 | 0-68 | 081 
Cu 096| .. 4 4 Zn 0-74 4 4 4 4 
Ag 1-26 6 6 4 Cd 0-97 | 6 4 4 4 
Hg 1:10] .. 4 4 4 
TI.. 8 8 Mn 6 | 6 (4) 6 (4) 
Fe.. 6 ae eee 0 
Co 6 si ae ; 
Ni.. 6 8 is ci 
Pb.. ea 6 6 6 


Pauling’s crystal radii are given beside tho ions and, for tho alkali- earth compounds, 
tho radius ratio (r. /r.) is given under tho coordination number. 
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NaCl, 4 for ZnS). The preponderance of the NaCl structure is evidently 
related to the fact that the exponent z is generally in the neighbourhood 
of 10 (cf. § 3). 

Although in a general way the above theory is confirmed by the 
observed structures quoted in Table 24, it is by no means adequate to 
account for the structures in all individual cases. It is clearly out of the 
question to consider the salts with the CsCl structure on the above basis; 
for the required value of x would have to be greater than 30. Nor indeed, 
as we shall presently see, are the ZnS structures to be generally inter- 
preted as due to small values of n. 

The overlap energy between second neighbours can no longer be 
ignored if the negative ions are large compared with the positive ions. 
The most important effect of the interaction between second neighbours 
can be crudely reproduced by considering the ions as rigid spheres. In 
this crude model the energy is simply equal to the Madelung term 

alze)? 
— ; 
the radii of the ions effectively take over the function of the overlap 
forces in that the radii determine the value of the nearest neighbour 
distance r and hence also the energy. In order to see how the values 
of the radii affect the energy, let us imagine that, starting with r, = r_, 
r, is progressively reduced while r_ is kept fixed (r,, r. being respec- 
tively the radii of the positive and negative ions). For each particular 
structure there is a critical ratio p = r. r. of the radii, at which the 
negative ions that are second neighbours come into contact. Evidently 
before this critical ratio is reached the nearest neighbour distance is 
r = r. T.; the corresponding energy 
__ _a(ze)? 
(r +r.) 
thus decreases with decreasing r.. Once, however, r., is reduced below 
the value pr_ the lattice dimension becomes a constant which is deter- 
mined by the distance 2r_ between the second neighbours. Accordingly, 
the energy remains at the constant value 
_ _a(ze)? 
r_(l+-p) 

Let us now compare the energies of the above three structures. The 

values for the critical ratio of the three structures are readily found to be 
CsCl NaCl ZnS 
p 3-12 0732 V2—-1=0-414 . —1 = 0-225 
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For r. > (¥3—1)r_ the second neighbours are not in contact and the 
nearest. neighbour distance is equal to r. r. in all three structures. 
The corresponding values of the lattice energy are thus proportional to 
the Madelung constants; hence we have, in the order of decreasing 


tabilit 3 
A CsCl, NaCl, ZnS. 


For r. < (¥v3—1)r_ the energy of the CsCl structure remains at the 


constant value 
1-7627(ze)* 


I 4-93821r_ ’ (13.8) 


whereas the energies of the NaCl and ZnS structures, given by 


__ 1-:7476(ze)? 
1. TT 


1.6381 (ze)? 
ritro ’ 


(13.9) 


(13.10) 


continue to decrease with decreasing 7... Equating (13.8) and (13.9), we 


find that 


T4 
faz 


1:7321 X 1-7476 
1-7627 


—1 = 0-717. (13.11) 


For a ratio of the radii smaller than this value, the NaCl structure 
becomes more stable than the CsCl structure. Similarly by equating 
(13.8) and (13.10) we find that for a radius ratio smaller than 


r, 16381x 1:7321 
— — sam eee — s 13.12 
r 1.7627 ee ( 


the ZnS structure becomes also more stable than the CsCl structure. 
For r. < (V2— 1) r. the energy of the NaCl structure ceases to decrease 
so that the ZnS structure becomes eventually the most stable. Using 
the same argument as before, we find that the ZnS structure becomes 
more stable than the NaCl structure for a radius ratio smaller than 


rą 1.6381 x 14142 
+ 470 1 = 0-325, (13.13) 


Using (13.11), (13.12), and (13.13), we find that for various values of the 
radius ratio we can arrange the structures in the order of decreasing 
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stability as follows: 


0-717 < — CsCl, NaCl, ZnS; 


0-609 < + < 0-717 NaCl, CsCl, ZnS; 
z (13.14) 
0-325 < — < 0-609 NaCl, ZnS, CsCl: 


"+ < 0-325 ZnS, NaCl, CsCl. 


In Table 24 Pauling’s crystal radii for the ions are quoted. The 
corresponding values for the radius ratio are given for the compounds 
of the alkali-earth ions. The strict correlation between the appearance 
of the ZnS structure and the rule (13.14) shows clearly that for these 
compounds the stability of the ZnS structure must be largely due to 
the strong repulsion between second neighbours. 

Clearly (13.7) and (13.14) each cover only one special factor which 
is important for the consideration of relative stability. Nor indeed, by 
considering both of these factors together, can we hope to account for 
the observed crystal structure in all individual cases. In fact, all theoreti- 
cal calculations carried cut so far have failed to account for the stability 
of the CsCl structure of the three caesium salts: In particular Mayt has 
carried out such calculations for the CsCl crystal, using the energy 
expression due to Born, Mayer, and Huggins; the energy expression, we 
remember (see § 3), includes the dipole and quadrupole van der Waals 
potentials as well as the overlap energy between second neighbours. 
Yet he found an energy for the NaCl structure 1 per cent. lower as 
compared with the CsCl structure. At 718° K, the CsCl crystal undergoes 
a phase transition from the CsCl structure to the NaCl structure. 
Assuming that the energy difference between the two structures is 
approximately equal to the latent heat at the transition, May found that 
the van der Waals potentials as estimated by Mayer have to be raised by 
at least a factor 3-5 in order to reproduce correctly the energy difference. 
Since Mayer’s estimates are not expected to be so seriously in error, 
May’s results show that further physical factors will have to be taken 
into consideration before we can hope to account for the stability of the 
CsCl structure. 

The caesium salts are by no means the only instances for which 
elaborate theoretical calculations have failed to account for the observed 
t A. May, Phys. Rev. 52, 339 (1937); Phys. Rev. 54, 629 (1938). 
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crystal structure. Mayerf has calculated the lattice energies for the 
halides of Ag and Tl both for the observed structure and for a hypo- 
thetical structure. It was found that for AgI, TICI, and TIBr the calcu- 
lated energy is lower for the hypothetical structure. In the case of AgI 
the calculated values for the lattice constant and the cohesive energy 
are in such marked disagreement with the empirical values that Mayer 
considered the results as a clear indication of the partial formation of 
valence bonds. Such possibilities make it very difficult to predict 
theoretically the stable structure with certainty. 

The structure most stable at the absolute zero of temperature and 
zero pressure need not, of course, be stable under varied conditions of 
temperature and pressure. Bridgman’s extensive investigations on 
high pressure phenomena have in fact shown that polymorphic transi- 
tion (phase transition involving change of structure) is of common 
occurrence; of 150-odd substances examined up to 1931 such transitions 
were detected in approximately 40 within the temperature range 20- 
200° C. and under pressures up to 12,000 kg./em.? (1:033 kg. em. = 1 
atmosphere). Let us consider the possibility of polymorphism under 
high pressure, at the absolute zero of temperature. The Gibbs free energy 
(13.1) reduces at T = 0° K. to the quantity (enthalpy) 


Up. (13.15) 
If there is a polymorphic transition to an alternative structure at p the 


two structures are in thermodynamical equilibrium at this pressure and 
the corresponding free energies must thus be equal: 


U+pV = U’+ pV’; (13.16) 
where U’, V’ denote the energy and volume of the second structure. 
Let us write (13.16) as r | 

= dient (13.17) 


The right-hand side of (13.17) is, of course, a function of pressure. 

However, as a first approximation, we can simply ignore the pressure 

dependence of the expression on the right and use its value corresponding 

to zero pressure: 9 
Pg A (13.18) 

where the suffix 0 signifies the value at zero pressure. Later we shall 

see that (13.18) is a crude but usable approximation. 

t J. E. Mayer, Journ. Chem. Phys. 1, 327 (1933). 


ł P. W. Bridgman, The Physics of High Pressure, chap. viii (Bell & Sons, London 
(1949)). 
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Let us once more take the diatomic compounds XV as an example 
and use the simple energy expression (13.2). It follows immediately 
from the equilibrium condition and (13.2) that the nearest neighbour 
distance at zero pressure is given by 


MAL_\ M-I) 
a or (13.19) 
and the energy per cell can be written as 
Alge): 1-1. 
(ro). — n E (13.20) 


Since the volume per cell is proportional to the third power of the 
nearest neighbour distance, let us denote the volume per cell by sr? and 
s‘r’8 respectively for the two structures. Thus using (13.19) and (13.20) 
in (13.18), we obtain the following approximate expression for the 


transition pressure: a(ze)? p 


PS erf n? 


a n 1) M \Ue-) 
. te) 


2—1 
In =) ye ’ 


(13.21) 
with Fp, defined by 


3 Ma 


where the quantities with and without prime refer respectively to the 
high and low pressure modifications of the crystal. 

We have seen that it follows from the simple energy expression 
(13.2) that practically all ionic compounds XM should have the NaCl 
structure at p = 0.. Thus (13.21), which is based on (13.2), is at best 
only applicable to cases where the actual structure at p = T = 0 is of 
the NaCl type. Hence let us consider possible polymorphic transitions 
to the ZnS and CsCl structures. The values of F, for such transitions 
are given in Table 25 for a few values of the exponent n. It follows from 
the negative values of F, for the transition NaCl —> ZnS that the corre- 
sponding transition pressure is negative. In other words, a crystal with 
the NaCl structure at zero pressure will undergo a polymorphic transition 
into the ZnS structure only under tension. On the other hand the 
positive values of F, for the Na Cl CsCl transition show that such 
transitions will occur under pressure. 

Using the values of n and ro given in Table 9 (remember that 
n = 1,/p—l1, p. 27) and the corresponding values of F, obtained by 

3695.87 M 
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interpolation from Table 25, we can calculate readily the pressure for 
the transition NaCl —> CsCl with (13.21) for the alkali halides. The 
transition pressures calculated in this way are given in Table 26. 


TABLE 25 


Values of F, 
(See (13.21)) 


Transitions 


NaCl — ZnS 
NaCl — CsCl 


2 16/3V3 
2 8/373 


TABLE 26 


Pressure for Polymorphic Transition in the Alkali Halides 


(Pressure in kg./em.?) 


| Li+ Na+ Rb+ Cs* 

F- (13.21) 310,000 | 200,000 | 88,000 | 68,000 | 35,000 
Ci- (13.21) 140,000 74,000 | 36,000 | 31,000 
exp. ii 20,000 | 20,000 5,500 
Jacobs K ane 74,000 | 39,000 
Br- (13.21) 105,000 53,000 | 29,000 | 25,000 
exp. 852 AI 19,000 5,000 
l Jacobs és si 59,000 | 30,000 
I- (13.21) 68,000 39,000 | 21,000 | 15,000 
exp. 82 a 18,000 4,000 
Jacobs 49,000 | 22,000 


In the pressure range so far achieved (up to 100,000 kg./em.?) poly- 
morphic transition has been found only in six of the alkali halide crystals. 
The experiments have been carried out in the temperature range 20~ 
200° C. The transition pressures were found to be practically indepen- 
‘dent of temperature (this is usually not the case with other crystals). 
It is thus fairly safe to assume that the transition pressures at the 
absolute zero of temperature are not appreciably different from the 
room-temperature values. The experimentally measured values for the 
transition pressure are also given in Table 26. We see that there is no 
quantitative agreement between the theoretical and the experimental 
values. From the fact that CsCl, CsBr, and CsI actually crystallize in 
the CsCl structure at low temperatures (whereas theory predicts the 
NaCl structure), we may infer that the NaCl-CsCl transition actually 
occurs in these salts under negative pressures. In other words, for these 
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salts the theoretical transition pressures are too high (algebraically). 
Table 26 shows that this is still the case with the rubidium salts. For 
the potassium salts the theoretical and experimental values are in rough 
agreement. Experimentally no transition has been found in the case of 
Nal up to a pressure of 100,000 kg. / em. 2, so it is almost certain that 
none of the salts of Na and Li has a transition in this range. The theoreti- 
cal transition pressures are thus too low for these salts. These facts bring 
into evidence a systematic tendency for the theoretical transition pres- 
sures to be too high for the salts of the heavier metallic elements and 
too low for the salts of the lighter metallic elements. 

We should expect the consideration of the van der Waals potentials 
to correct the theoretical results in the right direction. For the van der 
Waals potentials favour the CsCl structure as compared with the NaCl 
structure, as is evident from May’s results. As the van der Waals 
potentials increase rapidly from the lithium to the caesium salts, they 
should thus lower the transition pressures of the salts of the heavier 
metallic clements as compared with the salts of the lighter metallic 
elements. This anticipation was borne out by the calculations made by 
Jacobs, f who used the energy expression of Born, Mayer, and Huggins 
for his calculations. His results are also given in Table 26. His values 
are in no better agreement with the observed values, but they do in fact 
display a more marked increase of the transition pressure from the 
caesium to the lithium salts. In particular, he found that no transition 
should occur in NaI. Transition pressures for the alkali halide crystals 
have also been calculated by Lowdgn,t who used direct wave-mechanical 
methods in a few instances and the exponential overlap potential for the 
rest. His results are practically the same as the values calculated above 
with (13.21). The close agreement is clearly due to the fact that the 
overlap energy between second neighbours and the van der Waals 
potentials have been neglected in both treatments. 

We can easily verify that the approximation involved in (13.21) is not 
responsible for the discrepancy between the theoretical and experimental 
results. A second approximation for the transition pressure can be 
obtained by taking into account, to the first order, the pressure depen- 
dence of the right-hand side of (13.17). ‘Thus expanding 


R. B. Jacobs, Phys. Rev. 54, 468 (1938). 
+ Per- Oln Liwdon, Univ. Uppsala Diss. (Almqvist und Wiksells Boktryckeri, A.B., 
Uppsala, 1948), T'heoretical Investigation into Some Properties of Ionic Crystals. 
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With respect to the volume difference v— 50, we obtain to thb first order 


ee ae 13.2 
dr 6 = v CNET (13.22) 


Similarly, by expanding the energy u, we find that 
| ' 1 P. 
—— — ?) — — NE EEEE 1 23 
N 2005 4500 (evo) = uo 2 (dev) i323) 


Where v v has been eliminated with the help of (13.22). Differentiating 
(13.2), we obtain 


dèu = KN {_ Qa(ze)*.. M Ay 2(2-+-1)) 
dv*}, 9g r3 + 79 
After À,- is sitminated by mehns of (13.19) a comparison with (13.20) 


shows that 


d'U) | Ny 24 
(act), = — bp e 


Using (13.22), (13.23) in (13.17), we obtain 


= Q 7 13.25 
7 y! Infos vë ( 
YoYo Lae ay 
0 0 
If we write Aug = - 1% Ao = 0 — vo, 
we have approximately 
20 2 25 Avy vò Atty 
Uy Uy Uy už 
Hence (13.25) can be rewritten as 
a A [2 (80 2 1 
Atty Nn LU, (Arte / ue 
ON 13.26 
E= PEIEE E — 
n | Uy wze\Av, 
Since in the present notation the first approximation p° is given by 
Au 
= 0 13.27 
j =r =a) 


we see that the second approximation differs from the first by the second 
factor in (13.26). In this correction factor, let us replace p by the first 
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approximation p° = —(Au,/Av,); thus we find that the correction factor 
is given approximately by 
4.5 290 Va (£ 1 
1 ee ie a t. 
T 2 | Uo T Uo es 1— ET 4 (Pare). 
ree Pove 4. (202) | z * L Uo 0 
Comparing (13.20) and (13.21), we find that 
20 __ Why 
Uy n—1° 
Hence the correction factor can be written as 
9 4-57 


14 — F,, —- ——., F. 

-I) a” 
From the values of F, given in Table 25 we see that the first approxima- 
tion may involve an error of 10-30 per cent.; the inaccuracy is certainly 
not sufficiently large to account for the discrepancy between the theoreti- 
cal and experimental values given in Table 26. 


PART II 
GENERAL THEORIES 


IV 
QUANTUM MECHANICAL FOUNDATION 


14. Quantum mechanics of molecular systems f 

LET us consider a system of nuclei and electrons and denote the proper- 
ties of the former by capital letters (mass M, coordinates X, and momenta 
P), and of the latter by small letters (m, x, p). The kinetic energy of 
the nuclei is the operator 


8 N 
Ty = >, 1 = r) Gen 
and that of the electrons l 
wl, w/e 
Tz = > =r = > (aa) (14.2) 


The total Coulomb energy of nuclei and electrons will be represented 
by U(x, X). We further introduce the abbreviation 


To+U = Hi», g. ) (14.3) 


Hy, we note, does not contain the momenta P of the nuclei and can be 
considered as the Hamiltonian of the electrons for fixed nuclei. Since 
the kinetic energy of the nuclei is usually small owing to their large 
masses, H, can be taken as the zeroth approximation for the actual 
Hamiltonian of the system: 

H = Ty+U+Ty = Ht Ty, (14.4) 
from which the solutions may be found by the method of perturbation 
theory, regarding Ty as small. 

The expansion parameter must clearly be some power of the mass 


ratio m/Jf,, where Jf, can be taken as any one of the nuclear masses or 
their mean. It has been found that the correct choice is 


K= Gr (14.5) 


t M. Born and R. Oppenheimer, dan. d. Phys. 84, 457 (1927). 
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Thus we write 


2 ' ð M,\ i? / a? 
7 = 4 — — Te — —0 — 1 — 
Ty = thh ( Hy ( >. (% 2m (ax) N 


H, however, is not of the same order of magnitude as Ii, as we shall 
presently see. 


Now the total Hamiltonian (14.4) has the form 


A = M+ H, (14,7) 
and the Schrédinger equation is 
(H—E)db(x,X) = 0. (14.8) 


Let us assume that the equation for the electronic motion, with the 
nuclei in arbitrary fixed positions, 

(Ho- Ee), X) = 0, (14.9) 
is solved. Both the eigenvalues and eigenfunctions depend on the 
nuclear coordinates as parameters. Thus we denote them as 

E? = , (A); $ = ¢, (2, X), (14.10) 


where n is the electronic quantum number. Considering the functions 
(14.10) to be known for a certain nuclear configuration X° and all 
neighbouring configurations, we shall try to solve the exact equation 
(14.8) under the. assumption that the nuclear motion is confined to a 
small vicinity of X°, so that X - A can be considered as small. We 
express this supposition by writing 


X -A = ku (14.11) 
and using u as the nuclear coordinate. We shall see that the perturbation 
method can be consistently carried out only if the primary configuration 
X° is properly chosen. Expanding the functions (14.10), we obtain 

©, (X) = D(X eu) = OP HOP + PO? +... 
945, X) = Galt, XOH) = GO beh E cg F.. 


We notice that ho, 6 are independent of u, $W, g linear in v, 


p, $ quadratic in u, etc. Similarly we can write 
H,(x, S/, X) = Ilo(r, o/, X?) pru) = HD EHU AHP +... 
(14.13) 


where H are operators with respect to x and homogencous functions 
(degree indicated by the superscript) of u. Substituting (14.12) and 


(14.12) 
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(14.13) in (14.9), we obtain the following series of equations by equating 
the coefficients of different powers of « to zero: 

(a) (H - e = 0, 

(b) (Hh = (H ), 

de) (Hd -) = Fe n) HP- ), 


H‚ö 944 a (IAI) 
2 12 


it follows from (14.1) that the kinetic energy of the nuclei consists of 
only one term of the order *, namely 
M,\ i? 


Ty == e; Uh = (4) 20e) (14.16) 


Combining (14.16) with (14.13), we obtain for the exact Hamiltonian 
of the system 
A = HOHP +22(HO+H) + 8HO+.... (14.17) 
Different coefficients in an expansion with respect to « can be con- 
sidered to be of the same order of magnitude if the wave function 
y(x, 2) is essentially different from zero only in a domain which extends 
roughly as far in «v as in æ. We shall suppose this to be the case and 
proceed to solve the exact wave equation (14.8) by the usual perturba- 
tion method. Thus we write 
E = OO e E TED. 
p = YO-YO. 
Using (14.17) and (14.18) in the wave equation, we obtain the successive 
equations: 
(a) (Hd DPP = 0, 
(b) (HP—OPNYP = H EH, 
(e) (H = OP)? = —(HP-EP WP —(HPHHP- EPD, 
e AO Oe UO (14.19) 
It follows from (14.14) (a) that f(x) = nx, X?) is a solution of the 
zero-order equation (14.19) (a). But evidently we can multiply $% by 
an arbitrary function in u. Hence we have 
W (r, u) = xup Pz), (14.20) 
where y®(u) is as yet completely arbitrary; but, as we shall see, it will be 
determined by the higher-order equations. 


(14.18) 
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Consider next the first-order equation (14.19) (b). The equation is a 
linear inhomogeneous differential equation with respect to x; the 
solubility condition is that the inhomogeneous part (the right-hand 
side of the equation) must be orthogonal to the solution 5% of the 
homogeneous equation. Thus we must have 

f HP — EMYN, u) dx 

= Nu) | A(x) HP — EPA) dx = O. (14.21) 
On the other hand, multiplying (14.14) (b) by 4% and integrating over æ, 
we find that 
— f HOHP- O40 dr = | JOH OMB de = 0. 


(14.22) 
Comparing (14.21) with (14.22), we obtain 


OW = EW, (14.23) 


The eigenvalue E, hence also EW, ZA,, must be constants independent 
of u, whereas ©“) is a linear homogeneous function of u. Thus (14.23) can 
be fulfilled only if O vanishes identically: 


ab,(X 
pi) = > x) me = 0. 


In other words, X? must be an equilibrium configuration where 


2D, (X)\ 
Gm == 0. (14.24) 
With this required choice of X“, 
Ew = 0. (14.25) 


After putting EW = $V = 0 in (14.19) (b) and (14.14) (0), we find by 
comparing these equations that xc, u) is a solution of the in- 
homogeneous equation (14.19) (b). To this solution we may add any 
solution of the corresponding homogeneous equation. Hence we have 


YD = yOu) P(x, u) xup (), (14.26) 
where x is an arbitrary function of u. 
When (14.25) and (14.26) are substituted, the second-order equation 
(14.19) (c) becomes 


(HPDE = HPP — (HP + HY — EMKO — HPD. 
(14.27) 
From this equation we subtract x times (14.14)(b) and x times 
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(14. 14) (e). Remembering that H does not operate on u, we can write 
the resulting equation as 


(HP OPLE} = — (HPF OY EMOD. 


(14.28) 
The solubility condition for this equation is 


f SOPOP — BP) YG) dr = 0, 
or, since (Hr — FB) is independent of x, 
(HP) + OY — BP?) Au) = 0. (14.29) 


If the approximation is broken off at this point (14.29) is the equation 
determining the nuclear motion. When the equation is multiplied by «?, 
62H? represents the kinetic energy of the nuclei and x° (u) acts as a 
potential function for the nuclear motion. & EH is the corresponding 
eigenvalue. Since (xz) is a homogencous quadratic function of the 
nuclear coordinates, the equation leads to harmonic vibrations of the 
nuclei, which we shall discuss explicitly in the next section. We shall 
call this approximation the harmonic approximation. In the harmonic 
approximation the wave function of the system is determined only to 
the zero order; this zero-order wave function is given by the product 
of the nuclear wave function (2) and the electronic wave function 
Pale, Ac). The eigenvalue is the sum of the eigenvalue , (A) for the 
electronic motion (with nuclei at X°) and the energy of nuclear vibration 
in the effective potential hu). 

Many important crystal properties are, however, directly at variance 
with the supposition that the nuclei move in a harmonie potential. To 
discuss such properties one has to consider the higher approximations. 
The harmonic approximation presents us with a very simple description 
of the motion of the system; namely, the nuclei move in accordance with 
an effective potential function, and the electrons move as though the 
nuclei remain fixed at X? and they affect the nuclei only in so far as the 
effective potential function (for the nuclei) is dependent on the electronic 
quantum number . In developing the higher approximations, we have 
particularly in mind the question as to how much of the simplicity of the 
harmonic approximation will still be preserved. 

The mathematical consideration of the higher approximations is given 
in Appendix VII. It is shown there that the second-order term of the 
wave function has the form 


(z, t) = KAUP (x, 26) CXA) P(x, u) + P(e) (r). 114.30) 
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The functions x and y® satisfy the differential equations 
(HD+ 02 — B2) (x) = - EDM. (14.31) 
(HP4OQ— BQ) Yu) = — (OY EH. -O EY) Yu), 
(14.32) 


where C is a constant. Thus if the approximation is broken off after the 
second-order term, the wave function is given by 


Pela, e) = PP seep + 2h) 
Sn x up) Tc, u) TSR (x, u) + 
TeX r HeD (x, u) Aup). (14.33) 


Adding terms of higher orders, we can write the above wave function to 
the same order of accuracy in the modified form 


palz, u) = (x CE +r Nu) (r, X). (14.34) 


This wave function has a simple interpretation. The first factor describes 
the nuclear motion and the second factor shows that during the nuclear 
motion the electrons move as though the nuclei were fixed in their 
instantaneous positions. We say that the electrons follow the nuclear 
motion adiabatically. In an adiabatic motion, an electron does not make 
transitions from one state to others; instead, an electronic state itself is 
deformed progressively by the nuclear displacements. If we proceed to 
an even higher approximation than the above, the electronic motion 
will no longer be adiabatic; thus we shall call the above approximation 
the adiabatic approximation. 

In the adiabatic approximation, as in the harmonic approximation, 
an effective potential function exists for the nuclear motion. An inspec- 
tion of (14.29), together with (14.31) and (14.32), shows that these 
equations are identical with the equations which would be obtained if 
the perturbation method is applied to a system with the Hamiltonian 


HP aju) HODU) HDD uHe DDC) EJ. (14.35 
If we multiply (14.35) by x? the first term «?{?) represents the kinetic 
energy of the nuclei and the rest of the terms, namely, 
CORU) HONU) HDPC] 


can be interpreted as an effective potential function. We notice that 
the effective potential function contains terms including up to the 
fourth power of the nuclear displacements. We shall find that all 
important crystal properties can at least be understood formally on 
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the supposition that the nuclei move in accordance with such a potential 
function. 

In Appendix VII it is shown that the third-order term in the wave 
function is of the form 


PENE, 1) = KANEPE, ) + x lr. 24) + (te) pO, u) K 
+x M(u)g(x)-4+ Fr, u), (14.36) 


where F(x, u) is an involved function of z and « and does not contain x 
solely through a factor of the type (r, u). Thus once we proceed 
beyond the second-order term in the wave function (or the fourth-order 
terms in the Hamiltonian), the simple features of the harmonic approxi- 
mation and the adiabatic approximation are lost. Thus, for instance, it 
is not permissible to treat formally the dynamics of nuclei on the basis 
of a potential function which contains fifth or higher powers of the 
parameter x (but see Appendix VIII). 

The preceding considerations have to be amended for molecules of 
normal size; for these can rotate freely in space with a frequency of the 
same or even higher order than the vibrational frequencies. There are 
among the nuclear coordinates always six which describe translations 
and rotations and cannot be assumed a priori to be confined to the 
vicinity of certain fixed values. The three translational coordinates are, 
of course, trivial. The three rotational coordinates lead to terms in Ty 
of the order x? and x^, so that we have, instead of (14.16), 


Ty = PHY) HEHP HeH”. 


Tho systematic solution of the perturbation equations then leads to the 
wave equation for the rotational motion of the molecule and to the 
interaction between rotation, oscillation, and electronic motion. 

It is, however, well known that the energy terms of the rotational 
spectrum are proportional to the reciprocals of the moments of inertia. 
They become extremely small for large molecules and can be completely 
neglected for macroscopic solids. In fact the rotational parameters lose 
here the quality of quantum coordinates and become quantities which 
can be chosen at will. Therefore the theory as developed above is 
adequate for the treatment of solids. It may, however, happer that 
molecules in a crystal are so loosely bound to their neighbours that they 
can rotate within the structure. This is, of course, quite distinct from 
the rotation of the structure as a whole; if parts of the structure are in 
the first approximation free to rotate, one is confronted with degeneracy 
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of a particular kind. Although this phenomenon is of considerable 
practical importance and has been treated by approximate methods, it 
is inconvenient to include it in a systematic theory. In the following 
discussions this particular case is not considered. 


15. Normal coordinates - 

Let us consider the nuclear motion on the basis of the harmonic 
approximation. We shall denote the effective potential funetion for the 
nuclei simply by O. O refers, of course, to a particular electronic state; 
it is, however, not necessary to specify the latter explicitly. We shall 
distinguish different nuclei of the system by an index $ = I, 2,..., N, 
n being the total number of nuclei in the system. Capital letters for the 
coordinates, momenta, and masses of the nuclei will be used only in the 
rare cases where it is necessary to distinguish them from quantities 
referring to electrons. Thus we denote the mass of the nucleus $ by My, 
its rectangular coordinates by u (« = 1, 2, 3) and its displacement 
from 2°(%) (written symbolically as X° in the last section) by u (V). 

Let us introduce the notation 


aw aD 
p (k) = [. D glk, k) - in 15.1 
0% — (rey P= (ie), (s 
where the index 0 signifies the configuration z2(k). The condition 
(14.24) becomes (b) = 0, (15.2) 


which determines the equilibrium configuration 22(k). The effective 
potential function ® (~ hf of the last section) is given by 


= 2 N > D(A, k'jualkjug(k’). (15.3) 
kk aß 
It is often convenient to use 
o Jh) — — „ h’ E 
Dglk, *) = ina Daslk, *) (15.4) 


instead of P slk, k’), and the reduced displacements 
wlk) = (m) ulk) (15.5) 


instead of u, (k). Ifthe pair (b, œ) is considered as a single index, (15.4) de- 
fines a 3n X 3n matrix D, which we shall call the dynamical matrix. The 
kinetic and potential energies for nuclear motion can elearly be written 


a Ty = } X PR), (15.6) 


p = 4 > > D, p(k; k'Jwa(k)wglk’), (15.7) 
kk’ aß 
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where P (k) = -i (15.8) 


3 
0 
represents the canonical momentum corresponding to 20h. We notice 
that the nuclear masses do not appear explicitly in the above expressions; 
it is in order to achieve this simplicity that the dynamical matrix and 
the reduced displacements are introduced. 

The coordinates w,(k) are dynamically coupled by the cross-product 
terms in p. Hence we introduce a set of new coordinates 9, ( = 1, 2,..., Zn) 
by the transformation 


. Teal). (15.9) 


The transformation coefficients e (bj) are determined as follows: we 
consider the 3n simultaneous equations 


we lk) = 2 7 D,p(k, eg), (15.10) 


where the 32 quantities e (*) are the unknowns and w? is to be deter- 
mined so that the equations are soluble. The equations are linear and 
homogeneous; it follows from a well-known theorem in algebra that, for 
the equations to be soluble, the determinant formed of the coefficients 
must vanish (the secular equation of the matrix; compare (6. 14)): 


Disk. I) wre Sagl = 0. (15.11) 
(15.11) is a 3n-degree equation for wê. Let us denote the solutions by w}, 
where j = 1, 2,..., 32. For each of these values for w? (15.10) yields a set 


of e (k), which we denote by e,(4]j); thus w? and the corresponding 
ea (x) satisfy the equations 


cof ea EU) = 2 > Dyg(k, k'jeg(k'ij). (15.12) 


The quantities e, (E/) are not uniquely determined in this way. Multi- 
plication of e,(%|7) by a common factor, for instance, does not affect 
(15.12). One encounters additional arbitrariness in the determination 
of ea (b), if some of the wF (j = 1, 2,..., 3n) are equal (degeneracy). It 
can be shown, however, that e (FI) consistent with (15.12) can always 
be chosen such that 


2 2 ealkljjealklj) = di, 2 ealkljjeglk'Ij) = Sap oxen (15.13) 


In fact, if there is no degeneracy, (15.12) together with (15.13) determines 
the (37)? quantities e (FI) uniquely. If there is degeneracy, certain 
arbitrariness in the choice of e,(A]j) still remains. But for our purpose 
it suffices to know that there always exist quantities e,(4|j7) which 
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satisfy both (15.12) and (15.13). Such a set (no matter whether it is the 
only possible set, or one of many possible sets) may then be used to define 
the transformation (15.9). The quantities e (klj) define a 32 x 3n matrix 
with the indices (k, «) and j, both going over 3n values. (15.13) merely 
signifies that the matrix is non-singular and orthogonal. Multiplying 
(15.9) by eg(%’|j) and summing over j we find, on using (15.13), the 
inverse transformation 

welk’) = > eg), (15.14) 


The new coordinates q; are known as normal coordinates. 

The normal coordinates are dynamically independent of one another. 
For with the help of (15.9), (15.14), (15.13), and (15.12) we find that the 
kinetic energy (15.6) and the potential energy (15.7), when expressed 
in terms of the normal coordinates, become 


Ty — 4 — P;, (15.15) 
J 
D = 4D wi? gi, (15.16) 
J 
ð 
where P. = =i 15.17 
m ii (15.17) 


In the above expressions there are no cross terms between different 
normal coordinates. 
The wave equation for nuclear motion has now the form 


(Ty - = Fe- = 0. (15.18) 


Since the Hamiltonian Ty is a sum of terms, each depending on only 
one coordinate, the wave equation is separable in the usual way. Namely, 


putting X = xi( qi) xz( 92) xi (%).. Xan (Jan). (15.19) 
we find that (15.18) resolves into the equations 
(FT) = 9, (15.20) 
3 
where é is related to e, by e= 5 €j. (15.21) 
11 


(15.20) is the familiar wave equation for a simple harmonic oscillator 
with circular frequency ,. An admissible solution is characterized by 
an integral quantum number > 0. If we denote the quantum number 
for q; by v,, the eigenvalue e; can have the values 


€;(V;) = (% T),. v; — 0, 1, 28 ° 
The corresponding wave functions we shall denote by 
x(V; 95); v, = 0, 1, 2,.... 
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A state of the whole system is to be specified by the set of 3n quantum 
numbers (vr, Vz.» ¥3,). Sometimes, for the sake of simplicity, such a set 
of 3n quantities will be denoted symbolically by a single letter. Thus 
we write 


efv) = (vl, 22, ., Van) = € (V1) Te) + eas). . H ean (van) 
x(V, ) = XCM 52, .; 91: Taree) = XV GI) x( v2: 92). , X(Van3 Yan) 
(15.22) 
The transition frequency (circular) connected with a transition from 
a state v to another state v’ can be defined as 


v, v) = (elo) ev’) = $ (v, vi en,. (15.23) 
721 


In order to describe a transition simply, we say that the oscillator j 
jumps by 0, +1, 4.2, , if v7 = ,, vk 1, v,+2,.... The matrix elements 
of q and p for a single oscillator making a transition from v to v’ are 
given by the formulae 


wia = (20) Suede Hralo 
(15.24) 


wipo = if Gelege) 


(real wave functions for the oscillator are used). The matrix elements 
of g or p are thus non-vanishing only for transitions in which the oscillator 
jumps by one, either up or down. With the help of (15.24) the matrix 
elements of any arbitrary product between the normal coordinates (or 
also the momenta) can be worked out by the rule of matrix multiplication. 
A moment’s consideration shows, for instance, that the following rule 
holds generally: the matrix element for a product of the form 97970 
is non-vanishing only for a transition in which the oscillator j jumps 
by 0, +2,..., +a for even a, or by +1, +3,..., +æ for odd a, and the 
oscillator j’ jumps by 0, +2,..., +B for even $, or by +1, 43. ., +f 
for odd £, ete. 

In Table 27 are collected the matrix elements for a few simple products 
of the normal coordinates. ,A transition can clearly be specified by the 
quantum number v of the initial state and the transition frequency 
w(v, v). In the table the matrix elements are given as functions of v, 
for given values of h, „). The abbreviation 


pe 6550 (15.25) 


is used in the table to save space. 
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101 ＋ % fy fo 12 fa 0 


101 —fa) x 11 -＋ 0 (1 ＋ x 
0 x {a(t —faz)fog x (¢+ fag) fog 
0 0 0 
0 0 0 
0 101 —fa)ja f 108 ＋ 4a) (1 +a 
tf) x | 

* 1 ＋ 0.5 0 0 

0 0 0 
im—im — fmz 8 fmg— 


sajDUurp100/) Puo N fo spnpoiq fo snuawag xisjo jy 


LZ AT4VI, 


(tagt 
© 9 0 +£a¢)fog | (alfo|,a) 
(ape Hitabe 0 (alcbl. a) 
) x 
tali T3) X (14-99 0 (al 2b fl. a) 
0 0 (1-+fag)fo (ali bl. a) 
z 
0 0 0 (al 5 fell a) 
{a 10 11 ＋ 0 0 (aſſbſ, a) 
fm fm — 0 aa 
3 
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16. Statistical mechanics of systems of oscillators 

Physically observable properties of molecular systems are often 
average values over the thermal motion. For the discussion of such 
properties the partition function 


Z= > er (k = Boltzmann constant) (16.1) 


provides a convenient starting-point; I in the formula is a quantum 
number distinguishing all stationary states of th the system and e repre- 
sents the eigenvalue of the state I. The, free energy. is related to Z by 


.FP = —kTinZ,= 2-15 (16.2) 


from which the entropy S and the energy E follow according to the 
well-known thermodynamical formulae 


F. kT aZ 
S= ap PtT op 
3) 
> ee -er (16 
E = F4TS = „ 


Z at 55 


Thé last formula shows that the probability of finding the system in 
the state l is given by the so-called Boltzmann factor (normalized) 


ere 
W= 


> eer 
7 


Let us consider the case when « depends on certain macroscopic para- 
meters f, (e.g. external field components). If the system is in the state / 
the work required to achieve a small change 8½ is given by (2¢,/af,) Sfx. 
def may be described as a generalized force conjugate to the para- 
meter f, It may not, of course, be'a force in the usual sense; thus if f. 
is an angle the conjugate force represents a moment of force, if fe is an 
electric field component the conjugate force represents the corresponding 
component of an electric moment (see § 18). The observed value F, of a 
force is the thermal average calculated in accordance with (16.4): 


F, = “oo W = 27 (16.5) 


In forming the partition function for a molecular system we can 
ignore all but the lowest electronic state, for a temperature of at least 
the order 104 degrees will be required to excite appreciably the higher 
electronic states (i.e. for the corresponding thermal probability (16.4) to 
be appreciable as compared with unity). Thus adding the energy “ of 


(16.4) 
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the lowest electronic state (with nuclei at the equilibrium configuration 
X°) to the eigenvalues for nuclear motion (15.22), we find for e, the expres- 


sion D+ Ile l) (16.6) 


In the formula, the set of nuclear vibrational quantum numbers 
V (vi, 5, ., Van) replaces the quantum number ¿in (16.1); thus the sum- 
mation in (16.1) is over all 3n quantum numbers vi, v2, ., vn - If we 
introduce the abbreviation 
we readily find that the partition function factorizes in this case into 
the following product of factors: 

Z = eRT TT e-hiz, (16.8) 

j 


where z; is the partition function of a single oscillator without the zero- 
point energy li, obtainable from 


2 — g — —— aa A 
by substituting £; for B. Introducing (16.9) in (16.8) we have 
l 
Z=e | | Tank Jg, (16.10) 


Using (16.10) in (16.2) and (16.3), we obtain the following expressions 
for the thermodynamical functions: 


F = DLT X In(2sinh 35 = D+ET F (38;-+n(1—e-A)); 


S=k 2. (48, coth $8,—In(2 sinh $8,)) = k > (51 —In(1 —e-A)) ; 


E = WEP F ig; cot 35% = DHT D (38, +345}. 
j 
(16.11) 


Like the partition function, the thermal probability also factorizes 
into a product of factors: 


W(v) = I w,(v;), (16.12) 


where w, is clearly the thermal probability for a single oscillator and is 


obtainable from 
e 


e—Bv = e~Br( | —e-B) — = (16.13) 


w(v) = — 


SF 
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by substituting v, B, for v, B. All physical properties depend on thermal 
averages of simple combinations of the matrix elements of functions of 
the oscillator amplitudes. If the functions are expanded into power 
series, their matrix elements can be reduced to sums of those given in 
Table 27. As we have seen, the matrix elements can be specified by 
giving the initial state and the transition frequency; what -we shall 
require is the thermal average over the initial state for a fixed transition 
frequency. (16.12) shows that the thermal averages over different oscil- 
lators are independent of one another, hence, in view of the values given 
in Table 27, we need calculate only the thermal averages of various 
powers of the quantum number of a single oscillator, such as 


ve-Be 
1 dz 1 
(v) 9 = —- 7 = ; (16.14) 
* 2 dp eB—] 
2 
6 — S 1 4 ftl (16.15) 
= e-ßBv — 2 72 (eß— 1)2 ; 


TABLE 28 
Thermal Average Values 


Diagonal elements 


Kolala 90 
(lg? ha G 
ola} lv), 3000 
Eolo 2ʃ% — e 
Non-diagonal elements (wpe £ O) 


Wep = Ww; , 
(vl) (v ALD 4e Ge, C 
vl) (v lv) Late Geh OGG 
Kolgi lo Xo lv) . 30 % 307% 
core 2c — 2w; 
Kell) (4 Lv) 4e 2C}e-*8y 205 


Wee = atw (fen) ww — lw wy) 

Kelas ar l o'la glao GC eie G Ce Cy Cy evi 
With the help of (16.14), (16.15) and the values given in Table 27, 
one readily obtains the values given in Table 28, which contains the 
non-vanishing averages of simple combinations of matrix elements 
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ordered according to the transition frequency. In the table, the following 
abbreviations are used: 


; hi [2 
= ag aoe — l wy 
os 1—e-Ps _ I — e- (16.16) 


97 = (a5) = cf coth 387 (% tam) 


8 


‘ua ) 
The latter quantity is the mean square amplitude of the oscillator with 
the average energy é;. 


17. Statistical mechanics of a molecular system under external 

forces 

Let us now consider the case when the energy levels are functions of 
certain macroscopic parameters. For small values of the parameters /,, 
it is generally possible to represent the Hamiltonian as a power series 
in f, in the form 

H = WHH H., (17.1) 

where 


Ho = ©)+4 > (2), 
H, = 2 g(a) fæ (17.2) 
H, = 1 S Pad Se Sp, g*P(q) = gFa(q). 


The quantities 9, are coordinates which for given values of the para- 
meters completely specify the configuration of the system; p; are the 
conjugate momenta —2h %,. For fa = O, H and q; reduce respectively 
to H, and the corresponding normal coordinates. 

The coefficients in Hi, Ha, etc., are functions of 9. Let us represent 
these coefficients by power series in q;: 


gla) = 99+ Zat > Vir Ite (V. = : 
99) = gf + ver x 9% .. (9È = g). (17.3) 


In the following discussion we shall take into account only terms up to 
second order in q}. 

In order to obtain the partition function and the free energy as 
functions of the macroscopic parameters, we have to find the eigen- 
values of the Hamiltonian (17.1). If we wish to discuss how the forces 
F, depend on the values of f, or vice versa, and how the parameters fy 
vary with temperature, we have at least to know the terms in the free 


182 QUANTUM MECHANICAL FOUNDATION IV, § 17 


energy up to the second order in the parameters f,. In obtaining the 
eigenvalues of (17.1), we shall retain only terms up to second order in 
the parameters f, and ignore the higher terms. Let us divide the Hamil- 
tonian into two parts. The first part includes H, and the terms in Hi, H,, 
which are lower than the second order in q}, namely, | 


Hi = Oot} X (jtoj) + Slat FS GH ear. 
+4 8 Salett 2 975.6. Jg. (17.4) 


The second part includes the terms in Hl, Hs, which are of the second 


order in q;: 
HY = P22 eder S 97 fa fads I (17.5) 


All the rest of the terms in H are of third or higher orders in either the 
parameters f, or the coordinates g}. 
To the desired degree of accuracy we have thus 


H = HII, (17.6) 
where we may express H! and Hit in powers of q, as follows: 
HI = a+ Lal 2 ( 93); 
HY =} 2 44% I; J, (17.7) 
the a coefficients being denni by 
4b = Pat È go fatt Sot Safo 
s= LH att So al (17.8) 
4 = 2 Hi Satt 2 OP Sa So- 
Now introduce instead of q, the variables 
g = yp. (17.9) 
wj 
The conjugate momenta are clearly unaltered: 
p = Àa = ig. = Dy. (17.10) 


d; 
H! goes over into 


H! = ay— > ats 2 ie) gi’). (17.11) 


H™ becomes 


HII — } 2s (1i9— 2750 (17.12) 
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We note that both a, and aa, begin with first-order terms in f,; thus in 
writing down H! we have ignored terms including the product a,,a,a,. 

Hl, taken by itself, describes an assembly of oscillators with the 
frequencies w,, exactly as discussed in § 15; the additional energy O in 
that section being now replaced by the expression 


1D af 
621 (17.13) 
The eigenvalues of H! are thus 
(v) = a — 5 a+ D teert H (17.14) 


and the wave functions are as given in (15.22) with the variables q; as 
arguments. The eigenvalues of the complete Hamiltonian can be ob- 
tained by the perturbation method, wherein H! and H™ are regarded 
respectively as the unperturbed Hamiltonian and the perturbation term. 
The eigenvalues may be written accordingly as 


elv) = €(y) + (vy) HAv)... (17.15) 


where the superscript indicates the order in the perturbation method. 
Since the perturbation term Hir begins with linear terms in the para- 
meters f,, v), cv) will respectively begin with linear and second- 
order terms in f.. €®(v),..., beginning with third- and higher-order terms 
in f,, may be ignored. Substituting e(v) = «+--+ e in the partition 
function (16.1) and expanding with respect to (e+ e)/k7’, we find that, 
to the desired degree of accuracy, 


Z=5 ge er! 1 5 e) ante +- l hal 


=Z (17 — T7 ICA (v) se] + 20 ETT dle). j’ 


(17.16) 
where 
20 >) e-eeVkT — exp|— R- 5 Daal Il 2 sinh TEP) 
(17.17) 


is the same partition function as in the last section apart from the 
replacement of ꝙ by the expression (17.13), The averages in (17.16) are 
over the thermal distribution (16.4). After substituting (17.16) in 
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(1 6.2), we obtain the free energy by an expansion with respect to (e) 4y 
and (e Av: 


F = FHN go) ao MOM CO} a 
(17.18) 


where 
fy = -n Z, = —35 4 > In(2sinh 18). (17.19) 


The explicit expressions for a and e, follow from a straight- 
forward application of the perturbation method. We note in particular 
that the second term in (17.12) can be directly ignored. This term, being 
second order in f (cf. (17.8)), need only be considered for the calculation 
of the first-order perturbation energy ee). Its contribution to e. 
vanishes, however, as the diagonal matrix elements of 9, are zero. We 


readily find that Ay) = } X 4,9740), (17.20) 
0) = e left F. -le —20,) + 


„ (a,, * Ee (e) |? + [alos Pay (r E. 


e e 
1 E. 2 EI ( f (17.21) 
e, Pedy Oe. t . 


where the matrix elements of q; and ꝙ are specified by the transition 
frequencies (e.g. 900) means diagonal element of g?), the initial quantum 
numbers vi, va, . ., va, being omitted for the sake of simplicity. The prime 
over the second summation in (17.21) excludes the case j =: j’. The 
thermal averages of e,), e), and ev) over the quantum number 
v can now be written down with the help of Table 28; after some simplifi- 


eation, we find that () = 4 > 4½ ), (17.22) 
j 
a = — 0 43. 2 
(oha, k NHC N e 0728) 
— = 2 
CO a0 1 N auarr G+ N A) a 
r) 


= (al F 8 4% (17.24) 


When these expressions and (17.8) are substituted in (17.18), we find 
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that the free energy, arranged in powers of the macroscopic parameters, 
enn P= A+ FATH Z Afafe (17.25) 


where the coefficients are the following mae of temperature: 
Ao = S T T In(2sinh 28), 
j 


AX = g%-+-4 T. 


Ach = ot f = 440 ht Dap 1 55 09 


e dae, (17.26) 


We recall that the mean square amplitudes q? are given by the following 
temperature function: 


= 2 


q? = 200 ch oer hes; 


QT" 


Owing to the fact that we iim only terms up to the second order 
in q; in the Hamiltonian, we can use an alternative method to obtain the 
above result. As we shall see, by an orthogonal transformation followed 
by a translational transformation, we can obtain new coordinates , 
in terms of which the Hamiltonian (17.6) has the form 


H H. FH = C+} X (P}+ 9} eh, (17.27) 


where P, are the conjugate momenta - ino. The system may thus 
always be regarded as a system of harmonic oscillators with frequencies 
Q, depending on the macroscopic parameters f,. Once the constant 
term C and the frequencies Q, are found, the free energy can be directly 
written down with the help of (16.11), namely 


F = O 5 In(2sinh4B,) 2 = 770 (17.28) 
7 
Adding (17.11) and (17.12), we have for the complete Hamiltonian: 
1D a? 4% , 
= HIH! = - N H N UE 
H = H'+HU =a, 32a >, 9 i 
+4 2 (Pto g+? 2 A579; 9; (17.29) 


Let us seck to reduce the second-order terms 
4D wi fiat >, ajy 770, (17.30) 
J J 
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to a sum of squares 4 > 27 QO; (17.31) 
7 


by an orthogonal transformation 


The problem is exactly the same as that considered in § 15. Thus 0} 
and b,» must satisfy the secular equations 


Q? by; = 2, He- Dyes, (17.33) 
where H, are the quadratic coefficients in (17.30): 
Hr, = wf ppt ayy. (17.34) 


We can solve (17.33) by the perturbation method. The results are well 
known, for instance, in quantum mechanics, where Q? appears usually 
as the energy eigenvalue. We note that the non-diagonal elements of 
(17.34) begin with first-order terms in f,, hence we require the eigenvalue 
Q2 calculated to the second order in the perturbation method, namely, 


e D 2 (17.35) 


fh. 


Taking the square root we obtain by expansion, to the same order of 
accuracy, 


Q; = wy- ay 120% ao} (ar): )* y | (17.36) 


2w; tu} — w? 


When the coordinates Q; are introduced in (17. n we find up to 
second-order terms in f, (note that q; is equal to /, in the zeroth order 


of fa): 

Ht HU = — 29 eS eg Oth Ef op) (17.37) 
The terms linear in Q; can be removed by a translational transformation 
from Q; to Q; = Qi— È a,, a/ ( Qi), which leaves the momenta 


unaltered. Since a,,a, begins with second-order terms in fa, this trans- 
formation, apart from cancelling the linear terms, introduces only terms 
of the fourth order in fa, which can be ignored. Hence in terms of Q, 
the Hamiltonian becomes 


H= DT = 43> 4 +(+ (17.38) 


This is of the form (17.27). 
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(17.36) shows that aie begins with linear terms in fa; thus let us 


rite - 
T = (B,—B;)+B; 
in n (17. 28) and expand the = energy with respect to (B;—£;) up to 
second-order terms: 


= CA > In(2sinh 280 ＋ 7 (B, — B.) coth $8,— 
—kT > (B;—B;)*cosech? 38, 


= C+ED X In(2einh 30% + Ia — 


1 >. a 99. — elN -u (17.39) 


where use has been made of (16.17 „ When the values of Q, and C given 
by (17.36), (17.38) are substituted, we have 


F= — 5 7 > In(2 sinh $8,)-+4 Lan 
j 


— 41795 1 45 97 22 A 
a> w? +32, w? f -ar >| Gj 0 (17.40) 


It is readily seen that when the a coefficients are eliminated with the 
help of (17.8), (17.40) becomes identical with the expression (17.25) ob- 
tained by the first method. 

We recall that Griineisen’s method as explained in § 4 is based upon 
the idea underlying the second of the above methods. There we have 
taken the small change of volume of a crystal as the only macroscopic 
parameter; and we have seen that Griineisen’s approximation can be 
obtained by assuming the expression 

d In v. 
dV 
to have the same value for all oscillators. The analogue of the above 
expression in the general case is 
éln Q, cin j 
— 17. 

( of. * l, 200 N 
where the right-hand side is obtained by differentiating (17.36) and 
using (17.8). 

In view of (16.5), we can obtain the forces F, by differentiating (17.25): 


F, = A*+ > Aaßfg. (17.42) 
B 
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Let us suppose that the parameters have been chosen such that zero 
values of f, correspond to the static equilibrium configuration of a lattice. 
Thus if we are considering volume changes as in § 4, the parameter will 
be -, h being the volume of the crystal in static equilibrium. 
(17.42) describes the static case, if we put the mean square vibrational 
amplitude gf equal to zero in the expressions for A and Aa; thus in this 
case A“ reduces to g% (see (17.26)). Since the system is in equilibrium 
(i.e. F, = 0) in this case for zero values of f,, we find on putting both 
Fa and f, equal to zero in (17.42) that gg = 0. Thus with this choice of 
the parameters the values of 44 reduce to (cf. (17.26)) 


Ax = } > 95 J. 417.43) 


The quantities Aa, we note, arise solely in virtue of the zero-point and 
thermal vibrations of the nuclei. (17.42) shows that — 4 has the same 
effect as an imposed force. Thus if there is no force acting on the system 
the parameters have the values given by 


A = 7 Af (17.44) 


exactly as though forces —A, had been applied to the system. We may 
call —A* the vibrational forces. 

Let us consider the cases where it is permissible to generalize Griinei- 
sen’s approximation by assuming (17.41) to have the same value for all 
oscillators in the system, i.e. 

gy = Nef. | (17.45) 
On using (17.45) in (17.43) we find that the vibrational forces become 
—A* = X > wg? = - > é; (see (16.17)). (17.46) 


In this case the vibrational forces are simply proportional to the 
total vibrational energy. The temperature-dependent part of AP 
(cf. (17.26)) is usually in the nature of a small correction. If the tem- 
perature-dependence of A% is ignored, it follows from (17.44) and 
(17.46) that, if no external forces are acting, the values of f, are propor- 
tional to the total vibrational energy. 

If we denote A“ as a function of the absolute temperature by A%(Z’), 
—A%(7')+-A%(0) may be called the thermal force. Similarly the values of 
fx, in the absence of external forces, are definite functions f (T) of tem- 
perature. When the approximation (17.45) is applicable, the thermal 
forces are proportional to the thermal energy 
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Provided that the temperature-dependence of 45 can be ignored, we 


have — A(T) -4A%(0) = z AoB( fe T)—fp(0))- (17.48) 


The thermal increments of the parameters, fg(T)—fg(0), are thus pro- 
portional to the thermal energy. 

The expressions for the entropy and energy follow directly from the 
free energy (17.25). They can be written as the following series in the 
macroscopic parameters: 


OF 
S = —57 = So . T Sfat} > SBF, fates 
E = FATS = Eo + BPA X Bef fet, (17.40) 
a aß 
where S° and, Ee are the expressions given in (16.11) and the other 
coefficients are obtained readily from (17.26) with the help of (16.17): 


8 244 1 Jij 22. {17% 2 
r- aie e- dre 


Ze = A. da 1 JU. LA * 
, = 45D Ble 17 | 
aß — 24 1 Jip Sy Hy 
SF = a ER Day 6 Spe) x 
* Gi — (diw;)* | Siena 20778 2 af Ale &; 2 — (102 
Eeg = Abs TS = 2 + 
(17.51) 


* 50 2. Dih) x 


wy chf. 


€ 


x 6.— Sol 2 > [e#— (Into, ++ 


9795 
+T 22 jj el 7— (17902 


18. Static polarizability and polarizability in variable fields 
Let us consider first a simple theorem. Suppose that we have a 
Hamiltonian H(¢), which depends on a parameter g. The theorem 
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states that 
gale) = Í OG dr, (18.1) 


where « is an — of the system in question and y the corre- 
sponding wave function, both, of course, being functions of E. The 
integration is over all coordinates of the system. 

Remembering that 


ele) = | EEHEHE) dr (18.2) 


we have 


z= im | Í (40 +B ae. J" (76) + BEH) x 


x (ve) +E a+. dr— f uM@HeMear|. (18.3) 


We can neglect terms of the second and higher orders in the first integral, 
and write 


se 06) = lim alèt | tte) te) de + 
+[ f (oE se)" noyer HE 80 ar — 


U) ar]. (18.4 


The expression given in the square bracket is the change of the expecta- 
tion value of H(é) due to a small variation 8gE ] in the wave function, 
and thus vanishes to the first order according to the variational principle. 
Hence when the limit is taken, (18.4) reduces directly to (18.1). 

Consider now any molecular system and subject it to a uniform static 
electric field E. The corresponding Hamiltonian, eigenvalues, and wave 
functions contain E as a parameter; accordingly we denote them respec- 
tively by H(E), CE), and E). Thus H (O), ¢,(0), and ¥,(0) refer to the 
molecular system in the absence of field. 

The Hamiltonian H(E) has the form 


H(E) = H(0)—M.E, (18.5) 
where M is the operator representing the electric dipole moment of the 


system, given by the sum of (charge x position vector) over all particles 
in the system. In view of (18.1), we find that in this case 


. AE) = — f HEM IH dr. (18.6) 


OE 
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The integral on the right-hand side is the value of the moment of the 
system in state 7. (18.6) thus shows that the electric dipole moment is 
the ‘force’ conjugate to the parameter —E (see § 16). In particular, it 
follows from (16.5) that once the free energy is known as a function of 
the applied field E, the observed electric moment can be obtained by 
differentiating the free energy with respect to —E. 

Taking the interaction term — M. E as a perturbation, we can imme- 
diately write down „(E) as a Taylor series in the components of E with 
the help of well-known results of perturbation theory. Thus, up to the 
second order of accuracy, we have 


(E) = (0) — F LDE + S S 00 F. Ep, 
ESE (18.7) 
where both the eigenvalues e (0), e, (O0) and the matrix elements on the 
right-hand side refer to the unperturbed molecular system. 
Using (18.7) in (18.6) we find that the electric moment is given by 
the expression 


(HALID +- ahi 5. I. Ir)(r Ata | CIM) sD) Eg, (18.8) 
r#l Ort 

where we have 8 the transition frequency of the unperturbed 

system 


wn = z [e (0)—e0)] (18.9) 


in place of the energy difference e, (O0) — (0). The first term in (18.8) is 
independent of the field and represents the permanent dipole moment 
of the system; the second term represents the moment induced by the 
applied field. The coefficient in the second term (enclosed in curly 
brackets) is the (a, f) component of a tensor, which we shall call the 
static polarizability. Let us introduce the following notation for it: 
Pug(o) = 1 > Airy MeD + lag rpc KAL À (18.10) 
h * Ort 
where J indicates the state to which the polarizability refers. The 
repetition of the index and the argument 0 are introduced to bring the 
formula in line with the results which we shall obtain in connexion with 
variable fields. Using (18.10) we can rewrite (18.7) and (18.8) as follows: 


e(E) = eto) — T UAE. > Pug(0) E Hg. (18.11) 
f (E) II. ME) dr = UMi + 7 Pug(o) Ez. (18.12) 
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Next consider the system in a periodic electric field: 

E(t) = E-e-i'Etei! (E- = (E)), (18,13) 
where E- = (E*)* is an arbitrary constant vector, the components of 
which may be complex. (18.13) represents an elliptical vibration of the 
electric vector; thus if the vector E(é) is graphically represented, its 
end point describes an elliptical orbit with the circular frequency |w] 
(note that in (18.13) we do not specify whether w is positive or negative). 
The Hamiltonian of the system is still given by (18.5), f but the electric 
field is now the time-dependent function (18.13). Thus we have to 
consider the time-dependent Schrödinger equation 


{H(0)—M. E-e!_M. Ee, = ih w. (18.14) 


Let us regard the electric terms as a perturbation and consider trial 
solutions of the following form: 


AJ (Ohe .- Ti edu it etulſe -e. (18.15) 
The first term evidently satisfies the unperturbed equation 


H(O)y,(0)e-te10Hr = n? (V (o) e- n). (18.16) 


Let us suppose, subject to later verification, that the other terms in 
(18.15) are of the first order with respect to the perturbation. After 
substituting (18.15) in (18.14) we find, upon ignoring terms of second 
order and using (18.16), that 
H(Oyr e-ti ef] M. E-e- tM. E tett ]h (0) 

= (eO) ¹ꝰνfνiα e~ + (€(0)—Fiew) pj ett. (18.17) 
(18.17) is equivalent to the following pair of equations which are inde- 
pendent oft: CHO) -H) = N. Ex), (18.18) 


where either all the upper or all the lower signs are to be taken. 
Since the unperturbed wave functions /) form a complete set, we 
can express F as follows: 


it = Zaz y,(0). (18.19) 

When these series are substituted in (18.18), the following equations 

are obtained: Tag [oni = M. Es, (18.20) 
r š 


fT A variable electric field is always associated with a magnetic ficld. The interaction 
of the latter with the molecular system is, however, small ( v/c) and may be ignored 
without causing appreciablo error. 
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where we have used the fact that H (0% (0) = (O),) and expressed 
er (O) — e, (0) in terms of the transition frequency w, defined in (18.9). After 
multiplying (18.20) by ½ (0) and integrating over the particle coordi- 
nates, we find on using the orthogonal relations between different wave 
functions that ENGA ) Eæ 


— 18.21 
a; i 5 wtw ( ) 


i dre thus linear in the field amplitudes; this justifies the supposition 
that they represent first-order terms. 

The wave functions given by (18.15) together with (18.19) and 
(18.21) are, of course, correct only to the first order of accuracy. How- 
ever, as long as the frequency +w of the applied field is not too close 
to any of the transition frequencies wy, the wave functions are adequate 
for considering the electric moment induced by the field. The electric 
dipole moment mii) of the system is obtained by forming the expecta- 
tion value: 


m(!) = [YE MY dr = (M+ Y [IM Irar +-(rIMI(@2)*H- 
+e I [(rIMUar)*+(IMip)az], (18.22 


where we have used (18.15) and (18.19) for the wave function and 
neglected all terms of the second order. When the values of the a 
coefficients given by (18.21) are substituted, (18.22) can be expressed 
as follows: 


m,(t) = f WM . dr 
= (HARD + > Pag(— E e Pagle) EG eioh, (18.23) 
B 
where 
l UML rr | MD — UMelrXr| M, — 
Ply) l a Bl) SARBI AT |? 18.24 
eee e (18.24) 
(note that the term r = l vanishes; it is sometimes convenient to exclude 
it explicitly in the summation). We observe that Pl,(w) satisfies the 
following relations: 
ll [Pl 
FPag(e) = [Pg (0) 
The first relation merely guarantees that the electric moment (18.23) is 
real (note that E- = (ET)). The second relation shows that Faglo) 
is the (a, B) component of a Hermitian tensor, which we shall call the 
polarizability. If we put w = 0, (18.24) reduces to (18. 10); the static 
3595.87 O 
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polarizability thus represents a special case of the polarizability. We 
note, however, that the relation (18.6) has no counterpart in the general 
case, for in a time-dependent field eigenvalues can no longer be defined. 

The first-order wave function (18.15), and hence also the polarizability 
(18.24), become progressively less accurate as +w approaches one of the 
transition frequencies. In particular we find that (18.24) provides for 
no energy absorption. Thus let us consider the work done by a field E(é) 
in a time interval ôt on a dipole moment m(t): 


ro Re) St. (18.26) 


If we use (18.13) and (18.23) respectively for E(i) and m(t) in the above 
formula we obtain (the permanent moment in (18.23) can clearly be 
ignored) 


iw|— 8 Pag p(—w)Ez E; e- Z Pug(e) Ez Bt — 
Ei ag 0 Ea Eg + ZF ap(w) La ER e“ 2100. (18.27) 


When the expression is integrated over a period, the time-dependent 
terms drop out leaving 


27 25 Figl! Bs 5 ZP U (—w)Et E;}. (18.28) 


It follows immediately from the Hermitian character (see (18.25)) of the 
polarizability that the work done over a period vanishes. 

It is, however, well known that a molecular system can absorb 
radiative energy in the neighbourhood of its transition frequencies. 
In order to take account of this important effect, let us add to the 
polarizability another part which we shall denote by Rag(w). Since 
the induced dipole must always be a real quantity, we aki have, 
similarly to (18.25), 

Rip(w) = [R (—w)]*. (18.29) 

Moreover, since we have seen that a Hermitian polarizability tensor 

gives no energy absorption, and as Nagl) is designed just to take 
account of the por we may assume that 

Rag() = = —[R alen] = — Rjal — w) (18.30) 


(i.e. Rag(w) is anti-Hermitian). For any tensor can always be decomposed 
into a Hermitian and an anti-Hermitian part. 
We expect that Rag(o) has an appreciable value only if either of +w 
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is close to a transition frequency ,. Thus let us subject the molecular 
system (in state I) to the following electric field: 
; ant’ 
E(t) = f {E(—w)e-+ Elwe do, (18.31) 
Wri — å 
where E(—w) = E*(w) (18.32) 
is an arbitrary function of w. (18.31) describes an electric pulse, which 
has approximately the frequency w,, and lasts a time of the order 1/A. 
We shall calculate on the one hand the work done by the pulse on the 
system with the help of Rag and on the other hand the energy absorbed 
(or released) by the 1 5 by means of a quantum transition from state! 
to state r. The expression for Rag(w) is then obtained by equating the 
two results. 
The induced dipole moment corresponding to the modified polariza- 
bility is 8 
wrt 


m= f (Pig — w) + Rag) Ege -u. 


j +-(Pllg(w)-+ Riglw)) Ep(w)e} dw. (18.33) 
To calculate the work done by the pulse, we have to substitute this 
expression and the electric field (18.31) in (18.26) and integrate the 
resulting expression over time. We may, however, omit directly the 
terms in (18.33) due to Pia(w), since we have seen that these terms 
contribute nothing. Thus the total work done by the pulse can be written 
as 


œ% wat å 
i> J a | (Edw jetet Eater dw’) x 


Wwa” A 
rnt A 
* | (— R a6(— ER e- et- Rag( en) Egle dw) 
- A 
un r A wats 
= 2ni > f w dw f dw'{— Rag( —w)E (w) Eg — ww )- 
aß tun A ur- A 


+ Ryp(w) ( o ) He (w)3(w— w )— Hag! c) B,(w’) Bg(—w)8(w’ —w) + 
+ Rilo) E lw Eg(e)S (e- Tl. (18.34) 
where we have carried out the integration with respect to ¢ and made 
use of the following relation: 


f ett dt = 2m è(x) (è(x) = Dirac delta-function). (18.35) 


The terms in (18.34) with the factor 5(w-++w’) contribute nothing, for the 
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region of integration does not cover points with w = —w'. Thus after 
carrying out the integration with respect to w’, we obtain 
Ta 


2m x J {Rije(w)E,(—w)Ep(w)— Rag! w) Ea (ER - dw. 
curl A 


(18.36) 
Remembering (18.30), we see that the first term in (18.36) is equal to 
the second. Hence we can write the work done by the pulse as 
writ A 
dori Z pa H (w) Ea Egle) dw. (18.37) 
B -A 
Now let us calculate the probability for the system to make a transition 
to the state r under the influence of the electric pulse. If we regard the 
interaction — M. E as a perturbation, it follows from a well-known 
formula in perturbation theory that the transition probability is given 
to the first order of accuracy by 


2 
ein dt 
l wrt A 2 
=F F. all) f di f [Za(— e- toet (c) eiðw ] πꝰπ 9. de 
år pA 
= (Sim, ID f [E (w) (wu - wnt E(w) 8(w-+-w,1)] 2 , 
gis (18.38) 


where the integration over ¢ has been carried out with the help of 
(18.35). Evidently the second term contributes nothing; thus on carry- 
~~ out the integration with respect to w we obtain 


=I nn Ea 
# D Her BID E,(—on)E g(a) (18.39) 


The energy absorbed by the 3 during a transition is 7iw,,. Multi- 
plying (18.39) by Jw, we obtain for the average rate of energy absorption 
4 
T Kr 0E (-u Eglon). (18.40) 
aß 
(18.37) and (18.40) must clearly be equal. Thus we find that we have to 


set Nagl) equal to the 8 


— 7 = IA) Aa |2)8(w—w,,) (18.41) l 
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in the frequency range in question, namely, 


i- A <w < -A. (18.42) 
We may also express this in an alternative way, namely, that for w in 
the range 67-8 Sy 2 eat (18.43) 


Rag(— c) is equal to 


E AIXM DS u- = — AIR hr AES (e- 


(18.44) 
According to the condition (18.29) the complex conjugate of Rag(— ) 
must be equal to NRag( o). Thus it follows that in the range (18.43) Rag(a) 
is given by the complex conjugate of (18.44): 


= (L [Melt Xr Agh lw- wn). (18.45) 


Adding (18.45) to (18.41) and summing over all possible transition 
frequencies, we obtain finally 
Rigo) = E & {Ul Bale Xr] Mpll)8 (o-o) — (U1 Mglr¢r A Dw u,. 
i (18.46) 


We notice that the expression is anti-Hermitian, in agreement with the 
original assumption (18.30). 

By adding (18.46) to (18.24) we obtain a polarizability tensor which 
also takes account of absorption. The polarizability thus obtained is 
based on certain first approximations. (18.24) is based on the first-order 
wave function (18.15), and (18.46) is based on the first-order approxima- 
tion (18.38) for the transition probability. Thus the Hermitian part 
(18.24) remains inaccurate in the immediate neighbourhood of the 
transition frequencies. And the anti-Hermitian part (18.46) does not 
describe the frequency-dependence very realistically. The delta- 
functions in (18.46) lead to absorptions at the sharply defined fre- 
quencies |w,|, whereas in reality appreciable absorption takes place 
over a small but finite neighbourhood of a transition frequency. In 


other words, every delta-function in (18.46) should have been replaced 
Ono sees that the sum of (18.24) and (18.46) can be simply obtained from (18.24) by 
replacing (w,;-+w)~' and (w — w)? by 
(copy ind (ro) and (e - - ind ( w) 
respectively. A deeper undorstanding of this can be obtained by regarding tho optical 
effects as collisions of atoms with photons; cf. P. A. M. Dirac, Quantum Mechanics 


(Oxford, Clarendon Press, 3rd ed., 1947), chap. III, soct, 15, p. 61, and chap. VIII, sect. 
50, p. 193). 
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by a function of w which has an appreciable value in a small neighbour- 
hood of w = 0. We shall, however, make serious use of the polarizability 
only in cases where the transition frequencies are so close together as to 
form practically a continuum. In such cases the above inaccuracies are 
not serious owing to two circumstances. Firstly, since the Hermitian 
part (18.24) is respectively positive and negative immediately below and 
above a transition frequency i (and immediately above and below —w,,) 
the inaccuracies due to closely situated transition frequencies mutually 
cancel. ‘Secondly, though the shapes of the functions which should have 
replaced the delta-functions in (18.46) are different from that of the 
singular delta-function, their integrals are equal to unity as for the delta- 
function. This fact makes it possible to use (18.46) for a continuous 
distribution of transition frequencies without much error. 

The Maxwell equations give a complete account of the refractive 
properties of a material medium, once the relation between the Maxwell 
displacement vector and the macroscopic electric field is known. Since 
the difference between the displacement vector and the macroscopic 
field is by definition equal to 4 times the electric dipole moment per 
unit volume (dielectric polarization), we can discuss the refractive 
properties with the help of the polarizability. In other words, the 
expression for the polarizability such as we have obtained provides the 
basis for a theory of dispersion. Certain points should, however, be 
borne in mind in this connexion. If one is considering a medium which 
is composed of distinctly separated molecules such as in a gas, then in 
order to obtain the dielectric polarization one has only to divide the 
molecular moment as given by the polarizability by the average volume 
occupied by a molecule; the field acting on the system differs in general, 
however, from the macroscopic field (see § 9). The difference can be 
ignored only if the density is very small; otherwise one has first to obtain 
a relation between the macroscopic field and the field E that acts on a 
molecule. In the case of crystalline solids, the whole crystal forms a 
single molecular system. Evidently we cannot apply the results obtained 
above directly to the system; thus if we are considering the passage of 
an optical wave, there will be many wave-lengths in the crystal and our 
assumption of a constant field amplitude E- = (E+)* no longer applies. 
Actually what we wish to find is not the electric moment of the whole 
system, but a relation between the electric moment of a portion of the 
system in a small volume element (small compared with the wave-length 
of the optical wave) and the macroscopic field in the same neighbourhood. 
It is one of the principal aims of Chapter V to show how such a volume 
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element can be virtually isolated so that a polarizability of the form 
deduced above can be used. 


19. The Rayleigh and Raman scattering of light 

Let us give a brief description of the radiation emitted by an oscillating 
electric dipole moment 

m(t) = m-e- , m tela, (19.1) 

where m- = (m+)* (19.2) 
is an arbitrary complex vector. At a large distance R from the dipole 
the electric and magnetic fields are given respectively (at time t+(R/c)) 
by 


B{t+2) = IR MRAM] = ERRAR Nm. (19.3) 


10 2 — Fas -RA mi(t)] = Rc DR me)]. (19.4) 


The fields are evidently equal in magnitude and perpendicular to one 
another. The scalar magnitude of the Poynting vector 


C 


R 2 

TEPPIR’ È À m 
We note that the vector product in the above expression represents the 
projection of mit) on a plane perpendicular to the vector R. Thus if 


ni, n? are two mutually perpendicular unit vectors, both perpendicular 
to R, we can evidently write (19.5) as follows: 


=z Re z5 32 Dn ng mMa(t)mg(lt). ` (19.6) 


t=1,2 aß 
If we are interested in one linearly polarized component of the radiation 
only, for instance, the component with the electric vector in the direction 
of n?, we have simply to omit the first summation sign in (19.6) and 
put 1 = 1. 
On substituting (19.1) in (19.6) and taking the average value over a 
period of vibration, we obtain the mean value 


= 4 : 
S = ES >, 2 nang mł mg. (19.7) 
(19.3) and (19.4) taken together show that E, H, and R taken in this 


can thus be written as 


S= 45 E (19.5) 
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order form a right-handed system of orthogonal vectors; hence the 
energy flow S is radially outward. The average rate of energy flow 
through a solid angle dQ is obtained by multiplying (19.7) by the area 
R? dQ: i.e. 


4 
2840 = 2 DA EE E 
N22 dQ = al Z ni ni mz mg ) dQ. (19.8) 


The total rate of radiation is obtained by integrating the above expression 
over all angles. If we use polar coordinates, the vectors n! and n? can 
be chosen as follows: 


nj = cos@cos?, u 2 = cos sin , n} = sin; 
ni = sin , n= cos, m3 = 0. (19.9) 


Using these values in (19.8), we readily find that 
2 — dwi -+ as 
JG - . . (19.10) 


(18.13) describes the electric field over a molecular system exposed 
to a beam of elliptically polarized light, provided that the dimension 
of the molecular system is small compared with the wave-length of the 
light wave. The radiation emitted by the induced moment represents 
the light scattered by the molecular system. Thus we arrive at a com- 
plete description of the scattered light by making the following substitu- 
tions: 


mi = 7 Pipl) Eg, mæ = 5 Peg w) Eg (19.11) 


(provided that w is not too close to the transition frequencies) in the 
above formulae for the radiation by a dipole. This type of light scattering 
is known as the Rayleigh scattering. We note that the scattered light 
has the same frequency as the incident light; moreover, as the polariza- 
bility is unambiguously defined (in particular, independent of the 
arbitrary phases of the wave functions used in forming the matrix 
elements in the polarizability (18.24)), the induced moment and hence 
the scattered light bears a definite phase relation with the incident light. 
In other words, the Rayleigh scattering is coherent. 

The phenomenon of optical refraction and the Rayleigh scattering are 
closely related. The former simply describes the result of the interference 
between the incident light and the scattered waves from all sub-units of 
a medium, if we assume the sub-units to be uniformly distributed. The 
course of a refracted beam is thus defined by means of destructive 
interference of waves in other directions. Only in a medium where 
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appreciable randomness occurs in the disposition of the scattering units 
can one observe the Rayleigh scattering directly. 

In the Rayleigh scattering a molecular system persists in a fixed 
quantum state and the scattering is due to the periodic deformation of 
the state by the electric field in the incident light. What is known as the 
Raman scailering, on the other hand, is associated with a quantum 
transition in the system. It is most easily understood in terms of 
quantum electrodynamics, wherein we regard light as composed of 
photons. Let us return to the electric field (18.13). We can, without loss 
of generality, specify that w > 0; it is more convenient to do so in 
discussing the Raman scattering. The field (18.13) may now be inter- 
preted as representing the effect of incident photons with energy fiw. 
If, as a result of scattering a photon, the molecular system goes over 
from an initial state J to a final state “, the energy difference is compen- 
sated by a frequency change in the scattered photon. Thus to conserve 
energy the scattered photon must have the modified frequency w+Aw 
satisfying the relation 


eO) TN = ¢(0)+4(w+Aw), 
or w-+Aw = w- wry. (19.12) 
With the help of this relation we can then discuss the Raman scattering 
by treating the electromagnetic field classically as above. 
In this semi-classical theory the Raman scattering, exactly like the 
Rayleigh scattering, can be described in terms of an induced electric 


moment; the latter is to be obtained by considering the transition 
electric moment between two states defined as follows: 


f AMY + EY M) dr, (19.13) 


Let us write down explicitly the wave functions ‘% and F$ in the 
presence of the electric field (18.13) with the help of (18.15), (18.19), and 
(18.21): 


YF, = ete (0) += i2 2. . L 4 (0) Bg ed. 


q laf 2) 5 
Harta HO e 


ye — tiny (0) t > > [eae 10) Eg etwi 
i ns 


(m| A plr) * -iw 
5 1 0) Ege. |} (19.14) 
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Upon substituting these wave functions in (19.13) and ignoring second- 
order terms, we obtain 


f EERILY f Ma Yon} dr = (m) My lyet- (0M |m het u 


4 
urn i 


pi > > (md. B rer HA) 77 ae * ' 
h ) : B É 
(m|Mg\ryr| Kall) — p-W+Wnn 


| + (v7 Mal Xr | Mit) Ez ETEW om 1 ena lr) (Hg 25 eilen 


Wam W . 


q eee Im) Et eius cu 4 UM gle Xr Ilm) Ez e-. 
0 


a P wtw 
peoi otter g CIE ES gero), 


rm Went u 


(19.15) 


where the first four terms in the curly brackets come from the first term 
on the left-hand side and the remaining four terms are obtained simply 
by interchanging the indices J and m (note that wn: U. 

The first two terms on the right-hand side of (19.15) are independent 
of the electric field; together they give the dipole moment describing 
the spontaneous emission for the transition from the higher to the lower 
of the two states / and m. The other terms describe the Raman scattering 
associated with either of the two transitions I= m or m -> l. With the 
help of (19.12) we can easily separate the two respective types of terms. 
Thus the terms describing scattering associated with the transition 
l -> m must have the frequency w--w,,, and must hence appear with the 
time factor exp{i(w-+w,,,)t} or exp{—t(w-+w,,,)t}. Similarly the time 
factors for the scattering m must be the same as above with the 
indices interchanged, i.e. exp{-Li(w—w,,,)t}. Using this criterion, we 
see readily that the second, third, fifth, and eighth terms in the curly 
brackets in (19.15) describe the scattering I m and the remaining 
terms describe the scattering m I. Furthermore, we notice that the 
two groups of terms are transformed into one another if we interchange 
the indices ? and m. Hence we can write consistently the electric 
moment describing the Raman scattering associated with a transition 
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l -> m as follows: 
malt) = F [PR] By eei + I Tagte) ER c, (19.16) 


where 


= = eee [AL Ir Xr | Mpm) rer Meim) (| Mgir Xr Malm) ” 
Peal rm Tw T e N 
(19.17) 


(19.17) defines the (ag) component of a tensor, which we may call the 
transition polarizability from state l to state m. We notice that if we 
put m equal to J (19.17) reduces to the polarizability (18.24); and the 
latter, as we have seen, reduces further to the static polarizability 
(18.10) if we put w equal to zero. 

Unlike the Rayleigh scattering, the Raman scattering is incoherent. 
Apart from the fact that the scattered radiation has a modified frequency, 
the transition polarizability depends on the arbitrary phases of the 
wave functions used in forming the matrix elements; in actual calcula- 
tions we have to average over such arbitrary phases. Thus the Raman 
scattering from two independent molecular systems is not subject to 
the effect of interference. 

Using (19.16) in (19.8), we find that the energy scattered (Raman 
scattering) per unit time into a solid angle dQ is given by the following 
expression: 


RIQ = 2 S > nbn Piso) Paw) Ey Et dg. (le. 18) 
121.2 087 

Similarly from (19.10) we obtain the total Raman scattering per unit 

time: 


S d= — > [Po] Pw) By ET. (19.19) 
A ayÀ 
If we are interested only in one linearly polarized component of the 
radiation scattered in a given direction we can omit the summation 
over i in (19.18), as we have explained before. 

If the spectrum of the scattered light from a molecular system (in a 
definite state /) exposed to a monochromatic beam is analysed we obtain 
a series of lines corresponding to transitions to various final states. The 
lines corresponding to transitions to final states higher than the initial 
state have frequencies lower than that of the incident beam; these are 
known as the Stokes lines. The lines corresponding to transitions to 
final states lower than the initial state have frequencies higher than 
that of the incident beam, and are known as the anti-Stokes lines. 
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20. Placzek's approximation 

The results obtained in the last two sections can be simplified with 
the help of the adiabatic approximation. Thus we may write a wave 
function of a molecular system in two factors as follows: 


Yny(%,X) = Xn Xha (T, X). (20.1) 
Snlæ, X), we remember, is a wave function for the electrons moving in 
the field of the nuclei, which are held fixed in an arbitrary configuration 
X, n being the corresponding quantum number. The eigenvalue for the 
electronic motion is a function of X, which we have denoted by ®,(X) 
in § 14. y,,(X), on the other hand, represents a wave function for the 
nuclei moving in the effective potential ꝙ, (X) - O, (A“) (apart from a 
fourth-order constant, see § 14), v being the quantum number for the 
nuclear motion. The eigenvalue for the state represented by (20.1) is 


alt D(X) T en, (20.2) 


where the eigenvalue e for the nuclear motion is small compared with 
thé differences P,,.(X°)— &, (A“) between different electronic levels. 

Let us consider the permanent electric moment and the polarizability 
of the system in the lowest electronic level, the nuclei being held 
fixed in a configuration X so that only the electrons are free to move. 
Both quantities are evidently functions of X and will be denoted respec- 
tively by M(X) and Fag(, X). Remembering that, with the nuclei so 
constrained, the electronic wave functions and eigenvalues are given 
respectively by ¢,(z,X) and , (X), we obtain immediately from 
(18.23) and (18.24) 


M(X) = Í (r, X)M(a,X)bq(x, X) da, (20.3) 
Pegler .I D (omt fe x ul e. xb, c. X) dex 
x f pte’, X)Mp(x’, X) Gol, X) dr. 
TG -A | För, X) Ag, X) nl. X) dex 
x ſ Alx X) Af, X)“, X) de’), (20.4) 
where we may put approximately 
uno (D, R-. (20.5) 


so long as +w are not too close to any of the frequencies w,,,. We shall 
see that if the functions M(X) and Tag(w, X) are considered formally as 
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known, the electronic wave functions , (7, X) will no longer be required 
for the discussion of optical effects. 

As pointed out before, at ordinary temperatures a molecular system 
is practically always in a state belonging to the lowest electronic level. 
This means that we shall require the polarizability only for states 
belonging to the lowest electronic level and the transition polarizability 
from similar initial states. Furthermore we shall discuss only the Raman 
scattering due to a change in the nuclear motion alone. Hence for our 
purposes we need only consider the expression (19.17) for the transition 
polarizability Pagle) where both / and m belong to the lowest electronic 
level; we may thus leave out the electronic quantum number and write 
the transition polarizability as Pag (wo), where v, v’ signify nuclear states 
in tlie lowest electronic level. From Pag (co) the polarizability and the 
static polarizability are obtained by putting successively v = v’ and 
w= 0. 


According to (19.17) we have 
; 1 (Ov AL, nv n"v" | Mgl0v' 
Pen ( = = EF 
0 = 75> 2 + 


One ove 
+ (Ov| Maln" v” ynv" Ov“) 


Wnr ov Y 


), (20.6) 


where the quantum numbers in (19.17) appear now as pairs of quantum 
numbers. Let us split the summation over n” into two parts correspond- 
ing to the two cases: n” = O and n” 4 0. For the latter part, we may 
approximate -- o in the denominator by w,- defined in (20.5); this 
approximation is permissible so long as +w is not close to any of the 
frequencies w,- Thus (20.6) becomes 

P(w) = i S eee ae ered + 

55 


‘Dery 0 Wyry — W 


v 
9 


fe (On“) |DO) > (OA AL, |0v’) 
22 8 


2 


n 70 


— 


n- Tw - W 


20.7) 


where 0. -, wy in the first sum denote the transition frequencies 
between nuclear vibrational states belonging to the lowest electronic 
level. In the above formula the moment operator is a function M(x, X) 
of both electronic and nuclear coordinates; and the matrix elements 
are to be formed with the complete wave functions of the form (20.1). 
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However, with the help of (20.3) we see immediately that the first sum 
in (20.7) can be written as follows: 


D — IBK) w’) (wl Alg(X) |v" Xo" . 
1 £ — fw u- W 
(20.8) 
where the matrix elements are now to be formed with the vibrat): nal 
wave functions xo) of the nuclei. Comparing this formula M th 
(19.17) we see that, as regards this part, the system behaves as a purely 
nuclear system, where the moment operator is given by M(X), and the 
wave functions and eigenvalues for the nuclear motion are those for the 
lowest electronic level. (20.8) is usually known as the ionic part of the 
polarizability. 
As regards the remaining part in (20.7), let us examine a typical term 


2, (Ov | Mno" OD 
oo (20.9) 
wpro t w 
Expressing the matrix elements explicitly, we may write (20.9) in the 

following form: 


1 
wno tw 
X N- - (X) P. (&, X.) xn- X Mgl, X ) SC, X ) xX )J. (20.10) 


Since the xn- (X) for various values of v” (fixed value of n”) form a 
complete set of functions in X, we have the completeness relation 


SNN) RX) = A-). (20.11) 


D, | f ax ſ as | ax latte AIM, Dpto, X) x 


When this relation is used in (20.10) and the integration over X“ is 
carried out, (20.10) becomes 


TAT j i J i J AX (N, XIXI (ae, X) fu (r, X) f- , X) x 
* M(x’, X) Por“, A) xorv- (X U 


= | xblX)(wpote) | gte, X) AI. (, X) Gn (r, X) dz) x 
x f br, X) Mg, X) Pot, X) da xo X) dX. (20.12) 


After expressing all terms of the second sum in (20.7) in this way, we find 
upon comparing with (20.4) that this part of the polarizability is simply 
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the matrix element of the function P,g(w, X) with respect to the vibra- 
tional wave functions xX), Xov( X), i. e. 


(v|Pag(w, X) o') | (20.13) 


This is known as the electronic part of the polarizability. 

The contributions to the static polarizability (v’ = v, w = 0) by the 
ionic part (20.8) and the electronic part (20.13) are roughly of the same 
order of magnitude in ionic crystals. Hence for |w| >> w, (20.8) be- 
comes very small compared with (20.13) and may be ignored. Experi- 
mentally, the frequency of the incident light used in measuring the 
Raman scattering is always high compared with the transition frequen- 
cies w, between the vibrational states. Hence for practical purposes 
we can omit the ionic. part when we are considering the transition 
polarizability, so that we have 


Pew) = (v|Paglw, Xe) (v E v) (20.14) 
Using this expression in (19.18) and (19.19) we obtain for the angular 
and total Raman scattering, respectively, the following expressions: 


tow! SS > ni nie’ P lu, X)\vXvlPao, Xw Hy Ef dQ, 


Irc? 
e (20.15) 
4 -+ rv) , 7 — 
Hota) 2 (Pe (v, X)|vv|Paalw, X)) EA EN. (20.16) 


In order to obtain the experimentally observed intensities, we have to 
average the above expressions over the thermal distribution for the 
quantum number v of the initial state. 

Adding (20.8) and (20.13) and putting v’ = v, we have for the 
polarizability: 


P(w) = wP glo, X) ly) 
1 J. Celle) v.. id) b). Ag T). Xo" LX) |v) 
= !!!!! ͤ ß al el ab A cd id ha 

+5 2, + | 


Wy Tw Wyry — W 

(20.17) 
For the consideration of the refractive properties in the infra-red region 
the electronic and ionic parts are comparable in magnitude, so neither 
can be ignored. However, as |w |in the infra-red region is small compared 
with the electronic transition frequencies ,o, we can put w = 0 in the 
electronic part without much error (see the expression for Pi.(w, X)). 
Moreover, if we expand Faglw, X) as a Taylor's series in AX, the 
constant term is by far the most important (note that the same argument 
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does not apply to M(X), for in the ionic part only the non-diagonal 
matrix elements of M(X) occur; to these a constant term contributes 
nothing). Therefore in the infra-red region we have approximately 
Faglo) = Fag(O, X°)-+ 
1 J ,v. HCN) lo), CA) Kot MX) le) 
t3 > Wyey tw g 6 — w l 
v v vv ve 
E (20.18) 

The electronic part is practically a constant, independent of both the 
frequency and the temperature (for it does not depend on vj. 

Tn order to include the effect of absorption we have only to add the 
expression (18.46) for Rig) to the polarizability (20.18). For the 
discussion of infra-red optics we may restrict the summation in (18.46) to 
the states belonging to the lowest electronic level, for the other terms 
only lead to absorption at the much higher electronic frequencies w,,9. 
The matrix elements in the terms retained are all expressible in terms 
of the function M(X), leading to the formula 


be) = . > OLA (X) lo" Xo" MX) I0)B (wpe) — 
— (WIMAX Xv" |AF,(X)|v)8(o—wy-.)}- (20.19) 


In actual applications we have to average (20.18) and (20.19) over the 
thermal distribution of the quantum number v. 


21. Expansion of the optical parameters and the classification 

of optical effects 

In Placzek’s approximation the various optical effects depend only 
on M(X), Tag(w, X), and the wave functions for nuclear motion in the 
lowest electronic level. The motion of the nuclei is usually discussed in 
this connexion in the harmonic approximation with the help of the 
normal coordinates. A survey of the optical effects and their classifica- 
tion is obtained in the first place by expanding the functions M(X) and 
Fag(w, X) in Taylor’s series with respect to the normal coordinates as 
follows: 


M(X) = M(X?) + > Mö) > MJ. 7) ey (21.1) 
Faßlo, X) = Taglu, X°) + 2. Fagligt} >, Talj j N gyt. (21.2) 
where the coefficients are understood to be symmetric in the indices: 


MJ, j) M, J), Tag. J) = Faß), ete. (21.3) 
We observe that the formulae for both the intensity of the Raman 
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scattering and the polarizability tensors (see (20.15), (20.16), (20.18), and 
(20.19)) depend on products of matrix elements of the type 


(vA) |v" Xv"| Bq) |e), (21.4) 


where A(q) and B(q) are components of M(X) or Fg, X) and thus, 
according to (21.1) and (21.2), may be expressed as Taylor’s series: 


Alq) = Ait 2 Agt} >, Air 4% T... (Aye = Az) 
Bq) = Bo 2. B, , - > B. , ar... (Bi = By) ö 


We notice in particular that in order to carry out the requisite thermal 
average in the optical formulae, we have to average products of the 
form (21.4) over v for a fixed transition frequency w,,,. For, in the case 
of the Raman scattering, we are interested in the thermal average of 
the intensity of a given line (i.e. of a fixed frequency shift). In the case 
of the polarizabilities the above products are multiplied by coefficients 
(viz. 1/(wyy--w) in (20.18) and 6(w+w,,,) in (20.19)) which depend only 
on the transition frequency, and hence one has only to take the thermal 
average of the products for fixed transition frequencies. 

In the harmonic approximation the quantum number v stands for the 
set of oscillator quantum numbers v, (j = 1, 2,..., Zn), one for each 
normal coordinate. Transitions can be classified into different orders 
according to the total number of jumps made by all the oscillators; thus 
a transition from v(vi, vg, .., Van) to v'(vi, vg, . ., van) is said to be of the 


order r, where p > lo, — vl. (21.6) 


In this transition the matrix element of a product q3 97 q... vanishes, 
unless the exponents a, B, y, etc. are respectively equal to or greater than 
v, — /, v. v,, etc. It follows immediately that, for an rth-order 
transition, terms in A(q) and B(q) of lower than the rth order contribute 
nothing to their matrix elements; the major contributions to the 


matrix elements come from the terms of the rth order: 


(21.5) 


ty 175i · rj · 
qj“ 7900 r · 


as terms of still higher order are much smaller. 

First-order transitions are due to a single jump (either upwards or 
downwards) by one of the oscillators, the transition frequencies being 
+w; (J = 1, 2,..., zn). When higher-order contributions are neglected, 
the value of (21.4) for first-order transitions is clearly 


(v|A(q)|v’)<v'| B(q) |e) = (vA, q, v, I) i 1B, ale) 
= A, Big,, K I), lgl) (21.7) 
P 


3595.87 
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The upper and lower signs correspond respectively to the transition 
frequencies —w, and w,;. With the help of Table 28, p. 180, we readily 
find the thermal average values: 


FIRST-ORDER TRANSITIONS 
CPAD o Ae IBA) hae Wp! 


(21.8) 


Second-order transitions are due to either a double jump by a single 
oscillator or single jumps by two different oscillators; the transition 
frequencies being respectively the overtone frequencies 4 2, or the 
combination frequencies +(w,+w,) (summation frequencies) and 
( - ,,) (difference frequencies). For the second-order transitions 
we need retain only the second-order terms in A (q), B(g) in (21.4); in this 
way we find 


(x(q) |v’ Xv" | B(q) lo) | Dy 
$A jy B., flv, 2) ( 2197 ley) F Qu; 


Avi, lv, 1) (vy vy 1) NMB. glo pce Ley lop} F For 

{A 170; lost l 50% vF DB pay II,) ( l CACI P. 
(21.9) 

where in each case either all upper or all lower signs are to be taken. 


The thermal average values, obtained with the help of Table 28, are given 
below: 


SECOND-ORDER TRANSITIONS 


LA) v yw | B(g) ley} Ar Wor 
-2ß ‘ 
1453 B,; (os 0 ae overtones 
48,48) 
A;p By 00 e Lorton ) summation frequencies 
e 5,0 ( z) e e 
A jp Bir 0 65 eae on) difference frequencies 


(21.10) 


If for a particular transition the value given in (21.8) or (21.10) van- 
ishes, we describe the transition as being forbidden for the particular 
optical effect concerned. Since higher-order contributions have been 
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consistently neglected in the above formulae, the contribution of a 
forbidden transition is not zero, but only abnormally small. Thus if 
Mei) (see (21.1)) vanishes, the first-order transitions +w; are forbidden 
in connexion with the polarizabilities; we have then to proceed to the 
' third-order terms in M(X) to obtain a finite contribution. 

Optical effects can be classified according to the orders of the under- 
lying transitions. Thus the first-order Raman scattering consists of lines 
with the frequencies |w-+-w,| and the second-order Raman scattering 
consists of lines with the frequencies |[w+-2w,|, l (ri -l, and 
|w-+(w;—wy,)|. Similarly, if we use the polarizability (20.18) to discuss 
the refractive properties, we obtain dispersion of the first order corre- 
sponding to the dispersion frequency |w,|, and dispersion of the second 
order corresponding to the dispersion frequencies |2w,| and |w,-+w,|. 
One can write down the intensity of the Raman scattering and the 
dispersion formula of the first and second orders by a straightforward 
calculation, substituting (21.8) and (21.10) in the formulae (20.15), 
(20.16), (20.18), and (20.19). In crystals, however, there are very restric- 
tive selection rules so that a great majority of the transitions are for- 
bidden. Hence we shall not discuss the optical formulae explicitly until 
Chapter VII, where they will be developed in detail specifically for 
crystalline lattices. 

One particular result of interest may, however, be considered here, 
namely, that the first-order polarizability is independent of temperature, 
Thus if we discard in (20.18) all except the terms corresponding to first- 
order transitions and carry out the thermal average with the help of 
(21.8), we find that the first-order polarizability is given by 


{P23(w)} 49 = Pap(0, Ro). . 


-f; -B; 1 
——— ++ 


. 5 - w 


e) =e 5 5% 


: Helo. x D MIMD e 0e). (21.11) 
j 


By using the explicit expression (16.16) for C, we find that { ag (0). 
reduces to the temperature- independent expression 


(Papel) ao = lu æ . S PAD 29.12) 


w 7— w? 
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In a similar way we find for the anti-Hermitian part (20.19) 
% M. ir sain 
(RR () ae = 5 Ze 
x ſe H (w—w,)— er (w+) -+-8(w-+- ws) 8 h- 9 
) ; rg! 
= 2 > MAMA DU Lohse. (21.13) 
j 


which is likewise independent of temperature. 
One may note that in ionic crystals the first-order terms in the expan- - 
sion of M(X) are expected to be particularly large. Thus consider the 
idealized model where the ions are rigid structures, undeformed by the 
displacements of the ions. We may express this model mathematically 
as follows: Let Z, be the atomic number of the nucleus k, and X. (C) its 
coordinates. The assumption of rigid ions means that to every nucleus k 
belong permanently Z. — 2 (25 = the ionic charge) electrons with co- 
ordinates %% k, s) (s = 1, 2,..., Z — 2) such that the electronic wave 
function Sor, X) is a function ) of only the relative coordinates 


xalk, s) = 1 (L, s) — A (k). . 21.14) 
The electric moment operator M (x, X) is clearly 


Zk- 3k j 
M(z,X) =e ¥ 2x XC — F. x(k, s)| = e X zy X(b)—e 2x (E, s). 
- (21.15) 
Constructing the function M(X) according to (20.3) with the electronic 
wave function (r), we have 


M(X) = 2 (zy eu MA“), (21.16) 
where M(X°) is the constant term 
e > 27 X°—e z f b*(x')x'(k, 8)p(2') dx’. 21.17) 


(21.16) shows that apart from the irrelevant constant term the expansion 
of M(X) consists only of linear terms (this is, of course, still the case if 
the expansion is with respect to the normal coordinates, as they are 
related to u(k) by linear transformations); the linear terms give simply the 
electric moment due to the displacements of the ionic charges. In other 
words, the ionic charges contribute directly only to the first-order effects. 
First-order effects in non-ionic crystals, and higher-order effects in ionic 
as well as non-ionic crystals, on the other hand, are due to deformation 
of the electron clouds. 
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22. The geometry of perfect lattices 
For the general discussion in this and the following chapters a sys- 
tematic scheme of notation is essential. Thus let us put together in a 
systematic way the general notation, which has already been intro- 
duced somewhat haphazardly in Part I (particularly § 6, 11). 

We begin with the simplest periodic structure in space, namely, the 
Bravais lattice, which is built up from three basic vectors ai, az, a, 
(non-coplanar). The lattice points defined by 


FU = Ega a, Foai (8, 125 p neg intecers) (22.1) 


occupy the corners of the lattice cells, which are paralelepiped: bounded 
by the edges ai, az, ag. The integers (i, /?, I8), known as the cell indices, 
will sometimes be denoted for simplicity by a single letter I. Ifthe lattice 
points of a Bravais lattice are occupied by identical atoms, we have a 
simple crystal lattice. 

Crystal lattices in general are of a composite structure, consisting of 
a number of interpenetrating Bravais lattices of identical structure 
(i.c. with identical basic vectors); the lattice points of different con- 
stituent Bravais lattices may or may not be occupied by the same type 
of atom (c.g. diamond and NaCl respectively). Within a lattice cell 
of a composite lattice, we find thus a number of atoms, one from each 
constituent Bravais lattice; they are described as forming the basis of 
the lattice. If we visualize a simple lattice as the periodic repetition of 
a single atom, we can look upon a composite lattice as the repetition 
of the atoms in the basis as a group. 

In general, the position vectors of the nuclei in a perfect crystal lattice 
may thus be represented as follows: 


x(a) = XxX = x(4)+x(A), (22.2) 


where the dashes can be omitted, as indicated, if there is no doubt of 
the meaning. k is the base index, which distinguishes different nuclei in 
a cell and has the values 0, 1,..., (2—1), n being the number of nuclei 
in the basis. For definiteness, it is sometimes convenient to choose the 


origin such that x(5) = 0 (22.3) 
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Let us express x(k) in terms of the basic vectors as follows: 
x(k) = NMC) a TAC) aA (has 22.4) 

and require that 
l 0 <à <1 (i= l, 2, 3). 22.5) 
If we call the cell, bounded by ai, az, ag drawn from the origin, the zero- 
cell, the above requirement merely means that the cell indices are zero 
for all the nuclei found in the zero-cell. 

Any position vector (dimension length) may conveniently be expressed 
in terms of the basic vectors as follows: 


x(é) = fta -+ Ea, Cas, (22.6) 


the components (EI, £, £) being dimensionless. The reciprocal basic 
vectors 


bia 2248s pn 88481 p= ANa (22.7) 
a1. A2 A ag az. ag N A, ag. a1 AA 
have on the other hand the dimension of the inverse of length. The 


two complementary sets of basic vectors satisfy the following relations: 


7 
ba. ag dag (the Kronecker Syno] daß = B ` Z A! (22.8) 
A vector with the dimension of the inverse of length is sometimes 
described as belonging to the reciprocal space; such a vector may be 
expressed in terms of the reciprocal basic vectors as follows: 

y(n) = 9, b'+ a: b?-+ 799 b*, (22.9) 
the components (7,, J, n3) being dimensionless numbers. If the com- 
ponents are integral, it is convenient to use a different set of letters 
h(h,, Ro, ha). The vectors y(h) for all possible values of / give rise to 
a Bravais lattice in the reciprocal space, known as the reciprocal lattice. 

The components of x(€) and y(7) can be obtained by scalar multi- 
plication with the respective complementary set of basic vectors as 


e ba. x(é)'= be. (ga, +£%a, + Ea) ga, (22.10) 
aa · ¥(4) = Ag. (9, bi Y be- 73 b?) = Ha- (22.11) 


The above relations follow directly from (22.8). Similarly, we find with 
the help of (22.8) that ö 


x(E).¥(m) = 19, +2?yo+& = (En). (22.12) 

Readers familiar with tensor calculus will recognize that a,, az, a; 
can be regarded as a set of covariant basic vectors and the vectors 
bi, b?, b? as the corresponding contravariant basic vectors. gi, Ni ar 


7. s ce - f 5 ot 
= 0 ie Spit TE Sa pe * ? Sacr p Ug- 
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respectively the contra- and covariant components. The upper and 
lower indices are in each case introduced in accordance with the usual 
conventions in tensor calculus. With the basic vectors we can form the 


metric coefficients Jag = 44. ag, (22.13) 
gB = ba. bê, (22.14) 
94 = a. bs (= dag). 22.15) 

Using these coefficients, we can write 
x(£). X(S˙0 = 2 Jap Fab ; | (22.16) 
y(n). v0 z gaß ga Ng (22.17) 


Tt follows from (22.12) that the scalar product between a lattice vector 
x(l) and a reciprocal] lattice vector y) is an integer. Owing to this fact, 
as we have seen in§ 6, the reciprocal lattice vectors are useful in specifying 
lattice waves satisfying the periodic boundary condition. In the follow- 
ing, we give some further examples where the reciprocal lattice vectors 
are useful. 

We notice that if y() is a reciprocal lattice vector, the function 


exp{2riy(h). x} (22.18) 


is periodic in x (with respect to ai, az, a3). For evidently, if we add to 
x a lattice vector x(l), the function is unchanged. In fact the functions 
(22.18) corresponding to all possible reciprocal lattice vectors form a 
complete set of functions, in terms of which all such periodic functions 
can be expanded. Consider thus a periodic function f(x). If we use the 
components gl, 2, g of x as arguments, the function f(&', £7, £) is by 
definition periodic in all three variables £!, £, £ with the period unity. 
Hence we may expand it in a Fourier series as follows: 


JUEL Es, £9) = S g(s he. lahear il ti shaky, (22.19 
o k 
where the coefficients are given by 
1 1 1 
g(hy, has 23) = f dg! f dé? f dE FIC, E2, ga)e- aride HR J. (22,20) 
5 0 0 


We may regard the indices (Ii, Ng, lg) as the components of a reciprocal 
lattice vector y(h). It then follows immediately from (22.12) that 
(22.19) can also be written directly in terms of the vector x as follows: 


f(x) = Te * (22.21) 
hs 
pi: 7 oo . . em a 2- A ee ADs Sag Arty Bf: 
aoe t, la SET 75 „4 „^ 7 a Bra S pe i 15 55 3 thecal 2 K - 4°. 
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Similarly we can put (22.20) in the form 


gy) = — Hehe o dx, (22.22) 
coll 
where v, is the volume of a lattice cell and dx denotes as usual the 
volume element dz,dz,dz,. The factor 1/v, arises from the Jacobian 
introduced by the change of the integration variables from gl, £7, £ to 
*I, a Xa For if we denote the Cartesian components of the basic vectors 
by superscripts, we have 
a, = SiS: Taz, 
22 = kia 02+ Ea, (22.23) 
zy kiaf- E24; -+E a, 
To change from d£1dé*d& to dx = dx, dæ: dæ we have to introduce the 
Jacobian sel, £2, / (xi, 22, &a), which is the inverse of 


ar 


i s 


lE La, ) ai af ai . 
stare a a} af = a. 4% a, = va: (22.24 
BBA) |G a a 

3 3 3 


(22.21) provides the most convenient expression for the Fourier expan- 
sion of a function which has the periodicity of a crystal lattice. 

Any three arbitrarily chosen lattice points on a Bravais lattice define 
a crystal plane. Since all lattice points on a Bravais lattice are struc- 
turally equivalent, the three points must repeat themselves indefinitely 
over the plane; a crystal plane in an ideal infinite lattice must thus 
always contain an infinite number of lattice points. If through every 
lattice point of the lattice we draw a plane parallel to a given crystal 
plane, the lattice points are divided into a system of parallel crystal 
planes. It follows from the mutual equivalence of the lattice points that 
the planes thus obtained are equidistant. Such a system of crystal 
planes is specified by the Miller indices defined in the following way. 
Consider two lattice points separated by a,. Since both points them- 
selves lie on crystal planes, the connecting vector a, is cut into a number 
of equal sections by the intervening planes. The number of sections 1 
is then the first Miller index. Similarly by considering the division of 
az, az we obtain two more indices hy, Aa. 

With a set of crystal planes we can associate a reciprocal lattice vector, 
which has the corresponding Miller indices as components. The equations 
describing the planes can then be written down directly in the form 


x. y(hk) = Ehi tHE Rha tHE = integer. (22.25) 
To show that these are the correct equations, we notice in the first place 
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that the planes (22.25) do in fact contain all the lattice points in the 
lattice, for obviously every lattice vector x() satisfies an equation of the 
form (22.25), the corresponding integer on the right-hand side being 
Chit hatha. 

If we pass from a lattice point x(l) to x(l)+a,, the above integer is 
increased by hi. This means that the second point is on the /,th plane 
from the first point, and thus the connecting vector a, is cut into h, 
sections by the intervening planes. It follows that the integers h,, hg, Aa 
are indeed the Miller indices. 

We have introduced the Bravais lattice by regarding the basic vectors 
as being given. The reverse problem of defining the basic vectors for a 
given Bravais lattice has no unique solution. In fact, the number of 
possible choices for the basic vectors is unlimited. Thus, take any crystal 
plane in a Bravais lattice; the lattice points in the plane form a two- 
dimensional lattice. If two basic vectors for this two-dimensional lattice 
are chosen as ai, Az, then any vector joining a lattice point on this plane 
to a lattice point on one of its two neighbouring planes can be chosen 
as ag. The number of such choices is clearly unlimited. In a general 
treatment of crystal theories the choice of the basic vectors is usually 
immaterial. In special applications the choice is dictated by the con- 
sideration of convenience. 


23. The infinite lattice model and general invariance relations 

In reality we are, of course, always concerned with crystals of finite 
dimensions. The non-uniform conditions near the surface of a finite 
crystal, however, give rise only to specific surface effects, and are 
irrelevant for the discussion of bulk properties. We can avoid making 
superfluous assumptions about the surface conditions by imagining the 
crystal lattice to be infinitely extended in all directions. 

Careful considerations are, however, required for the legitimate use 
of the infinite lattice model. Take, for instance, the condition of equili- 
brium. We have seen in the last chapter that in a molecular system the 
motion of the nuclei has to be described by their displacements from the 
equilibrium configuration, where every nucleus is free of forces. It is 
peculiar to an infinite lattice that, in order to specify the equilibrium 
configuration, it is not sufficient simply to require that every nucleusis 
in equilibrium. The equilibrium condition in an infinite lattice is in fact 
two-fold: 

(i) every nucleus is in equilibrium ; 


| ae g 
(ii) the configuration corresponds to vanishing stresses. (23.1) 
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The necessity of requiring (ii) as well as (i) can be seen as follows: The 
infinite lattice model is essentially an idealization of the conditions inside 
a finite crystal, where the direct influence of the surface is. negligible. 
In a finite crystal, where every nucleus is in equilibrium (including those 
near the surface), all the stresses vanish automatically throughout the 
crystal. Thus if this condition is to be reproduced in the infinite lattice 
model the condition (ii) must be fulfilled. In order to see that this 
condition is not automatically fulfilled in the infinite lattice we have 
only to return to the linear chain considered in § 5. We have seen that 
so long as the particles in the chain are equally spaced they are in 
equilibrium; nevertheless there is in general a tension in the chain. 
In this particular example the condition (ii) is equivalent to the require- 
ment that the tension vanishes. We shall discuss the equilibrium con- 
dition further in later sections. 

In different types of solids the forces holding the lattice together differ 
widely in nature. Apart, however, from the metals, where the electronic 
levels are infinitely close to one another, the adiabatic approximation is 
generally applicable. Hence we shall formulate the general theory on 
the basis of the adiabatic approximation, without making other special 
assumptions concerning the forces. In this way many general results 
can be obtained which are valid for all crystals except the metals. 

We have seen that, in the adiabatic approximation, the motion of the 
nuclei and its effect on the electrical and optical properties are charac- 
terized by certain functions of the nuclear coordinates, namely, the 
effective potential function, the functions M(X) dnd P elw, X ). Quite 
apart from specific physical and geometrical characteristics true for 
special lattices, the above functions are subject to a number of general 
restrictions which follow from certain invariance conditions. The in- 
variance conditions fall into two classes: 


(a) The basic property of lattice periodicity stipulates that if the 
whole lattice is displaced by a lattice vector x(l) the lattice - 
coincides once more with itself. 


(b) Physical quantities transform covariantly (e.g. the potential 
energy, moment, and polarizability as scalar, vector, and tensor, 
respectively) for rigid displacements of the lattice. In other words, 
the physical quantities are invariant whatever the displacement, 
if we always refer them to Cartesian axes which are oriented 
similarly to the crystal. (23.2) 


In the rest of the section we shall develop these conditions explicitly. 


S. ene 
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In the last chapter we have represented the potential function, the 
electric moment M(X), and the polarizability Egle, X) as Taylor’s 
series. In the next chapter we shall see that the use of these expansions 
in connexion with the infinite lattice model requires some care, for the 
actual values of the above functions for the whole crystal are infinite; 
they must thus be normalized to a finite volume eventually. (We cannot, 
however, begin by considering these functions as being already normal- 
ized to unit volume, for this is possible only for a completely homogeneous 
configuration, and we shall have to discuss configurations where the 
nuclei are arbitrarily displaced. The final normalization will refer to a 
lattice which is thermodynamically but not microscopically homo- 
geneous.) For the moment we have only to observe that the constant 
terms in the Taylor expansions are meaningless divergent quantities; 
in their place we shall require the potential energy, moment, and 
polarizability per unit volume for the equilibrium configuration. If the 
expansions are made with respect to the nuclear displacements ui), we 
denote the coefficients of expansion as follows: 

ap 


U ap ; 22 € 7 e “te 
l — —— 0 l 1. — ‘ 7 . : j. \ 
Palt) C20 o Pagli è) (a L)Oug( 5). 


Dalit E) = m 
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l OM, (X) eM (X) 
1 52 Gane i M Ee, = (| 1 etc. 
Meal dupli) Jo Ab dug), ()) 


i 3P elw, X) try _ (@Pyp(w, X) 
Fpylk) 8 (0 |, Fp yi k'i — (T), ete. 
(23.3) 
In contrast to the constant, terms in tho expansions, these coefficients 
are well-defined finite quantities. Thus — ®,(}) is the force on (j) in the 
configuration 0; —®,.9(ij-) is, to the first order of accuracy, the a- 
component of the force on ({) due to a unit displacement of (£) in the 
B-direction, etc. In the general theory the physical properties of a 
crystal are thus described in terms of the above coefficients together 
with the normalized values of the potential function, the moment 
M(X’), and the polarizability Tg, X“) for the equilibrium con- 
figuration. 
The invariance conditions (23.2) impose certain identical relations on 
the above coefficients, which we shall proceed to derive. 
From the periodicity requirement it immediately follows that if the 
same set of integers is added to all the cell indices of a coefficient, the value 
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of the latter is unchanged. For the addition of I, 72, 13) is equivalent to 
the displacement of the whole lattice by the lattice vector x(/). Thus 
the first-order coefficients must be independent of the cell index / 
altogether, and the higher-order coefficients can depend only on the 
relative cell indices I', , etc. We can exhibit this fact explicitly by 
using the following alternative notation for the expansion coefficients: 


alk) = Oh), Dapit) = wl. q Daai 1 ) = Daa lk & k)» 

$ E E bet j ete., (23.4) 

Mk) = Mapt) Dg Cat) = Map (EE), eto. (23.5) 

Pag (k) = Papy) Pagli) = Papyalk ie)» ete. (23.6) 

This notation is particularly useful for the first- and second-order 

coefficients; for the higher-order coefficients we have often to use the 

original notation of (23.3), while bearing in mind the invariance with 
respect to the addition of an arbitrary ? to all cell indices. 

If the lattice is displaced as. a whole by an arbitrary vector e, the 
potential function must obviously remain unchanged. On the other 
hand, to the first, order in €, we find from the displacements of the nuclei 
(i.e. all u(i) equal to e) that cach cell contributes to the change in the 
potential function by the identical amount 


8 S. (H) e. (23.7) 
& 
Since this must vanish for all values of e, we have 
Tce (K*) = 0. (23.8) 
7 


Next consider a homogeneous deformation of the lattice about the 
lattice point (1), where the nuclear displacements are given by 


wall) = F week -e. (23.9) 


After the homogeneous deformation (see § 11) the structure is still a 

perfect lattice. Hence a relation exactly analogous to (23.8) also holds 

for the lattice after the deformation; the relation may be written as 
3p 


>, ul 0 (23.10) 


where the derivatives refer Pe the homogeneously deformed configura- 
tion. Expressing the derivatives as expansions in the displacements 
(23.9), we have 


Z {Pale & S Pap led may / )- H. JO. 223.1) 
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where we have written 


X π = K- (E). (23.12) 
Since (23.11) holds for arbitrary values of ung, the various coefficients 
of the power series in ug must vanish identically. The constant term 
merely leads to (23.8). The linear terms lead to the new identities 


F Oelen) = o. (23.13) 


Let us consider the value of the derivative 80/du,(}) for some special 
configurations, which are derived from the equilibrium configuration 
by certain displacements of the nuclei. 

Suppose that all the nuclei are displaced from the equilibrium con- 
figuration by the same vector 

u(i) =e. (23.14) 
The corresponding value of the derivative 3®/ðu ($) is given by the 
expansion 


0. 00. E Dalk Depth F. , Dask beget. (23.18) 


Now (23.14) evidently represents a a of the lattice as a whole. 
Since the value of ô®/2u ,,) cannot be affected by a translation, 
(23.15) must be independent of the values of e, (x = 1, 2, 3). Therefore 
the coefficients of the linear and all higher-order terms in (23.15) must 
vanish; hence we have the series of relations 


È Dpi) = & Dagli) = O, 
5 > Dap (EE E) = 0, ete. (23.16) 
Next suppose that the nuclei are displaced as follows: 
ugk) = 2, n) =— J py arb), (23.17) 


where the parameters we, are elements of an infinitesimal antisymmetric 


matrix: We, = — wyg (23.18) 
Expressing 00/du,({) as an expansion in the nuclear displacements, we 
have ao = 15 

55 = . (&) — pe Pap kk 0g ) . (23.19) 


(23.17), we note, represents to the first order of accuracy the displace- 
ments of the nuclei in an infinitesimal rotation of the lattice about (z); 
the transformation matrix for the rotation being given to the same order 


of acouracy by Sg, Hwg. (23.20) 
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Since for a rigid rotation of the lattice 0@/du,({) must behave as the 
«-component of a vector, 
90 
57 2 (Sag tH wap) Del) = balk) + 2, waf Pplk). (23.21) 
Equating the two alternative expressions (23.19) and (23.21) for the 
derivative of P, we obtain the relation 


X wap Oph) = — F Daglat ogy lial) H.. 
= — 15 D aglr ogy „() ° (23.22) 


As this relation must be fulfilled identically to the first order of accuracy, 
we can equate the coefficients of the linear terms in the parameters 
Wag = —Wga We can do so most conveniently by differentiating 
(23.22) with respect to w,, = —w,, and putting the parameters wg 
* to zero afterwards. In this way we obtain 


®,(4)—8,, Oi) = — 2 (Oki), (c) — Pavlit) (r)]. (23.23) 


All the identical relations which we have derived for the potential 
function ꝙ are evidently valid for any scalar function relating to a lattice. 
- Moreover, during translations, the components of vectors and tensors 
remain invariant exactly as scalars. Hence all the identities deduced 
above for scalars from the consideration of translations are valid also 
for the components of vectors and tensors. Thus applying (23.8), (23.13), 
and (23.16) to the «-component of M(X) and the (a, 8)-component 
P glw, X) of the polarizability, we obtain the relations 


> m = 0, (23.24) 
> Ma pyle) = 0, (23.25) 
a a pyle Unie) = O, (23.26) 
2 P.g(k) = O, (23.27) 
dy Fendi) = 0, (23.28) 
Bes. Mike Clair) = 0. (23.29) 


By considering the change in the derivative (X) / ug caused by 
an infinitesimal rotation, we can obtain an identity analogous to 
(23.23). The only difference in this case is that during the rotation 
aM,(X)/dug({) transforms as the (a, B- component of a Cartesian tensor. 
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Thus corresponding to (23.22) we find that, to the first order, 
>, Moy AE, glk) + 2 wg, M,(k) = — Per My pyle der NIX), (23. 30) 
7 


a relation to be fulfilled identically. Differentiating (23.30) with respect 
to w» = —w,, and putting all the parameters wy equal to zero, we 
obtain the identities 

Sons M, p(4)—8 yy MM, plk) +65, Ia. „) dg, Aa, ) 


= — Pe Alg ice lee) -— Ma Bole) „()). (23.31) 


The identities obtained for M(X) and Eu, X) are clearly valid 
respectively for any vector and tensor relating to a lattice. 


24. Lattice waves 
With the nuclei in arbitrary displaced positions x(/)+ u(}), we have 


the equations ab 
11 
. m () = au.) | (24.1) 


(note that é@/du,(1) refers to the configuration of the nuclei in their 

displaced positions). We shall consider the motion of the nuclei in the 

harmonic approximation. Thus if ® is written as a Taylor series in 

the nuclear displacements, the third- and higher-order terms are to be 
ignored. Accordingly, we find that 

ap 

“Ou ðu (I) = 9,(k)+ PA Dali kugli). (24.2) 

The constant term D (%) represents a «-component of the force on a 

particle 4 in the equilibrium configuration; thus according to the con- 


dition (2 3. 1) (i), D, (k) 0 24.3) 
Hence upon substituting (24. 2) in (24.1) we have 
nr. h = — F Papl EDUC, (24.4) 


(24.4) represents asystem of simultancous linear differential equations, 
infinite in number. Owing to the basic property of lattice periodicity, we 
shall find that an immediate reduction can be effected by using the 
wave solutions: 


ualt) = a” a(k) 8 PET (24.5) 


é * — 


where y is an N Bauen in the reciprocal space and can be inter- 
preted as a wave-number vector (|y| = wave- number, parallel to the 
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wave normal). Upon substituting (24.5) in (24.4) and dividing the result- 
ing equation by exp{2ziy. x() — iht, we find that the infiniee‘number 
of equations reduce to the 3n linear homogeneous equations in the 3n 
unknowns w,(k) (k = 0, 1, 2,..., »—1; & = 1, 2, 3): 


w*w,(k) = = 2, Coste huge (24.6) 
where the éoattioients are defined as (Z. Xr on p> a 8 
9 = Gam, ate Dagli )exp{—2aty. (* 0 — UE 
pout [x (H- x(k’ 


(m mz.) 


)]} > Daglige, (24.7) 
l 


(71. 125 73) being the components of y. 
The possibility of the above reduction is a direct result of the periodic 
property of a lattice. For to the latter is due the fact that 


Dali. k) 
depends only on (J—i’). But for this fact the coefficients (24.7) would 
not be independent of the lattice-cell index ? and (24.6) would be 
inadmissible. 
The equations (24.6) lead to the familiar condition for solubility: 


[wð g dx — Caplicer) | = 0 (24.8) 
which has been quoted and discussed in § 6. (24.8) is an equation of 3nth 
degree in w?; we shall denote the 3n solutions by ue) (J = 1, 2,..., Zn). 
For each of these values of w? (24.6) yields a set of values for % (), 
which we shall denote by w,(4|%). For ,) and w,(k|) we have thus 
the following relations: 


lo? 0) eg Sre — Cael) = 0, (24.9) 
atoe) = F Cate H) . (24.10) 
It is obvious from their definition that 
Hag E) = Delt k) (24.11) 
In terms of the alternative notation (23.4), (24.11) can be written as 
alike) = OE. (24.12) 


Taking the complex conjugate of (24.7), we have 


exp{—2aiy .[x(k’)—x(k) a 
C7804) = eee 2 Oe geber. (24.13) 
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Using (24.12) in (24.13) and introducing l’ = ee summation index, 
we find immediately that PH aS e ae (oe) 
* 7 1 exp — 2 iy. x(k’) — — x(k)]}} 2 ι i — 
Cagli) = be N 2, ohe e- = Chalet). 
ae ae (24.14) 


Coal) defines ¢ a u N 3 matrix with the indices (a, k), (8, &); (24. 14) 
shows that the matrix is Hermitian. Hence, according to a well-known 
theorem in algebra, the solutions ()) of (24.8) (secular equation of the 
matrix C,9(,4-)) are all real. This shows that the vibrational frequencies 
must be either real or purely imaginary. As we have seen in § 12, in 
order that w? should be positive so that the frequencies are real, the 
principal minors of the matrix Cag( -) must be all positive; and such 
must be the case if the lattice is to be stable. 

We have already discussed the solutions in some detail in § é. It has 
been seen that we can use the real part of the complex solutions (24.5) to 
‘represent the real lattice waves, and all the distinct lattice waves are 
obtained if we consider only positive frequencies g), and y-values 
within a suitably chosen region of volume 1/v, in the reciprocal space. 
A possible choice, for instance, is the region bounded ‘by the corners 


(Ji, Ne Ja) = (+4, +4, +4), where each combination of the signs is to 
be taken in turn. 
Since Chale) CCH) „ 24.15 


and ()) is always real, we find upon taking the complex conjugates 
of (24.9) and (24.10) that 


lw? (3) eag She plk) = 0 (24.16) 
and WAS E(k IS) = F Capa wo G(R’ . (24.17) 
B 
These equations show that we can choose 


w(G7) = wk) 

walb |G") = wah) 
The real lattice waves (}) and (J) are thus two identical sinusoidal waves 
travelling respectively in the directions of y and —y. 


(24.18) 


25. Failure of the method of homogeneous deformation, and the 
method of long waves 


By considering homogeneous deformations we have obtained in § 11 
the elastic constants for lattice models in which the particles interact 
3595.87 Q 
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with central ſorces. The same procedure can no longer be followed in 
the general theory, as in the general theory it is not possible to write 
down the energy density for a homogencous deformation. Thus if we 
express O as a Taylor series in the displacements (11.2) we shall find 
that there is no way to normalize the expression to a finite volume: 
In other words, we obtain in this way only a divergent expression, from 
which the finite energy density due to the deformation cannot be deduced. 

To obtain a better understanding of this difficulty, let us consider the 
formalism of the general theory, using the linear chain discussed in § 5 
as an example. The potential function is in this case given by the 
formal sum 


D = LS zrl), (25.1) 
TZ 


where x, xp are the coordinates of the particles / and ! measured along 
the length of the chain. From a standard configuration, where the 
particles are evenly spaced with the interval s/2, let us calculate the 
derivatives of ® with respect to the particle coordinates. By straight- 
forward differentiation of (25.1) one finds that the first derivatives of ® 
are equal to zero; this expresses the evident fact that in such a uniform 
configuration the particles are all in equilibrium. By further differentia- 
tion it is readily found that the second derivatives of ® depend only 
on ¢"(s/2), the third derivatives depend only on ¢"(s/2), etc. The point 
to note is that all the derivatives of © are independent of ¢'(s;2). The 
quantity ¢'(3/2) thus completely eludes the formalism of the general 
_ theory, for the latter describes a lattice solely through the derivatives 
of ꝙ. 

If the chain is uniformly stretched so that s becomes s-+-5s, the energy 
per cell contains a term 86 08/2). (25.2) 


As it is inherently impossible to express such a quantity in thé general 
theory, it is hardly surprising that in the general case we cannot obtain 
an unambiguous expression for the energy density. 

Moreover, this example shows that the equilibrium condition (23.1) (ii) 
cannot be written down explicitly in the general theory. For, as we have 
seen in § 5, the tension in the chain is equal to ¢’(s/2); the equilibrium 
condition will thus have to be 


6 ˙68/2) = 0. 
In the two following sections we shall show that these difficulties can 


be avoided by considering long acoustic lattice vibrations. The basic 
idea is simple: since in setting up the equations of motion (24.4) we have 
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imposed only the equilibrium condition (23.1) (i), the corresponding long 
acoustic lattice waves (w(}) > 0 as y 0) must represent elastic waves 
in a medium which may be under certain homogeneous stresses. We 
shall show that by comparing the lattice waves with the elastic waves 
obtained from elasticity theory, we obtain not only the elastic constants 
but also the expressions for the anisotropic stresses in the configuration 
with respect to which the derivatives P gł) are defined. Thus in the 
general case the equilibrium condition (23.1) (ii) can be explicitly intro- 
duced in part by requiring these stresses to vanish. Like the tension 
in the linear case, the isotropic pressure finds no expression in the general 
theory, and has to be implicitly understood to vanish in any application 
of the results of the theory. 

In§ 11 it was shown that the results obtained by the method of homo- 
geneous deformation are divergent for ionic lattices except in certain 
special cases of high symmetry. In fact, apart from these latter cases, 
for which we shall not make special provision in the following discussion, 
the elastic properties of ionic lattices have to be considered apart from 
those of other lattices whatever method we may choose to employ. 
The reason is that ionic lattices are in general piezoelectric, and the 
elastic properties cannot be considered in isolation from the electrical 
effects. In other words, for ionic lattices a pure elasticity theory does 
not exist. 

A broader understanding of this point can be obtained by approach- 
ing the problem in a different way. We observe that the basis of all 
macroscopic theories in connexion with a material medium is the 
assumption that the ‘response’ by the medium is of a local character. 
Thus, in fluid mechanics we regard the specific volume as determined 
by the temperature and pressure at the same point; in elasticity theory 
we regard the strain as determined by the stress at the same point; etc. 
The task of an atomic theory is usually to provide the relations between 
the loca] parameters (e.g. specific volume, temperature, and pressure; 
elastic strain and stress components; etc.). From the viewpoint of the 
atomic theory, the above basic assumption is justified by the idea that 
the sphere of influence of atomic particles is microscopic in dimension, 
as is the mean free path, range of force, etc. Thus, as a prerequisite for 
an elasticity theory, the range of interatomic forces concerned must be 
microscopic. For ionic crystals this is not the case. As we have seen, 
the divergent results in § 11 are related to the fact that the forces on 
the ions depend on the shape of the specimen, however large it may be; 
this implies that the ions at the deel exert a finite influence on the 
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ions in the interior of the specimen. In particular this means that the 
forces on the ions cannot be completely determined by the local strain. 
Thus the divergent results are not to be seen as the consequence of the 
method of homogeneous deformation; they in fact express a genuine 
impasse from the point of view of elasticity theory. 

Thanks, however, to the Maxwell theory, this difficulty is resolved 
without giving up the basic assumption. One has to introduce besides 
the strain an additional local parameter, the macroscopic electric field; 
together they do completely determine the forces acting on the lattice 
particles. In this way the local basis of the macroscopic treatment is 
restored. Of course the macroscopic field itself is ultimately determined 
in part by conditions elsewhere, but this difficulty is overcome by the 
use of the Maxwell equations, which are local in character. 

A situation of this kind has already been met before in the discussion 
of the long optical vibrations given in § 7. Since in any small neighbour- 
hood the motion is the same in both the longitudinal and transverse 
modes (viz. a relative oscillation between the positive and negative ions), 
the difference in thelr frequencies signifies that the atomic forces cannot 
be completely local in character. In the phenomenological treatment 
this difference is brought about by the macroscopic field; the higher 
frequency of the longitudinal vibrations is seen to be due to the reinforce- 
ment of the restoring force by the macroscopic field, which is absent in 
the transverse vibrations. We may further note that the macroscopic 
field does not carry the entire electric interaction between the ions. It 
has been seen in § 9 that the electric field on an ion is split into the 
macroscopic field and tlie Lorentz field 47P/3. The latter describes that 
part of the interaction which is uniquely determined by local conditions; 
in character, this part is thus the same as the atomic forces responsible 
for elastic properties in non-ionic crystals. From this viewpoint the 
macroscopic field is not so much characterized by its being an electric 
field as by the fact that it carries the part of the forces on the particles 
which is not determined by local conditions alone. 

The situation is closely analogous when we consider the elastic proper- 
ties of ionic lattices. In order to use the Maxwell equations we have to 
introduce the dielectric polarization as well as the macroscopic field. 
Thus, instead of Hooke’s law, which relates the elastic strain and stress 
components, we require for the discussion of the elastic properties of 
ionic lattices certain relations between the four types of parameter 
describing respectively the elastic strain and stress, the macroscopic 
electric field, and the dielectric polarization. The requisite relations, as 
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usually assumed in the macroscopic theory, are the following: 


Sp = 2 co S 7 ego Eg, (25.3) 
Py = È eas S t J aag Ep (25.4) 
p 
where the notation follows Part I (S,, % = the stress and strain compo- 


nents with Voigt’s indices, P = the dielectric polarization, E = the macro- 
scopic field). The second term on the right-hand side of (25.3) represents 
the piczoelectric stress due to the macroscopic field E; the first term on 
the right-hand side of (25.4) represents the piezoelectric polarization due 
to the clastic strain s,. The parallelism between these equations and the 
phenomenological equations in § 7 is obvious; the only difference is that 
we are here concerned with the elastic strain and stress instead of the 
internal strain and the corresponding restoring force considered there. 

The piezoelectric terms in the above equations couple the mechanical 
parameters $, and &, to the electrical parameters P and E. Hence the 
elastic properties of ionic lattices cannot be discussed in isolation from 
the electrical effects, and a theory of the elastic properties is necessarily 
linked with a theory of the piezoelectric and dielectric effects. 

If we apply the method of homogeneous deformation to a finite 
specimen of an ionic crystal, the induced piezoelectric polarization 
produces a macroscopic field which depends on the shape of the specimen. - 
It follows that we cannot apply the method to an infinite lattice model. 
In principle one could develop correctly an atomic theory by applying 
the method of homogeneous deformation to a finite specimen of a 
specified shape (with certain special assumptions about the forces) and 
interpret the results with the help of the equations (25.3) and (25.4). A 
much more acceptable alternative is, however, to develop the long-wave 
method suitably for ionic lattices. To this end, we have, on the one hand, 
to obtain the elastic waves from the macroscopic theory, taking proper 
account of the piezoclectric coupling, i.e. using (25.3) and (25.4) instead 
of the usual Hooke’s law. On the other hand, we have to express the 
lattice waves in such a way as to be suitable for comparison with the 
results of the macroscopic theory. We shall develop these considerations 
in §§ 30-32, and it will be seen that in this way we obtain the coefficients 
dag. eas as Well as the elastic constants. 


26. Long acoustic vibrations 
For small values of y, (24.6) can be solved by a perturbation method 
due originally to Born. The corresponding solutions, which represent 
t Sco M. Born, Atomtheorie des festen Zustandes, 2nd ed., pp. 578-87 (1923). 
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lattice waves of large wave-length, provide exactly what will be needed 
for the discussion of macroscopic properties in the general theory (the 
elastic, piezoclectric, and diclectric properties). 

Before we develop the perturbation method one point is worthy of 
note: if y is varied continuously one would expect that each of the 3n 
solutions of (24.6), which we have denoted by walki), j = 1, 2,..., Zn, 
will also vary in a continuous way. This is generally true, so that the 
Zu solutions lead to 3x branches of solutions in this way. except, 
however, in the immediate neighbourhood of the point y = 0. That the 
dependence of the solutions on the parameter y is not regular at the 
point y = 0 becomes immediately obvious if we examine the elastic 
waves. Consider the ideally simple case of an isotropic medium. From 
elasticity theory we know that to a given wave-number vector y there 
are two transverse waves and one longitudinal wave. This means that 
as we approach the point y = 0 through y-values pointing in a fixed 
direction, the polarization vectors of the three solutions remain through- 
out respectively parallel and perpendicular to the given direction. The 
limits of the polarization vectors are thus different if the point y = 0 is 
approached from different directions; in other words, no unique limit 
exists for the solutions at y = 0. It follows that the solutions alu) 
cannot be represented in the form of Taylor series in the components 
71, Ya Ya 28 independent parameters. 

The difficulty is avoided by considering only a one-dimensional con- 
tinuum of solutions, which belong to the same branch (i.e. with a fixed j) 
and have wave-number vectors in the same direction. If we use the 
magnitude |y| as a parameter to specify the solutions in such a restricted 
group, the solutions do vary continuously with |y| down to the point 
y= 0. Accordingly, we shall develop the perturbation method by 
writing the wave-number vector as 

ey (26.1) 
and solving the corresponding equation (24.6) by expanding all quantities 
depending on the wave-number vector with respect to e. This form of 
expansion is evidently equivalent to an expansion with respect to the 
magnitude of the wave-number vector for a fixed direction of the latter. 
e can be taken as a formal expansion parameter to be put equal to unity 
in the results. 

Writing the wave-number in (24.7) as ey and expanding with respect 
to e, we have 


Caplik) = CY(kh’) +ie 2 OM el) + be? 8 C12} al), Yat- (26.2) 
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where l 
of?) — LV of fe 
CY kk’) = 5 5 2 Poplar) = CURE), (26.3) 
ORERE) = N 8 Segler), (ur) = — OR (k'k), (26.4) 
Cad) = em. = Oeger) ey (ete ralk) 


= CY ) = Cg. (k'k). (26.5) 


Remembering the equilibrium condition a p (k) = i we readily find 
with the help of (23.18), (23.23), and (23.13) the following relations: 


> Ving Cage) = D ume. Cel) = 0, (26.6) 
> Vimy Copy kk )= > VMg Coy glk! ). (26.7) 
& bn m) COB y) = 0. (26.8) 


Similarly we represent the solutions on an acoustic branch j by the 
following expansions: 


wF) = ewl(¥) Hie)... (26.9) 

wal) = WOK) tel (k|Z)-+- her |Z)+.... (26.10) 

For the acoustic waves the frequencies approach zero as y approaches 
zero; hence (26.9) begins with a linear term in e. 

On substituting the series (26.2), (26. 9), and (26.10) in (24.10), and 


equating the coefficients of various powers of e to zero, we obtain the 
perturbation equations 


0 = F CRER woe I), (26.11) 
0= 5 000 Leeper: Z OEE WER), (26.19) 

0c Fu =} 72 oa der, Mu PF) — 
— 8% À m ) wR (). 8 ⁰ Nr (by). (26.13) 


The left-hand side vanishes in both the zero- and first-order equations, 
because 07) is of the second order in e. We note that the coefficients 
in the above equations are all real, so we shall be concerned with only 
real solutions. 

The zero-order equation (26.11) has non-trivial solutions of the 


form a (EJ) = vm, (J), (26.14) 
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where u(j) can be any arbitrary vector in space. The fact that 
(26.14) satisfies (26.11) follows directly from the relation (26.6). There 
are evidently three independent solutions of the above type, corre- 
sponding to any three mutually perpendicular vectors chosen respec- 
tively as u). We have thus three branches of acoustic vibrations, 
which we shall denote by j = 1, 2, 3. Apart from the fact that they 
must be independent, the vectors u(j) for the three branches remain 
completely arbitrary in this approximation. They will first be deter- 
mined when we come to consider the second-order equations. 

To obtain the solutions of the first-order equations we shall have to 
use a well-known theorem in algebra, which may be put as follows. 
Consider the s equations in s unknowns, 2), Za, 4, , Za: 


$ Amnn C, (m= l, 2,..., 8), (26.15) 


where the left- and right-hand sides are known. respectively as the 
homogeneous and inhomogeneous parts of the equations. The equations 
can be solved in the usual way, for instance by the use of the matrix 
inverse to A,,,,, only if Amn is non-singular, i.e. if 


lámal! £ O. 


If one or more solutions z,,(j) exist for the associated homogeneous 
equations obtained by equating the homogeneous part of (26.15) to 
Zero: 


8 
Ana = 0 (26.16) 


(where j distinguishes different solutions when there is more than one 
solution), the matrix A,,, is singular. The inhomogencous equations 
(26.15) are then not in general soluble. The necessary and sufficient 
condition for the inhomogeneous equations to be soluble is that 


„Ti v 00 O, = 0 (26.17) 


for all j. These conditions can be interpreted as orthogonality relations 


between C and z,,(j), both being regarded as general Cartesian vectors 
with s components. 


When the zero-order solution (26.14) is substituted in (26.12), we 
obtain the first-order equations in the form 


P COUR Ek’ jwg Nk" l3) = „, CU C r ug J). (26.18) 


in which 10 (*I) are the unknowns. The left- and right-hand members 
correspond respectively to the homogeneous and inhomogeneous parts 
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in (26.15). The associated homogeneous equations are seen to be identical 
with the zero-order equations (26.11). Since the zero-order equations 
have solutions of the form (26.14), where all three components of u(q) are 
arbitrary, it is easily seen that the condition for solubility (26.17) reduces 
in this case to the requirement that the inhomogeneous part of 
(26.18) multiplied by Vn, and summed over k must vanish, i.e. 


7 2 Gr my)! CH E) yy ugli) = 0. (26.19) 


Owing to (26.8) this condition is identically fulfilled. 

Before discussing the solution of (26.18) it is instructive to observe 
that the equation has an interpretation closely related to the homo- 
geneous deformation of the lattice. Within a region small compared 
with the wave-length of a long wave, the lattice is essentially in a state 
of homogeneous strain. Thus, within such a region, the particle displace- 
ments due to the zero-order wave 


l ee 
UAX) = I OPEET = ul). (2.20 


can be described to the first order by a homogeneous deformation of the 
type (11.1) (i.e. a pure external strain), the deformation parameters 
being ou : 
ung = 25 = 2mieyg ua (J) ente x, (26.21) 


where the exponential factor can be regarded as a constant within the 
region considered. Using (26.21) we can write (26. 18) as 


Fy Pools Qh) = — F ot) — F pr 2, cc)). (26.22 
where 19 (0 = Jing OP Herre (26.23) 
(26.23) evidently represents the particle displacements due to the first- 
order wave (the part of the wave associated with the first-order term 
in (26.10)). The right-hand member of (26.22) is readily seen to be the 
force acting on a particle ᷣ due to the external strain (26.21). (26.23) ex- 
presses certain rigid displacements (the exponential factor to be regarded 
as a constant in the region under consideration) of the constituent 
Bravais lattices, describing thus a state of internal strain (see § 11). The 
left-hand member of (26.22) is the negative of the force on a particle & 
due to this strain. (26.22) states thus that the forces arising from the 
two types of strain must be in balance. 
The interpretation of (26.18) is now clear: the zero-order wave 
subjects each local region of the lattice to a practically homogeneous 
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external strain. The first-order wave, given by the solution w(k|¥) of 
(26.18), describes the internal strain thereby induced to maintain the 
inner elastic equilibrium. (26.18) is thus the exact analogue of (11.27), 
which determines the internal strain of a lattice subject to a given 
homogeneous elastic strain (= external strain) in the special case of 
central interaction. l 

Like the inhomogeneous part, the homogeneous part of (26.18) multi- 
plied by vm, and summed over k vanishes. It follows that if we multiply 
(26.18) by vm, and sum over k, the resulting equation is identically 
satisfied. This shows that, of the n equations (k = O, 1,..., n—1) for a 
given value of a, only - I can be independent; in the following we may 
thus consider only the 3(nz—1) equations with the indices & == 1, 2, 3; 
; = 1, 2,...,2—1. This is closely related to the fact that we can always 
add to the solution of an inhomogeneous equation any solution of the 
corresponding homogeneous équation. In view of this latter fact, we 
can assume without loss of generality that 

w013) = 0, «= 1, 2, 3. (26.24) 
For this can always be achieved by the addition or subtraction of a 
suitable solution of the form (26.14); any difference thus caused can be 
incorporated in the zero-order wave. 

(26.18) thus reduces to a system of 3(n—1) equations in 3(n—1) 
unknowns. In general, these equations are independent; in other 
words, the (3n—3)x (3u— 3) matrix CHER’) (k, * = 1,.... n—1 and 

= 1, 2, 3) is in general non-singular. Let us denote its inverse matrix 
by I%8"-3), the elements of which satisfy by definition the following 
relations: 


& Pop (C d · dag > COKE) Day . 
| j (26.25) 


Upon multiplying (26.18) by T ') and summing over « == 1, 2, 3, 
k = 1, 2,..., n— 1, we obtain 


n=l n—1 i 
wk" 5) = = 22 Dye (KK) T, 2 Vm x- CEB YEE yy uglj). 
(26.26) 
Formally it is convenient to introduce a 3n x 3n matrix T by bordering 
TGn-9) with zeros as follows: 
Taglkk') = Teg (ke), k, k' * O 


, (26.27) 
= 0 otherwise 
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Using T, we can write (26.24) and (26.26) together as follows: 
wk) = — È Ian 8 2 Vip. Chalk k" Yyy ug(ĵj), (26.28) 


where the base indices go over all the n values O, I..., »—1. 
Since Cg! is symmetric in (*) and (80, TGn-9) ig a symmetric 
matrix; and hence also T: 
ITag( hh) = TB (V N). (26.29) 
When the zero-order solution (26.14) and the first-order solution 


(26.28) are substituted, the second-order equation (26.13) can be written 
as 


erhalt. 
— 3 Oi mt. OO (RE Yyy Ya ugli) — 


— FE OM Ah ay F DRE) & F OW AOE me ul 
(26.30) 
where w(K y) are the unknowns and the right-hand member represents 
the inhomogeneous part. The solubility condition is obtained as before 
by multiplying the inhomogeneous part by vm, summing over k, and 
equating the resulting expression to zero. The condition thus obtained 
can be written 
» 3 N 1 dn? À À ; 
E [w 6 )] 240 (% = an 2 2 [oB, y Wy Yat 2 (ay, B yy Ya} ug). 


a 


(26.31) 
where the coefficients denoted by the brackets are defined by 
1 
= — - 10 * . 2 
[8,7] = sa 2 (my my CY, (KR'), (26.32) 


E —1 aJa? (1) Pe (1) 1. I 

(ay, BA) = 55 > 2 D, (kk )( S Of (kk a | & OB (kh n.). 

å (26.33) 

Use has been made of the symmetry relation (26.4) in writing (26.33) in 
this form. The brackets satisfy the symmetry relations 

[ag, yA] = [Ba, yA] = aß, Ay], (26.34) 

(aß, yA) = (Ba, yà) = (yA, aß). (26.35) 

(26.34) follows directly from (26.5). (26.35) follows from (26.7) and the 


fact that T is a symmetric matrix. We note that the round brackets 
possess all the symmetry displayed by the square brackets and are in 
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addition symmetric with respect to an interchange between the first 
and second pairs of indices. 

(26.31) determines the polarization vector of the zero-order wave, 
which has thus far remained arbitrary. The equation is directly com- 
parable with the macroscopic equation describing elastic waves, as we 
shall see in the next section. 


27. The elastic constants for non-ionic crystalst 

In dynamical problems of elasticity theory the elastic defurmation 
concerned, though not homogeneous as regards the medium as a whole, 
can be considered as homogeneous in a small neighbourhood about any 
point. Thus, if u(x) is the elastic displacement at a point x, we have in 
a small neighbourhood of a point x° 


Ua(X?--5X) = (X?) + 2, 55 


The first term on the right represents merely a i of the small 
region as a whole and only the second term represents an clastic deſorma- 
tion. A comparison of (27.1) with (11.1) shows that about the point x° 
the medium is subject to a homogeneous elastic deformation with the 
parameters u,,, given by 


al Ba, (27.1) 


Ue, = D. (27.2) 


In§ 11 we have already seen that the elastic strain of a homogeneously 
deformed specimen is to the first order described by six strain compo- 
nents 6, which are related to the parameters ua, by (11.24), In dynamical 
problems the strain components are defined locally by substituting 
(27.2) in (11.24), namely, 


_ OU, Lu, 
= Ge tae, ( V. 
d 
Z — — e 9 e 
r, (a = y) (27.3) 


The stress components S, are similarly functions of position and are 
related to the local strain components by Hooke’s law (11.29). 

The equations of motion are most readily obtained by using the stress 
and strain components in tensor notation ; these are defined (see (11.25)) 


by y = Sq = Sy, 
_ 1/du, , Gu, 48, (A = ) 
fay = Sya = 105 1450 — 0 (x = y). oe) 


Say thus defined represents the a-component of the force exerted on the 
medium which is on the negative side of a unit surface, normal to the 
t K. Huang, Proc. Roy. Soc. A, 203, 178 (1950). 
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y-direction, by the medium on the positive side. S is defined in the 
above way so that Hooke’s law (11.29) can be simply expressed in tensor 
notation, as follows: S = 8 Cay BA SBN: - (27.5) 


where the elastic constants in tensor notation are obtained from the 
elastic constants in Voigt’s notation by a simple transcription of the 
indices in accordance with (11.25). Thus by definition can is symmetric 


in both a, y and £, A; taking account of the fact that c = Cap, we have 
thus the symmetry relations 
Cay Bà = Cya, BA Cg ay · (27.6) 


Since the divergence of the stress tensor Sag is equal to the force per 
unit volume, the equations of motion can be written as 


98 

pda E 7 
y rr 

where p is the mass density. Using Hooke’s law (27.5) and afterwards 


expressing sag in terms of the displacement vector u(x) by (27.4), we 


(27.7) 


have 
as 2 27.8 
pte, 2 Cay, g 7 z, Bx, ( ) 
prà oak E a Ea 
Consider now a plane elastic wave „ EE ; 
F : : ; — Wee a 
pe ae PP u(x) = ũexpſa2niy. x- ici]. ice 7 (Qt. 00 
Substituting (27.9) in (27.8), we obtain e | ö 
pwt, = 4n? 5 (3 Cary B 1, yah tip. (27.10) 


It is seen that this equation is identical in form with the equation 
(26.31) for the long acoustic lattice waves. It is, however, important 
to note that (27.10) specifically refers to clastic waves in a medium 
initially free of stresses; a medium, even if only subject to homogeneous 
stresses, cannot be described with twenty-one elastic constants as above 
(see next section). Thus (27.10) is comparable with (26.31), only if the 
latter describes lattice waves in a lattice initially free of stresses: in other 
words, only if the coefficients ®,9(,4-), which underlie the brackets in 
(26.31), are actually defined with respect to a reference configuration 
satisfying the equilibrium condition (23.1) (ii). We shall presently find 
that for (27.10) and (26.31) to be compatible, certain relations must be 
fulfilled by the square brackets [ag, yA]; from this we may infer that 
these relations express restrictions on the derivatives, which are in some 
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way related to the condition of equilibrium (23.1) (ii). The exact signifi- 
cance of these relations will be considered in the next section. 
For (27.10) and (26.31) to be identical we must have 


È aypa Yy n = > (la, A]+ (ay, BANY Ya (27.11) 
for any value of y; it follows that 
cay H F = 2[08, A] (xy, BA) + (aà, By). (27.12) 


These relations must be satisfied subject to the symmetry relations 
(26.34), (26.35), and (27.6) for the brackets and the elastic constants. 

Let us regard the brackets as known, and consider (27.12) as equations 
determining the elastic constants c. We observe that the round 
brackets satisfy exactly the same symmetry relations with respect to 
permutation of the indices as the elastic constants. Thus we can elimi- 
nate the round brackets from our consideration by introducing instead 
of ca the quantities du, defined by 


Cay pa = day pa Hlay, BA), (27.13) 
so that (27.12) becomes 
day pa tdargy = A aß, yA]. (27.14) 


The quantities da, must evidently satisfy the same symmetry relations 
as ca and (ay, Bd). We express these symmetry relations in the twofold 
form: 
(2) ay ph = dre (27.15) 
(6) dan = daray 

Now we can regard da, as the unknowns and seek the solutions of 
(27.14) consistent with the symmetry relations (27.15). 

We shall show that in fact there is only one solution of (27.14) con- 
sistent with (27.15) (a). Let us suppose that there are two distinct 
solutions da, ay, pA and da, ay, BÀ of (27.14), both consistent with (27.15) (a). 
Their difference Ade, = day, N day, pa must be symmetric in the first 


pair of indices: Adap = Adap (27.16) 
and satisfy the . l 
day prtAday, By = O, (27.17) 


which is obtained by ae day, e and dan, en respectively in 
(27.14) and taking the difference. Relabelling a and y respectively’ as 
y and a, we can write (27.17) as 


Ad yapa tAd yA fa = O. (27.18) 
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It follows from (27.16) that the first term in (27.17) is equal to the first 
term in (27.18). Thus, subtracting (27.18) from (27.17), we find that 
Ady py— Ad, pr = 9. (27.19) 
In view of (27.16) we can permute the first pair of indices in both terms; 
relabelling afterwards A, a, y respectively as a, y, A, we obtain 


Ada, M Aden, = 0. (27.20) 
Adding (27.20) to (27.17), we find that 
Ada, = 0. (27.21) 


day pa and day pa are thus necessarily equal. In other words, with 
(27.15) (a) alone as auxiliary conditions, the solution of (27.14) is 
already unique. 

It is easily verified, with the help of the symmetry relations (26.34) for 
the square brackets, that 


day, pa = [oB, yA] +[By, aA IBA, ay] (27.22) 
satisfies (27.14) and is symmetric in the first pair of indices. (27.22) thus 
represents the only solution of (27.14) which is also consistent with the 
symmetry requirement (27.15) (a). 

The solution is not in general compatible with the remaining sym- 
metry requirement (27.15) (6). In fact, upon substituting (27.22) in 
(27.15) (b), one obtains the conditions 


[By, IBA, ay] = lo, By]—[ay, BA]. (27.23) 
Relabelling B, y, «, A respectively as y, B, A, a, one can write (27.23) as 
[vB, AI [ya, AB] = [àx, yB]—[AB, ya]. (27.24) 


Adding (27.24) to (27.23) and remembering the symmetry properties 
(26.34) of the square brackets, we find that 


[By, xà] = Jod, By]. (27.25) 


These compatibility conditions, as we havo mentioned earlier, myst be 
related in some way to the equilibrium condition (23.1) (ii) for the lattice. 
We know, for instance, that if the coefficients ®,9(},}-) do actually refer 
to the lattice configuration satisfying (23.1) (ii), (27.10) and (26.31) must 
on physical grounds be identical, and (27.25) must then be automatically 
fulfilled. . 

Under the supposition that the lattice is actually free of stress so that 
(27.25) is fulfilled, the expressions for the elastic constants are obtained 
by substituting (27.22) in (27.13): 


Cay pà laß, yA]+[By, a IA, wy]+-(ay, BA). (27.26) 
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It is easily verified with the help of the symmetry properties (27.25) that 
this expression for c, satisfies the necessary symmetry requirements 
(27.6) as well as the equation (27.12). 

It is easily seen that the above treatment does not apply to ionic 
crystals. Thus let e, be the ionic charge of an ion k; the Coulomb inter- 
action between the ions contributes to ® the terms 


1 ex Ce 


3 I — X() — u). 
680 X( +u) — x(k) ulk) 


If we denote the corresponding contributions to the second derivatives 
of ꝙ by OF 930 * v), we find by straightforward differentiation of (27.27) that, 
excepting l = 0, kh’ = k, 


(27.27) 


oc CEOE ae 32 1 1 

Sg (N:) = —é,€ esch ao 27.28 
sake) = 90150 = kk r. g [x] jelah) (27.28) 
whereas for | = O, k= Fk, 


Delik) = * = er > 12 76 ry -l (27.29) 


where the prime over the Pe excludes the term (f.) == &). We 
notice in particular that L given by (27.28) falls off with the 
inverse third power of the distance |x(,4-)|; thus we immediately see, 
for instance, that C{(kk’) involves a divergent sum. 

The failure of the above method for ionic orystals is indeed expected 
for the reason given in § 25, namely that the long lattice waves are no 
longer pure elastic waves such as are described by (27.7)-(27.10). 


28. Equilibrium conditions (vanishing stresses) and further 
invariance relations} 

Certain points in the above discussion still remain to be clarified. In 
particular, taking account of the symmetry relations (26.34) satisfied 
by the square brackets, we find that (27.25) imposes fifteen independent 
conditions on these brackets; whereas the requirement of vanishing 
stresses should not give rise to more than six conditions. 

Since in the formulation of the equations in § 24 the equilibrium 
conditions (23.1) (ii) have not been introduced, the equation (26.31) may 
in fact describe lattice waves in a lattice which is under stresses (homo- 
geneous, for otherwise (24.3) could not have been satisfied). Therefore 
in the following we shall compare (26.31) directly with the equations 
for elastic waves in a medium subject to a system of arbitrary homo- 
geneous stresses. 

t K. Huang, Proc. Roy. Soc. A, 203, 178 (1950). 
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Consider thus an elastic medium which is initially under stress, and 
denote the position of points in the medium by x. Let the medium be 
subject to the following homogeneous strain from this initial con- 


figuration: u(x) = X tap Xp. (28.1) 


The energy density u due to the deformation can be expressed as a 
Taylor series thus: 


u = 2 Saß U apts p> 2 S Br May -g. , (28.2) 
where Say, H = Sprays (28.3) 


It is obvious that if the deformed medium is rotated rigidly the energy 

density must remain invariant. As can be shown, f it follows from this 
invariance requirement that 

Sag = Spo (28.4) 

Sh Ad g t Say &. pr = O. (28.5) 

We notice that Sag = (@u/éu,g) are simply the initial stress com- 
ponents in the medium (ef. (11.29) where the derivation of the stress 
components from the energy density is given in Voigt’s notation). For 
a medium free of stresses we have to put Sag = 0. Then the energy 
density becomes quadratic in the strain components, and S,, becomes 
identical with the elastic constant cą gà It is scen that in this case 
(28.3) and (28.5) reduce to the symmetry relations (27.6) for the clastic 
constants. 

The equations of motion can be deduced with the help of the Lagrangian 
function constructed from the energy density (28.2). It can be shownf 
that, if only terms up to the second degree in the wave number are 
considered, the wave equation is the same as (27.10) with the elastic 
constants cn replaced by Sa,, namely, 


puti, = 422 7 | > Say pa Yy Yah tp. (28.6) 


The difference of the present case from the stress-free case is not so much 
in the wave equation as in the different symmetry relations which S,, g 
has to fulfil. 
Comparison of (28.6) with the lattice-wave equation (26.31) gives 


Say, pa t Sarpy = lab, AI (ay, BA)+ (aA, By). (28.7) 


(28.7), together with the symmetry requirements (28.3), (28.4), and 
(28.5), may be regarded as a system of equations determining Sag and 


8 
f See K. Huang, Proc. Roy. Soc. A, 203, 178, Appendix (1950). 
3595.87 N 
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Instead of S,, it is convenient to introduce new unknowns æ 
which. are defined as follows: 


Say. BA = laß, yA}-+[By, aA] — [BA, ay) + (wy, Pree As (28.8) 
We have seen in the last section that the expression in the curly brackets 
satisfies equations of the form (28.7) and is, moreover, symmetric in the 
indices « and 7: Hence on substituting (28.8) in (28.7), we find that 
‘Tapy = Laß y- l (28.9) 
rag must thus be antisymmetric in the last pair of indices. The sym- 
metry relations (28.5) require that 


S dg yA Sba Cg 5B. A = 0, (28.10) 
and the relations (28.3) become 
top yrt[By, aA]—[BA, ay] = 2 IU, By]—[ay, BA}. (28.11) 
For B = y a, (28.10) reduces to 
Sar = g- Tag (B # a). (28.12) 


The expression on the right must thus be independent of B so long as 
B £a. For a Æ à we may put B = A in the above formula and obtain 


So = TAAT . = TT. ( 72 A), (28.13) 


where zaa Vanishes owing to the antisymmetry requirement (28.9). For 
œ = À the first term in (28.12) vanishes for the same reason, leaving 


aa = aß, Be (B £ a). (28.14) 


This implies, of course, that 2, is independent of $ if B + a. 

Now that all the stress components Sag are expressed in terms of the 
quantities z, let us proceed to determine the latter. ‘Clearly out of 
the four indices of 2,, 5, at least two must be identical; we shall consider 
the solutions for 2,, 9) according to the positions occupied by the pair 
of identical indices: 

(a) ag: It follows directly from the antisymmetry relation (28.9) for 
the last pair of indices that 


SaByy = 0. l (28.16) 

(b) Laxa: On putting B = d in (28.11), we find, with the help of 
28.9), t 

CBR nee Tac. A = lol, lay, aA]. (28.16) 


(c) zappa: With the restriction that a A, œ B, we can combine 
(28.12) with (28.13) and obtain 


Tag. BX = TPB aA — Sa) = TRB aA Ma (a Æ A, a Æ 5). 
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Both terms on the right are of the description given in (6); thus by 
suitable relabelling of the indices in (28.16) we can express the right-hand 
member of the formula in terms of square brackets: 


Tapp, = BA, Ba] Ha, BAJ—[AA, Aa]+[Ae, M] (a à, œ * 5). (28.17) 

(d) e: In view of the antisymmetry in the last pair of indices we 
can reduce this case to the one above. Thus, on relabelling Aas yin 
(28.17), we find, fora Æ y, a B, 


%% = —Tap py [By, Hal IB, By]+Lry, yal I Ya, yy] 
(a Æ à, a 5). 28.18) 


(e) æ On putting A = a in (28.11), we have 


ag. y 

Tap, ya t [By, aa! IB, ay] = Tha ay Ela, 871 — —[ay, Bal]. (28.19) 
For f # a, R Æ Y, 4g On the right-hand side is of the type described 
in (c) and may thus be eliminated with the help of (28.17) (relabel q, B, A 
as B, a, y). In this way we obtain 


ag = aa, By]—[By, xa]—[yy, vBJ+[yB, yy] (8 * a, B * y). (28.20) 


(f) Tapa: For B Æ a, B = A, we can reduce this case to the one above 
with the help of the antisymmetry relation (28.9): 


Tapa = — Tab = —[ex, BA]+-[BA, aaf TA. AB]—[AB, AA] 
(Ba, f 4 V, (28.21) 
where (28.20) has been used with y relabelled as A. 
Taking account of the restrictions indicated in the brackets given 


after the above formulae we find that the above list covers all possible 
forms of 2,,,, except the following: 


Tag. Ba = Tag, ag · - 
These Sieni cases are related to the stress a as follows 
(see (28.14)): 


Si, = — 2221 = — Tisa = 712.12 = 13,13: 
822 = — og 92 = — 212 = %o3 03 T2121 (28.22) 
Dag = — 31,13 = — 32,23 = 31,31 = 3232 


The differences between these stress components are determined by 
(28.11), for we can write 


Si — 822 = ©9112 — K 12,215 (28.23) 
S22— 833 Taz, 23 — 23,32 ' (28.24) 


S3 — 811 13,31 Tai, 13 · (28.25) 
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The right-hand members of the above equations may then be expressed 
in terms of the square brackets by putting œ = à = 2, p= y = l; 
a = A= 3, B=y=2; and a = A =I, B=A=3 respectively in 


(28.11): SuSe = [22,11 ]—[11, 22], (28.26) 
Sz Sa = [33, 22]—[22, 33], (28.27) 
Ssa— Su = [11, 33]—[33, 11]. (28.28) 

On introducing the average pressure 
P = — $S t S22 + S33), (28.29) 


we find, on combining (28.29) with (28.26), (28.27), that 


Sa = —p+ 422, 11]+{33, 11J—[11, 22]—[11, 323). (28. 30 
It is easily seen that the expressions for Saz and S,, can be written down 
by cyclic permutation of the indices in (28.30). From (28.22) it follows 
that all the quantities 7,95, = —2qg,.g can be similarly expressed in 
terms of the square brackets and the average pressure 7. 

Our description of the solution is completed by giving the stress 
components Sa (x Æ A) in terms of the square brackets. Let us put 
« = À in (28.16) and relabel y as a. According to (28.13) the result is 
equal to S/, hence 


= [AA, Aa] — aA, M] (æ Æ A), (28.31) 


Since S,,,g, can be ete in terms of the quantities 2 with the 
help of (28.8), we have thus determined S/ as well as Sag, all in terms 
of the square brackets and the average pressure. These will be a solution 
of the equations (28.3), (28.4), (28.5), (28.7) only under the assumption 
that a solution does exist. This has to be verified by substituting in 
these equations the expressions obtained above for Sag and S,,g,. In 
fact one finds that these equations are not identically satisfied; instead 
une obtains ten independent relations by this substitution. These are 
thus the conditions for the existence of a solution. Since on physical 
grounds the solution must exist (i.e. the results of the lattice and elastic 
theory must agree at the long-wave limit), the ten relations must thus 
be identities necessarily fulfilled by the square brackets. ‘The identities 
are 


[21, 13] = [31, 12] and cyclic permutations, (28.32) 
[22, 23]—[23, 22] = [33, 32]—[32, 33] and cyclic permutations, (28.33) 
i 23]—[23, 33] = [11, 23]—[23, 11] and cyclic permutations, (28.34) 

122, 11]+-[33, 22]+[11, 33] = [11, 22]+[22, 33]+[33, 11]. 28.35) 
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Since these identities have been obtained without making any special 
assumptions apart from the rotational invariance of the elastic energy 
density expressed by (28.4) and (28.5), they must clearly express the 
corresponding invariance conditions in the lattice theory. These relations 
will consequently be automatically fulfilled in any special example. 

Apart from the ten invariance relations the solution gives also the 
explicit expressions for the five anisotropic stress components: S,,—Syo, 
S22— S33 Si: Sog, Sg, in terms of the square brackets ((28.26), (28.27), and 
(28.31)). 

The significance of the fifteen conditions in (27.25) is now easily 
understood. If these conditions are fulfilled we find immediately, with 
the help of (28.26), (28.27), and (28.31), that all the five anisotropic 
stress components vanish; and, moreover, the above ten invariance 
relations are satisfied. Conversely, if we set the expressions for the five 
anisotropic stress components to zero, we can easily show, with the help 
of the ten invariance relations, that all the conditions (27.25) are fulfilled. 
The conditions embodied in (27.25) are thus equivalent to the five con- 
ditions for vanishing anisotropic stress components and the ten in- 
variance relations. 

The above treatment does not give an expression for the pressure. 
This is very much as we should expect in view of the linear example 
discussed in § 25; clearly, like the tension in the linear example, the 
pressure is not determined by the derivatives of the total potential 
function ®. 


29. Central forces 

It is instructive to apply the results obtained in the last two sections 
to lattice models where particles interact with central forces. As in & 11, 
we regard the potential energy between two particles of the types k and 
* respectively as a function of the square of their distanco apart and 
denote the function by hy. The formal total potential function for the 
lattice is thus given by 


® = 45 5 ru uh) ff (29.1) 


where, as in § 11, instead of excluding (f) = (4) we make the formal 
provision that 4,, and all its derivatives are equal to zero for zero value 
of the argument. 

The derivatives of P can be obtained by straightforward differentiation 
of the above expression. In carrying out the differentiation we need only 
note that the differentiation of P with respect to u, (f-) selects out 
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of the double summation in (29.1) only the terms with either ($) or 
(E) equal to (i.). The same is true in obtaining the second derivatives 
with respect to displacements of the same particle; the second derivatives 
with respect to the displacements f(L), 2g({--) of two different particles 
(E) and (F-) are, however, contributed only by the two identical terms 
H= E), E) = G.) and (1) = G), &) = (Ẹ) in the above sum. The 
explicit expressions for the first and second derivatives can. be written 


P (k) = 2 > La M. Teeny, l (29.2) 
Dagli) (- 28g p — 4 tgh hk (29.3) 
(the case l = O, k' = k excluded), 
Paslit) = 2 {28.8 ip’ a * ( (29.4) 


where, as in § 11, the arguments are indicated at the lower right corner, 
and y refers to Pray if the argument indicated concerns two particles 
of the types band k' respectively. The formal understanding that (0), 
Pzgl(0), ete., are equal to zero is evidently equivalent to excluding the 
term (g) = (2) in (29.2) and (29.4). 

Substitution of (29.3) and (29.4) in (26.3), (26.4), and (26.5) gives 


CE) = momo? 28% D Whit CL h) EAR, 
(29.5) 


CO(kk) = bes > * hey +4 2. > Lag kh 


ve 
Copy kk’) = 8 (my 5 Taman aß 2 l ye Je. y+2 > [ta TRT. yi had. j? (29.6) 
CS yh kk’) = i (Sag 2 Lv, a0 +2 2 EEJ; typ WEG. ). 


(29. 7) 
In Sin dowi (29.6), (29. 7 ), we note that (29.4) contributes nothing. 
The equilibrium condition (23.1) (i) now reads 


balk) = 2 È [zat] = O, (29.8) 


which is seen to be completely equivalent to (11.13), in view of the 
symmetry relation (11.10) (6). Moreover, with the help of the relations 
(11.10), it is easily verified that the above expressions for the coefficients 
CORK’), CY, kk’), and CoB „%) fulfil the general relations given in 
(26. 3)-(26.8). 
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On substituting (29.7) in (26.32) we obtain for the square brackets: 


[ag, yA] = = te E T . J (0 +- 225 Ira g Ty TÀ E (29.9) 


which evidently satisfies the symmetry relations (26.34). Furthermore, 
it is readily verified that the ten additional invariance relations (28.32) 
(28.35) deduced in the last section are also satisfied by the above 
expression. 

(29.9) used in (28.26), (28.27), and (28.31) gives for the anisotropic 
stress components: 


811822 = — >) (zilie) — 20) ) W (IX () le), (29.10) 
Va kk’ 

SaSe = — >. (dW, (29.11 
Va kk 


Sa = — D tals ea (IXGEIP) (eA). (29.12) 


Va ikk 
The average pressure can, of course, be obtained now that we have 
a specific model. Let us consider a uniform compression, whereby all 
distances in the lattice are reduced by the same factor, which we denote 
by (1—e). By considering the interaction energy of each particle in the 
zero-cell with all other particles in the lattice and summing over the cell, 
we obtain for the energy change per cell 


3 2 2 Mrl — Nx k) — Perlla) 
= —e DD Xle) Akella l) + Ole) +... (29.13) 


This must be equal to the work done on a cell by the pressure, which, to 
the first order in e, is given by 
(volume decrement per cell) x p = 3ev, p. (29.14) 


Equating (29.13) and (29.14) in the limit 6 O, one finds that 


öS LSS) = —P = 5. & Lx). (29.15) 


35, FE 


Combining this expression with (29.10) and (29.11), we find that the 
same formula as (29. a 


Sap = — > Cal whe) rg), (x( xl), (29.16) 
Va I 
holds for a = B as well. 
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The equilibrium conditions (23.1) (ii) require that all the stress com- 
ponents vanish, and hence read in the present case 


Sack p(k’ (XG?) = 0. (29.17) 


These conditions, we note, are identical with the conditions given 
previously as (11.14). 

When the equilibrium conditions (29.17) are fulfilled, the expressions 
(29.9) for the square brackets reduce to 


[ag, yA] = = > Lag xx, IA) (29.18) 
a IRR 


Let us consider the elastic constants for lattices where every lattice 
particle occupies a centre of symmetry (see § 11). For this special case 
the expression (29.6) for CÙ) (kk') vanishes identically; it follows from 
(26.33) that all the round brackets vanish in this case. In view of this 
and the fact that the square brackets given now by (29.18) are sym- 
metric in all four indices, we find that the elastic constants (27.26) become 
in this case identical with the square brackets: 


Cay. G = [ag, yA] = Z > [£a 2g LyX) plegi (29.19) 


@ IRK 
which has been obtained in § 11 as (11.30). 


30. Coulomb field in a dipole lattice—Ewald’s method and 

separation of the macroscopic field 

The divergent results given by the long-wave method in the case of 
ionic crystals indicate not only that the lattice waves are no longer 
comparable with pure elastic waves, but also that tho perturbation 
method developed in § 26 has to be modified. In this section we shall 
establish a result which is the basis of the modifed treatment; the 
essential mathematical technique required for this purpose was due 
originally to Ewald. 


Consider the dipoles 
p(l) = perry: x (30.1) 


® 
distributed over a simple Bravais lattice x() = !'a,+/?a,+/'a,. If the 
wave number y is small compared with the inverse of the dimensions 
of a lattice cell so that p(l) changes very little from one cell to the next, 
the lattice can be imagined as a polarized continuum with the following 


t P. P. Ewald, Dissertation (München, 1912); Ann. d. Phys. 54, 519, 557 (1917); 
64, 253 wey: Nach. Ges, Wiss. „ 5 9 W E. GV C, Ne c iS 


men 7 
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macroscopic dielectric polarization: 
P(x) Perixx. (30.2) 
Va 
The corresponding macroscopic electric field can be determined in the 
same way as in § 7 with the help of the equation of electrostatics: 
V.(E(x)+4rP(x)) = 0, (30.3) 


where E(x) is an irrotational field. We have to use (30.2) for P(x) and 
obtain the value for E(x) from (30.3). Let us split P(x) into two parts 
P(x) and P(X) respectively parallel and perpendicular to y; it is easily 
verified that P,(x) is irrotational and P, (x) is solenoidal. Hence P , (x) 
contributes nothing to (30.3), which may thus be written as 


V.(E(x)+42P,(x)) = 0. (30.4) 
Since both E(x) and P,(x) are irrotational, we have, moreover, 
V A (E(x)-+-47P,(x)) = 0. (30.5) 


It is a well-known theorem in vector analysis that if both the divergence 
and curl of a vector vanish everywhere, the vector field itself must vanish 
identically. Thus it follows from (30.4) and (30.5) that 


E(x) = —47P,(x). (30.6) 
Expressing P,(x) explicitly with tho help of (30.2), we have 
E(x) = Eesriy. x, (30.7) 


where the amplitude is given by 


e a 


The actual Coulomb field in the lattice is, however, different from the 
macroscopic field. The field at a point x due to the single dipole p(ͤ) at 
x.) is given by (a-component of the field) 


é l 
- Pal Sr. a A] N 
Summing over all dipoles in the lattice, we obtain for tlie Coulomb field 
at x 
eꝛ2niy. xi 
R Pa a m >. Roe EU (30:10) 


9 
4 — 
8 j * 
— 0 2 3 ; 
= 35 aw eh ae & 
¢, ame 
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Our purpose is to transform (30.10) so that it becomes the sum of the 
macroscopic field (30.7) and an inner field, and then to show that the 
inner field, as a function of y, is regular at y = 0, whereas the macro- 


‘scopic field is not. 
Following Ewald, we introduce the identity 
Mi -x-xi d : 30.11 
5 ° P= x] ial 


to give an integral representation of 1 | |x(2)—x|. Thus, using (30.11), we 
can write (30.10) in the form 


9² 7 2 ' . 
mae IX -x 2riy. (x -x) iy. x 2 
Ar da, Op Í | T; 2, e le dp. (30.12) 
0 


The expression given in the curly brackets is a periodic function of x 
with the periodicity of the lattice; for if we replace x by x+- x(). we can 
restore the function to its original form simply by introducing /—] 
(i.e. I1— It, 12— f, 185) instead of | as the summation index. The 
expression may thus be represented by a Fourier series. According to 
(22.22), the Fourier coefficients are given by 


90 bi- ho, h) = >f £ 2 e- -x fp niy. e n x dx, ( 30. 13) 


P Saro: coll 


where the integration could be over any arbitrary lattice cell, but we 
have chosen for deſiniteness the zero-cell. After interchanging the order 
of integration and summation we may introduce, for a particular term L, 
x’ = x—x/(i) as the integration variable, the range of integration for x’ 
being evidently over the cell -“. Hence we can write (30.13) as 


Ilas la. ie) = — x J 5 e-. ure da, (30.14) 
L. coll 


where we have used the fact that exp{—2ziy(h).x(l)} is equal to unity 
(§ 22). The sum in (30.14) is evidently equivalent to an integration over 
all space, and the resulting integral is easily evaluated, giving 


1 2 : 
ath, la, hs) = =- ete een dx 
Mall space 
2 1 


re Ty. (30.15) 
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The Fourier expansion of the periodic function given in the curly 
brackets of (30.12) can thus be written down explicitly as 
> 2, e- -x. iy. (x -&) — 2, 9011. ho, ha )e27*¥Us).x 
= 22 I APII zntyG . . (30.16) 
Ya SP „ 35 
(30.16) is known as the theta-function transformation. The appear- 
ance of this important transformation in crystal physics we owe entirely 
to the work of Ewald. It is clearly evident that the series on the two 
sides of (30.16) are rapidly convergent for large and small values of p 
respectively. If we divide the integral in (30.12) into two parts and use 
the two alternative expressions offered by (30.16) for the pespective 
integrands as follows: 


— 2 8 -ixx p 420 ty. x) 
>, P OX, 2505 2 Í s do 
B l È 


R 
27 1 
> -C Pyh) 2 iich) Ty). x J 30.17 
+ Va h f ° p? P); i 


PY 


we can, by proper choice of the dividing-point R, secure fast convergence 
for both series in (30.17). This procedure provides a powerful method 
for calculating lattice vibrations in ionic crystalst and certain lattice 
sums in general. 

However, Ewald’s method is of even greater theoretical significance 
in providing a way of separating the macroscopic field from the actual 
Coulomb field. Introducing for simplicity the functions 


G(x) = E, H(z) = =. = Í e- dx, (30.18) 
z 


we may rewrite the Coulomb field (30.17) as 


1 2 2 , 
2 Pps eons, =| — pi ay. x 
+R T H(R|x()— X|) expſ 2e. x() Iꝗ- 


m 1 


Ty Re >, G / R?) exp[2ri(y(4)+y). xl}, (30.19) 
where the term 2 = 0 in (30.17) is written separately, and the prime over 


the summation of h indicates that the term x = 0 is now to be omitted. 


t Soo, for instance, E. W. Kellermann, Phil. Trans. Roy. Soc. A, 238, 513 (No. 798) 
(1940). 
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After the differentiation is carried out, the field becomes 


O m i 
Sa-i- Egia] 
-+ R3 » Has R(x(1)— x))expI2 xy. x(2)]— 


n? $ 
— mle (% h) YM f, yg) * 
a h 


yeni iy Cy). II. (30.20) 


92 
where Hag( x) = 528 tg H(|x|). (30.21) 
Let us write the first term in (30.20) in two parts as follows: 
_ 4a! = 5 5570 = Ya Ye Peg —e Mi R e? 21. x (30.22) 
Va ly| A Va B ly? 


where the first part is seen to be identical with the macroscopic electric 
field given by (30.7). Hence we can write the Coulomb field (30.20) in 
the form 


4 yy 72 pe 
E eꝛnty. . 15 a gie 3R] e2riy x 


4 2 I He R(x) —x))exp[2niy . x(0)]— 
-AE S (valh)+¥a)(yplh)-+yp) x 
a h 


by UE e ærIeri(yſ) +y). xl. (30.23) 


where E is given by (30.8). The first term of (30.23) represents the 
macrogcopic field and the rest the inner field. 

From a purely mathematical point of view, the significance of separat- 
ing the macroscopic field is the following. Both sums (over / and h) in 
(30.20), we note, are regular functions of y as y approaches zero; as 
series, they converge rapidly, and every term in these sums has a per- 
fectly defined limit for y = 0. The first term of (30.20), on the other 
hand, is not a regular function of y at y = 0 owing to the appearance 
of |y|? in the denominator. The factor y, yg/ly|*, for instance, has no 
unique limit; its limiting value depends entirely on the direction by 
which the point y = 0 is approached. In subdividing this term in 
(30.22), we have separated off a part which is easily seen to be a regular 
function of y, for the factor {l1—exp[—7*|y|?/R?]} varies as y|? for 


V,§ 30 THE METHOD OF LONG WAVES 253 


small values of y, and thus cancels |y|? in the denominator of the term. 
From this point of view, in the final expression (30.23) for the field, the 
first term, which represents the macroscopic field, absorbs all that is 
not regular at y = 0; the inner field represented by the rest of the terms 
is, on theother hand, a regular function of y and possesses an unambiguous 
limit at the point y = 0. 

The above result is readily generalized to the case of a composite 
lattice, where a lattice point (i) is occupied by a dipole 

P(E) = per-); (30.24) 

for, as far as the field due to a particular component Bravais lattice * 
is concerned, the problem is the same as before except that, for this 
field, the amplitude p (cf. (30.1)) is now given by p(h’)exp{2aiy. x(k’)} 
and, moreover, as the origin of the component lattice is at x(k’), to use 
the above results we have to replace the argument x by x—x(k‘). In 
this connexion, we should remember that E in (30.23) is determined by 
the amplitude of the dipole as in (30.8). After making the above replace- 
ments in (30.23) and summing over different component lattices, we 
obtain for the Coulomb field in the general case the expression 


Ey e@riy x1 2 2 2 00 2 Er [1 eker Jeaniy- x $ 


4+ Rey H. {2 (x(Ẹ) )—x) exp[2ziy- x(Ł)]— 
— 5 2 > (Valh) + Ya) (ypyg) x 
x G(x? |y(h)+y |?/R?)exp[2aty(h) . U (30.25) 


where the amplitude of the macroscopic field is now given by 


n=- Ze oa 


The function H,g(X) is singular at x = O. Hence the Coulomb field 
(30.25) diverges at the lattice points. Take, for instance, the field at (}); 
the term J = 0, kh’ = k in (30.25) is divergent. This is clearly due to the 
contribution from the dipole situated at (z). What we shall actually 
require for later purposes is the field at a lattice point such as (2) due to 
all other dipoles; this field has been called the exciting field (orregendes 
Feld) by Ewald. To obtain the exciting field at (), we subtract the field 
due to the dipole at (2): 


ð? 1 
a 2n iy. x(k) — — — — i e 
2, Palle Ox, Og |x(k)—x| e 


254 THE METHOD OF LONG WAVES V,§ 30 
from the term * = k, I = in (30.25), obtaining 


nl. — zz PERI- x|)— 


000 


Rx (N) -x| 
g? —1 ° 

— 2iy · xxx ) J. — 

= ; pa(kyje 2 a 200 Va e a. (30.28) 

E ' 0 


It is easily verified by expanding the integrand e- that the function in 
the curly brackets is regular at |x(k)—x| = 0. If we introduce the 
function 


* 
Ho(æ) = = ll e-. dee, (30.29) 
0 


the net effect of subtracting the contribution of the dipole at (}) is 
equivalent to replacing the function H,,(x) by Hax) in the term J = O, 
k’ = k in (30.25). After making this replacement and putting in the 
coordinates of (2), namely x(k), for x, we obtain or the ä field 
at (2) the expression = age 


Ey e2tiy: x(k) g2arty- bs 04s ol) (30.30) 


where, for later convenience, we have introduced the symbol” 


Oal = (P(e) F Hag Ra oxpl2niy. x) 


. >” (Vah) Te) U-) x 
a h 


x G(n®|y(h)-+y|*/R*)exp[2miy (h).. (x(k)—x(k’))]. (30.31) 


It is to be understood that, for the a * = k, Hag(x) hasto be replaced} 
by Hag(x) in the term l= 0, Lhe Sug Bye oe cheered in die, L. 
It may be remarked that the 8975 expression for the field is perfectly 
rigorous whatever the value of y, although only for small values of y 
has the first term in (30.30) a simple macroscopic significance. 
The coefficients Oag INA“) satisfy the relations 
Lhe tan v e Qaplde) = palik’) 


E 9 5 Teena. G ~ 
Hiina anglois a{ 2 aB) = Gal. 


re . 27 Quel) = pl). (30.34) 
The relation (30.32) is immediately evident from (30.31). To prove 
(30.33) we replace y by —y in (30.31); the result is readily seen to be 


ow to Kig if we introduce k’ t as the summation index in 
1 Tief 7 poe 1.3. ee SAT * 2 e A T a Boe -l Š = „5 2 — 2 
C 


y 
Pa * °° e. Bt , 4 1 d o 25 2 i 58 = ‘ 
WR Sf pe Et Stee Be ott alee b i Lue te he A“: re hag 
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the last term. The relation (30.34) can be proved with the help of the 
fact that 


Hag(— x) = Hagl(x). (30.35) 
For the proof, we need evidently consider only the term 
RS Hyg Rx (i) exp{2riy: xl (30.36) 


in Qael). Without affecting the value of (30.36), we can write !“ as 
—l', Hence on interchanging k and k’, we can write the result as 


R3 7 Hap R x( Merpleniy. X( T)). (30.37) 


Since xXx ( x.) e it follows directly from (30.35) that (30.37) is 
equal to the complex conjugate of (30.36). 


31. Acoustic vibrations in ionic lattices (rigid ion model) 

In this section we shall assume the ions to be spherical and rigid 
(not polarizable or deformable), so that as regards their Coulomb inter- 
action the ions are equivalent to point charges. Let us write 


Dagli) = Pople) + Pag (ue), (31.1) 
where the two terms represent respectively the Coulomb and non- 
Coulomb contributions. Similarly we can divide the coefficients Cagle) 


1 their Coulomb and non- Coulomb parts; the latter we shall denote 
Cap th „). In the Coulomb part of C,,(,3.), namely, 


TTD, Malla lexp(—2miy-(x(L)—x(E))}, (31.2) 
ee oe ( sac rake on d. 2) ' 
we can evidently put / = O, obtaining thus the equivalent expression 


enemy: x(k) 
2 31. 

(mmy) . Dipl sae exp{2aiy: x(]. (31.3) 

Using this expression, we write the lattice wave equation (24.10) in the 


form 


wgw Se (de gt) + — 35 75000 mpl lf) + 


8 x(k) 
tng . OG (cE) -wk pernai), (81.4) 


z view of the basic difference between 0° alxk) and the other coefficients 
Deal Tz.) (see the explicit expressions igen previously in (27.28) and 
(27. 29)), terms involving the former are written separately in (31.4), 


+ K. Huang, Phil. Mag. 40, 733 (1949). 
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where the prime over the summation in the last term indicates that the 
terms with 1’ = O, k' = k are to be omitted. 

Both of the Coulomb terms in (31.4) can be transformed with the 
help of the results obtained in the last section. Consider first the second 
term on the right-hand side of the equation. Using for 095 (kk) the 
explicit expression (27.29), in which we now introduce J’ = =| as the 
summation index, we find that the term can be written as follows: 


& 1 
Tig De T. 1000 = a g 


EE 1 
ae ebe Fg -l, A 


We observe that the sum in this expression is equal to the exciting field 
at (2) (position vector = x(k)) in a dipole lattice where a lattice point (r) 
is occupied by a dipole 


pplk) = Treg wales ). (31.6) 


This array of dipoles is a special case of (30.24), corresponding to 


y=0 (not to be confused with y in (31.6), which in this 
connexion functions as a fixed index) 


(31.7) 
pelk’) = Fong wlk ) 
Substituting (31.7) in (30.30), we obtain for the corresponding exciting 
field at (): . 
2 TIE walk), (31.8) 


where, we note, the term eai the macroscopic field in (30.30) van- 
ishes, for (30.26) gives in this case 


E. Fer 0 


(net charge per cell must vanish). When the sum in (31.5) is replaced 
by (31.8), the term becomes 


> EE Qaplad-)evp(hl9)- (31.9) 
KB Myg 

Putting l? = —l’ in (27.28) we can rewrite the formula thus: 

8² 


3? l 
— — = —€,é€,{———_ —]}] . 
OX, dg oo * -- A0 
(31.10) 


Digli) ez eel 
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When (31.10) is substituted, the last term in the . j 4) becomes 


ex e 2. xik) $ Cy lV periy. x(t 1 FT 
Vn, 2, 2 In A pe he (e im Te) XI 


(31.11) 
The sum in this expression is evidently equal to the exciting field at (2) 
in a dipole lattice described by n with 


). (31.12) 


Substituting (31.12) in (30.30), we ne that the exciting field at (2) is 
given by 


E, eꝛniy - au). ¶. e2nty-x0e) 2 Qatl) J og), (31.13) 
where (see (30.26)) 


J Ya Yg iy 1.14 
2. — 00 >, Deae ber 
The term given in tis can thus be written as 
= ut J). 31.15 
Ju, Ee 2b (my m n mi Qapi )wg(h'| E ( ) 


When the Coulomb Sie are replaced by their respective equivalents 
(31.9) and (31.15), the equation (31.4) becomes 


wR Gall) = F Calhop- 2 EE Q apli eoalkl3)— 


„5 

Im Le re tate i aplike hup(k'iz). (31.16) 
The reason behind the ies ae between the lattice wave 

equation and the Coulomb field in dipole lattices is fairly evident. In 
the harmonic approximation the Coulomb force on a particle (2) is the 
sum of two contributions: one due to the field change experienced by 
(2) owing to its own shifted position wa(f) = (m,)-twg(k |3 jexp{2riy · x(k)}, 
the other due to the field created by the displacements 

tig) = (me) welk |f)exp{2aiy - x( 
of the other ions. These contributions are described respectively by the 
second and third terms on the right-hand side of (31.4). The field 
produced by the ion displacements g,) is equivalent to that of dipoles 
ex ugli), 80 we find that the last term in (31.4) can be expressed in terms 
of the exciting field at x(x) in the dipole lattice (31.12). The field change 


experienced by (g) due to its own displacement u({) is clearly equal to 
3595.87 8 


258 THE METHOD OF LONG WAVES V. 831 


the field created at x(k) by the other ions, if the latter were all displaced 
by —u(%). Thus we find that the second term on the right-hand side 
of (31.4) can be expressed in terms of the exciting field at x() in the 
dipole lattice (31.7). 

On substituting (31.14) in (31.16) and comparing the rename equation 
with (24.10), we find that in this case” 


8 er e 
Copley) = oga) +E (Hate ) Gn 5 5 ji 


TE Aimi 
er 
+38 pe — a z ex- sali j= 


8 Im, m ji Club). (31.17) 


The perturbation method developed in § 26 breaks down in this case; 
owing to the second term on the right-hand side of (31.17), it is no longer 
permissible to assume an expansion of C,9(,4-) of the form (26.2), where 
the zero-order term is given as independent of y. To avoid this diffi- 
culty, we leave the above singular term oxplicitly in the lattice-wave 
equation and introduce instead of Cagli) the modified coefficients 


Cagli) = C; gl R) tkr 5 > er- Gag x-) — * Cag( xl). (31.18) 
2 


(m m-) 


Thus we write the lattice-wave equation (31.16) in the form 


w*(¥)w,(4{%) = > Cagli 
KB 


Eg. 
Ta La- (31.19) 


Replacing y by ey in (31.18) and expanding with respect to e. we have 
Caplite) = CQ (kk) ie T CY Akh y+ de & CQ KE yy .. 
g = (31.20) 


The expansion coefficients can be obtained with the help of the explicit 
expression (30.31) for Gag); their exact expressions are not required 
for the following treatment, but are given below for convenience of 
reference: 


Co 507 ) = rde > abel) Hue cE | Pe p er- Hagl Rx (MH)) — 


= ie D ex- > Yolh)yg(h)G( a? |y(h)|?/.R*) x 
x exp{2ziy(h).(x(k)— —x()}— 
ex ly 6 2, Hagl Rxlk))— 


— x ja 
155. cS 100% 0 (a 00 /R: opfer. (H XE 
(31.21) 
* 65 > , Z - anes 
5 io. : F er 
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CY (kk!) = = >, Dp lake tylk) — 


mm. 


-Tete 55 Hag RX( ex) )x, E) — 


Freenet yi 2 (aC py + (Bay) (my (A) R?) -+ 

a 8 ” 7 
+ He valugl yy (YG (reh PR ſeplariy h [x(k)— x) 
31.22 


OR M) = a * ox. 20 ) (k-; (K) — 


ren my 


dae he Oy 
ro Rom, my)! (Say d d ög/) = 


4772 R? , l 
+ Trg igh N. Maal Ele rale 


4e e . i eins 
T Ry, (m,m,)! 2, (8% de ESA Bey) Gm 702) / NR + 


+ Er p(y, (Hh hö) cee (A) 12 RE) + 


2772 
N Vayga tH Yal) ApH Yayap Y ,) ö 


i y e- MC )S C- (ey Gh) f/ R)] x 
x exp{2iy(h). (x(k)—x(k’))}. (31.23) 


The above expansion coefficients are very similar to the corresponding 
coefficients considered in § 26; thus we notice the following: 
With the help of (30.32), (30.38), (30.34), we find that 


Coplik) = Ca glk)» (31.24) 

and Caplide) = Chal ite) (31.25) 

(31.24) with (31.20) shows immediately that the expansion coeffi- 
cients Cg“, Cw Byl Ek’), and Co. \(kk’) are real quantities. 

In aiey of the 1 it follows from (31.25) and (31.20) that the 

symmetry relations given in (26.3), (26.4), and (26.5) are valid also 


for Clg (kk’), CH, eb), and Cg ,,(kk’) respectively. 


t 
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Multiplying (31.17) by vm, and summing over , we have 


> nz C 80 Ke) = 2, nx. Cup id) Ta 5 Sz (Yaha) ie Tm 2 


= 7 Vn Cagli), (31.26) 


where we have used the fact that the net charge per cell vanishes. It 
follows from this relation that the identities (26.6), (26.7), and (26.8) are 
also valid for Cob and 2 (K*). 

To solve the equation (31.19) we replace y by ey in the equation; for 
) and w,(k|¥) we use the same expansions as in § 26, namely (26.9) and 
(26.10). The amplitude Æ, of the macroscopic field, we remember, is 
given by (31.14). On substituting (26.10) in (31.14) we obtain the 
following expansion for the macroscopic field: . 


E, = EOLicEO p} ED ..., (31.27) 
whero 
O — — 2T Ya Yg DZY = 9 
ue 20 >. (Pe) > = mg EI) = 0, 1. 2.0. 
B (31.28) 


Using the expansions (31.20), (26.9), (26.10), and (31.27) in the lattice- 
wave equation (31.19), we obtain the following perturbation equations 
of various orders: 


AEREE eID = de 2 Jute Fir, (31.29) 


Co kek’ 1) * — ** (0) i! y L Ep, 
8 ap jwb (k |3) PAL gg. RE’ yy we (b se 
5 (31.30) 
8 CRIER (IJ) = E- CB C), w (k'y) 


17285500 ./ El ) wi PR) +E BO) + 2a) ek). (31.31) 


The 1 solutions of the zero-order equations (31.29) are of the 
same form as in § 26, namely 
wy (613) = Vimy ug J). (31.32) 


(31.32) is a solution of (31.29) because firstly the relation (26.6) is also 
valid for Co), and secondly 


-e geg.. e 
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When (31.32) is substituted in (31.30) the first-order equations become 


8 Ce) (J) = — By ‘ny CY kky, ugli) + BO), | 
(31.34) 


Despite the relation (31.28) it is convenient to regard EWY as an indepen- 
dent quantity so that only the explicitly appearing 100 (b) in the 
equations are considered as unknowns. The expression on the right-hand 
side of (31.34) is thus the inhomogencous part. Since (26.8) is valid also 
for CY (kk), we find that, exactly as in § 26, the solubility condition for 
the first-order equations is identically satisfied, namely, that the in- 
homogeneous part multiplied by Vm, and summed over k vanishes 
identically (the additional term depending on EQ does not affect the 
situation, for owing to the electrical neutrality of a cell, it vanishes 
when multiplied by vm, and summed over &). 

Let us compare (31.34) with the corresponding equation (26.18) in 
thenon-ionic case. Apart from the term containing EH in the former, the 
terms in (31.34) and (26.18) exactly correspond with one another 
and are to be interpreted in the same way. Thus, apart from a 
factor 1 / wmf, the first term on the right-hand side of (31.34) is the force 
on a particle & due to the external strain caused by the zero-order 
wave; the term on the left-hand side is the counter-force due to the 
induced internal strain, which is described in the perturbation method 
by the first-order wave. Taking into account the additional term 
depending on E, we see that (31.34) describes the balance of forces in 
a volume element in a state of homogeneous strain (both external and 
internal) and subject at the same time to an electric field. The point to 
note is that not the whole of the Coulomb interaction contributes to the 
forces due to the strains, but only the part corresponding to the inner 
field discussed in the last section. Although Ee can be expressed in 
terms of wi)(k’|¥), the term containing EW cannot be interpreted as a 
force due to the internal strain like the term on the left-hand side of the 
equation. For the coefficients of 100 (513) would then depend on y and 
render the interpretation meaningless. 

We express the solution of (31.34) formally in the same way as in § 26, 
namely by constructing a matrix I,,(kk’) satisfying the relations 


Iaß( ch) = O if either or both of k, k’ = 0; 
Š Nplkh’ COM (k'k") = da Sre = 8 Cen IE 
(k, K, * = 1, 2,3,...,n—1). (31.35) 
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Using these relations, we can write 
UPE = — Z rd F nr Cle ay eH) + 
4+ > Nia kh") In BP (31.36) 
*. 


When the inhomogeneous part of the second-order equation (31.31) is 
multiplied by vm, and summed over k, the term containing £‘? drops 
out owing to the fact that the net charge of a cell vanishes. When the 
expressions (31.32) and (31.36) for the zero- and first-order solutions 
are used, we find that the condition for solubility can be written as 
follows: 


Mpg 
(Eou = 477° 22 Lag, yA] + (ay, BAY yug J) — 
—27 z ( Tl. ayu, EH, (31.37) 
where the brackets are defined by 


[oB, yA] = 8770, 


© % (, (31.38) 


(ay, BA) = 


Tek’ (> CEN) vm.) > TAER” Wimp), 
(31.39) 


1 77 ’ . z 
[8 ay] = z 53 vim, Cop (kk Y Dae E). (81.40) 
a). 4 K* * 


By exactly the same arguments as used in § 26, we find that 


lag, yA] = [Ba, yA] = La, Ay], " (31.41) 
(ary, BA) = (ya, BA) = (BA, ay). (31.42) 

Moreover, it follows from (26.7) that 
IB. ay] = [B, ya]. (31.43) 


32. The elastic and piezoelectric constants and the dielectric 
tensor 
It follows from the discussion given in § 25 that if we do not take 
account of special symmetry properties explicitly, we must considor 
ionic crystals in general as piezoelectric. To obtain the appropriate 
equations of motion for ionic crystals in the macroscopic theory, we 
have thus to use (25.3) and (25.4) in place of Hooke’s law. Let us write 
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these equations in tensor notation as follows: 


Say = 2 Cay, BA SBA— > Bay Ig (Egay = eg e), (32.1) 
P =2 ex By Sgy t > dag Eg, (32.2) 
7 


where the coefficients are identical with the coefficients in Voigt's 
notation apart from a transcription of the indices. Using (32.1) we have 


Say otu oly 
pit, = 2, te, = 2 Cay Bà Sr. Far * 2 eg ay S. A (32.3) 


In a piezoelectric l an elastic wave 
u,(X,t) = &,exp2aiy.x—iwt} (32.4) 
is associated with an electric field 
E, = E,exp{2niy. x- ii]. (32.5) 


Substituting (32.4) and (32.5) in the equations of motion given by 
(32.3), we obtain the equation 


pw üy = 47° > (> Cay pd Vy ) -- 2 2t 2 (> eBoy Yy) Bp. (32.6) 


If we put the 8 parameter e in the A method equal 
to unity, the particle displacements and the macroscopic field in an 
acoustic lattice vibration are represented respectively by the expressions 


u(t) = mt (A hherniv. MD -teo( 7) 


= L (wK HDR.. „Je27iy xG) -L), (32.7) 
IN 


E. (x, ) = (BO Li BW 4 ,, )eariy. x-ic jj. (32.8) 


The quantities in the macroscopic theory are in every case to be com- 
pared with the lowest-order non-vanishing term in the lattice theory. 
Thus the elastic displacement (32.4) is to be compared with the zero- 
order term of (32.7); whereas the field (32.5) has to be compared with 
the first-order term in (32.8), since the zero-order term vanishes (see 
(31.33)). In other words, d and Ea in (32.6) are to be identified with 
1%) and i E in (31.37). We see that these equations become identical 


i Ser N 2 Lo, YAWy Yat & lay, BAY, Yr (32.9) 
á y 74 a 


2 eBay Vy, = 2 IB. aylu, (32.10) 
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Since the brackets in (32.9) satisfy the same symmetry relations 
(31.41), (31.42) as the corresponding brackets in the non-ionic case, 
by applying the same arguments as used in §§ 27, 38 to (32.9), we obtain 
Cay pa = [ap yA] IB, IBA, ay]+ (ay, BA), (32.11) 
whore, we remember, the brackets differ mon the non-ionic case in the 
replacement of the coefficients Cg“), Cg), C&R, (kk’) by the 
modified coefficients with the overhead bate 
Since both ega, and IB, ay] are symmetric in « and y, we obtain from 
(32.10) the consistent result 


ega = IB, ay]. (32.12) 

Also associated with the elastic wave (32.4) is a polarization wave 
P (x,t) = P,exp{2aiy.x—iwt}. (32.13) 
The use of (32.4), (32.5), and (32.13) in (32.2) leads to the following 


relation: = _ 
7. = mi X (F eap My) ug- Fe Ie (32.14 
7 


The dielectric polarization in the lattice wave is given by 


N Te 10 leihe. -h. 
= eD D, eet ‘5 Jm, te i Jeno -x—iea(5) (32.15) 


The zero-order term in (32.15) evidently vanishes; (32.14) is thus to be 

oe with the first-order term 

1 eb 
8 Yn, . OD 


“£5 (ZMZ Emu Z m ogee as 


HSS Cp ly Taal te’) EP, (32.16) 


Gt (mpm p) 


where we have used the expression (31.36) for the first-order displace- 
ment. e (32.14) and (32.16), and remembering that dg = ug(j) 
and E = ik} „ we find that 


Ok ? 77101) 17.1 
Cosby 269, pn = r on OR) D, vme CO (KR), (32.17 


dee See ex Oy “Le! 32.1 
aß Va r (my my)! Tegel). e 
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With tho help of the antisymmetry relation (26.4) (valid also for 
CY (kk')) and the fact that I is a symmetric matrix, we readily see 
that (32.17) is in agreement with the previous expression (32.12) for 
the piezoclectric constants (see (31.40)). 

The coefficients dag are components of the dielectric susceptibility 
tensor. Using (32.18), we find for the components of the dielectric tensor 


47 C Cy. n? 
cag = dag FE 4 αt· = = dag + 2 N ji Iaglkk ). (32.19) 


33. Phenomenological discussion of the epee formula for 

complex lattices „ e tere Guego SY 

In contrast to the theory of elasticity, let us 1 the macroscopic 
theory for phenomena involving essentially only internal strain. For 
such phenomena, we shall suppose, an energy density « can be defined 
at every point in the medium such that it is a quadratic function of the 
macroscopic electric field and the displacements u(/) (for particles of 
type x) at the same point. (Evidently, for a macroscopic treatment to 
be possible, conditions must be practically uniform in regions of micro- 
scopic dimensions; in speaking of a ‘point’, we refer to a macroscopically 
small region which yet contains a large number of lattice cells.) Thus 
we write 


u= F Sep ual lug + I ESGA Ua Eh Z fab l. Ep 


(33.1) 
where FES) = FED, Flag) Fg. (33.2) 
Upon introducing the mass density of particles k, 
pr = “E, (33.3) 
a 


we can write down the equations of motion from (33.1) as follows: 


ou 


Pk a(k) = Bu du,(k) 


= 77 U 0 0) — F Es. (33.4) 
Moreover, by differentiating the energy density with respect to — E, we 
obtain the electric moment per unit volume (see § 18), or the dielectric 
polarization, 


P= 3 l =-5 7 S15 c)tup(k) + 3 laß) Eg. (33.5) 
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The state of internal strain is evidently not affected if all the displace- 
ments u(k) are increased by the same vector s. It follows that 


= 2. 2 Slop 8) (tak) +8q)(ttp(k')-+-8g)+ 
tae 87 (4B) (ua) T8026 — 4 x] () La Eg (33.6) 
W be independent of s. From the linear 1 in s we obtain the 


condition x > f(g) 4 > 8 aB) ER = 0. (33.7) 


Since this must be true for any values of u( h) and E, we find the following 
relations between the coefficients: 


D S p) = 2 Sla) = 0, (33.8) 
È S&R) =0. (33.9) 


The terms in (33.6) which are quadratic in s lead to no further new 
relations. 

Consider first the solutions of (33.4) in the absence of any electric field. 
It is convenient to introduce instead of the displacements u(k) the new 


variables w(k) = vp, u(k). (33.10) 
The equation (33.4) can thus be written in this case as 
ük = — 3 750 gik welk’), (33.11) 


where the g-coefficients are defined A 
f 1 1. 
gag) (aß) (33.12) 
(or Pr 
Putting in (33.11) the periodic solutions 


walk) = e (jet (33.13) 
we find that the quantities e,(k) and the frequency w must satisfy the 


equations 
we (r) = > 2 g(a eg(h’). (33.14) 


These equations are of the familiar type which we have encountered 
on several occasions; in particular, according to the discussion piven in 
§ 15, the equations admit 3n independent solutions , ¢,(4|j) (J = 1, 2,..., 
3n) which fulfil the orthogonality relations 


Teen) = /: F ealkljjeglk' lj) = Sav dag. 
i j (33.15) 
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Three of the solutions, which we shall designate by 7 = 1, 2, 3, are 
distinguished from the rest by the fact that their frequencies w, are 
equal to zero. Thus if u(1), u(2), and u(3) are any three mutually 
perpendicular unit vectors, we can put 


e(k]j) = Vp, ug), = O, 5 = 1, 2, 3. (33.16) 
With the help of the relations (33.8) it is readily verified that these are 


solutions of (33.14). 
Remembering that the displacements u(k) for a solution 9 are given 


by 1 À 
J ealkljje-'“s, 
NPr 
we find from (33.5) that the solution is associated with the following 
dielectric polarization: M(j)e-fost (33.17) 
where the amplitude is given by 
: ae | ‘ 
1740) = — > > Sa) grekl). (33.18) 
k B k 
It follows from (33.9) and (33.16) that 
M(j)=0 forj = 1, 2, 3. (33.19) 
The dispersion formula is to be obtained by considering the effect of 
a periodic electric field E = Fe-tut (33.20) 
Let the forced oscillation of the lattice be 
| 
u(k) = —w(k)e-!*, 33.21 
7H) (33.21) 


Upon substituting (33.20) and (33.21) in the equations of motion 
(33.4), we find that 


wtih) = FF BN + DICER, (33.22) 


Since the Zu sets of values e,(4|1), ¢,(4|2),..., ¢,(&|32) are linearly inde- 
pendent, we can express the quantities (&) as follows: 


alk) Faß ech) 33.23) 


Owing to the fact that e, (I)) is a solution of (33.14) corresponding to 
w = w,, we find that when (33.23) is substituted, the equation (33.22) be- 


comes 8 , 1 8 
I beruf, elk) = J A 60 Zg. (33.24) 
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Multiplying (33.24) by e,(k|j’) and summing over k, æ, we obtain with 
the help of the orthogonality relations (33.15) the following values for 
the coefficients a;: 


5 


9 erb) J. ATG (33.25) 


In view of (33.18) the above expression can also be written 


M(j).E 


f - 


a; = (33.26) 
, 7 
The dielectric polarization induced by the periodic ficld is obtained 
by substituting the above solution (given by (33.21), (33.23), and 
(33.26)) and the field (33.20) in (33.5). When use is made of (33.18) we 
find that the induced dielectric polarization is given by tho expression 


1 >, eee + fof) Hp (33.27) 


The expression given in the curly brackets is the (ag) component of the 
dielectric susceptibility tensor, from which we obtain the dielectric 


tensor 
ap = Bugt in 08) + a. 01 en. (33.28) 


It follows from (33.19) that the terms j = 1, 2, 3 contribute nothing to 
the formula. 

The dispersion formula (33.28) depends on the coefficients (45), 
SEB), f(«B). The values of these coefficients can be determined by 
considering the long optical vibrations of the lattice and comparing the 
resulting equations with the corresponding equations in the lattice 
theory, which we shall derive in the next section. For a long optical 
vibration, we write for the displacement vectors: 


u(k) = W(bhezrty. x-i, (33.29) 


Tho electric field and dielectric polarization associated with the vibration 
are given by similar expressions: 


E = Betrty .x-tt (33.30) 


P = Perry tun. (33.31) 
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Substituting (33.29), (33.30), (33.31) in (33.4) and (33.5), we obtain the 
following: 


(E) = È gi Mage). Th, (33.32) 


Pees 2 70 a) glk) + 5 Jg) Eg. (33.33) 


The electric field and dielectric polarization are related by (30.8): 


Ē = —4n{ ts zs) 2 ( Pp (33.34) 


The equations (33.32), (33.33), nua completely determine the 
optical vibrations of a lattice in the limit of very large wave-length; 
but unlike the particular case (optically isotropic diatomic crystals) 
discussed in § 7, the solutions cannot be given explicitly in the general 
case. A few general features are, however, worth noticing. After 
substituting (33.34) in (33.33), we can express P, in terms of the quan- 
tities 1b (T), as follows: 


a eee 
a= 2 S(ay) 2 ONT He (33.35) 


where S(ay) represents the (ay)-component of the matrix inverse to the 
3x3 matrix defined by 

dag-EAn. 6750 33.36 

a8 2 fier) 15 (33.36) 

With the help of (33.34) and (33.35), we can eliminate the electric field 
from (33.32), obtaining 


alt) = Z IERE) 


AA Gp ae AAL ge gl. (08.97 


It follows from (33.8) and (33.9) that the equations (33.37) admit 
three independent solutions of the same form as (33.16). Owing to the 
vanishing frequency, these do not represent genuine dynamical solutions. 
Therefore, as expected, we obtain from (33.37) 3(2—1) vibrational 
solutions, which represent the long-wave limits of the 3(2—1) optical 
branches of lattice vibrations. 

We notice that the equations (33.37) and (33.14) are by no means the 
same; thus the optical vibrations of a lattice do not in general approach 
the dispersion frequencies w; in the limit of long wave-length. Moreover, 


i 
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as the second term on the right-hand side of (33.37) depends on / yl. 
the limiting frequencies for optical vibrations travelling in different 
directions are not in general the same. In a long optical vibration, each 
volume element. is subject to a uniform electric field, which is produced 
by the dielectric polarization associated with the wave; the additional 
term in (33.37) takes account of the effect of this field. However, in 
certain special cases such as the diatomic crystals considered in § 7, we 
find that the long optical vibrations are either longitudinal or transverse ; 
the macroscopic field vanishes in the latter so that the corresponding 
frequency is equal to the dispersion frequency. 


34. Long optical vibrations in ionic lattices (rigid ion model) 

In the perturbation method the optical vibrations are distinguished 
from the acoustic vibrations by the fact that the zero-order term in 
the frequency expansion is no longer equal to zero; thus we have to 
replace the expansion (26.9) used previously for 9) by 


(J) = NH ew" (¥)-+.... (34.1) 


Perturbation equations of various orders can be obtained as before by 
replacing y by ey in the basie equation (31.19) and using for the various 
quantities appearing in the equation the appropriate expansions. In 
the present case, we are primarily interested in obtaining the equations 
comparable with the phenomenological theory as a means for deter- 
mining the coefficients underlying the dispersion formula (33.28), For 
this purpose we shall require only the zero-order equations 


L)) = 85 Ca y 


E. po 34.2 
JEEP (842) 


The dielectric polarization associated with a lattice wave is given 
generally by the expression 


wD. Tin — L 10 „Eper. x- icul. (34.3) 


In the perturbation method the amplitude ſactor is thus represented by 
the series Pie P . , (34.4) 
where the expansion corresponds term by term with the expansion for 


w(k|%). In particular, 


— 
Po = — pe wr. (34.5) 


Va 
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The expression for E given by (31.28) may thus also be written as 
follows: y Yg 

EY = —irn| = PO), 34.6 

Ai pi 


The equations (34.2), (34.5), and sina are directly comparable with 
the equations (33.32), (33.33), and (33.34) of the phenomenological 
theory. The frequency w and the amplitude factors E, P in the macro- 
scopic discussion are to be identified with the corresponding lowest-order 
terms w(%), E, PO in the perturbation method. The relation between 
Wall) and w(k|%) follows immediately from a comparison of the corre- 
sponding particle displacements, namely wa) / V and 2 f/ Vm. 
Remembering that p, = m,/v,, we have thus to identify w®(4[¥) with 
vi © (k). Bearing in mind the correspondence between w, E, P, vi ©, (k) 
and w(%), EO, PO, w(k|%), we see that the equations (33.32), (33.33), 
(33.34) in the phenomenological theory become identical with (34.2) 
(34.5), and (34.6) for the following values of the coefficients in the 
phenomenological theory: 


9560 = an or Fc i op R) = CHUIR’), (34.7) 
JB) = — 43,5, (34.8) 
flab) = 0. (34.9) 


So long as we assume that the ions are not polarizable, the dielectric 
polarization is completely determined by the positions of the ions and 
hence the second term on the right-hand side of (33.5) will vanish 
identically. (34.9) represents thus only a special result, due to our 


assumption of rigid ions. 
Let us consider the static dielectric tensor obtained by putting w = 0 


in the dispersion formula (33.28): 
M, 
6200 = ee D = A), (84.10) 
Substituting (33.18) in the formula and 3 (34.9), we get 


e. a0 = 8 47 k x ee eee 
apl) = Se Har & Ne P Tam: 
(34.11) 
We remember that e,(4"|)) satisfies the equations 
f ea ) = aoe Je “). (34.12) 
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After dividing (34.12) by wf, we multiply the equation by e, (j) and 
sum over j; upon using the orthogonality relations (33.15), we find that 


Spa dr = De DS KAPAID, (34.13) 


In view of (34.7) we can, with the help of iie matrix I introduced in 
(31.35), write (34.13) as follows: 


S EWA L S KE padne = TIA. (84.14) 
j wj k'a 
Using this expression and the value for f(*8) given by (34.8), we find 
that (34.11) reduces to | 
dn Ex Cy 
E€ag(0) = — dag tT Zoa (m,m (mmy) Iag g ). (34.15) 
This is identical with the aer tensor (32.19), which we have 
obtained in connexion with the acoustic vibrations. Since the frequency 
approaches zero for long acoustic vibrations, it is thus the static dielectric 
tensor that appears in the treatment of the acoustic vibrations. 


35. Polarizable ions 

As in §9, we shall assume that the electronic polarization of an 
ion is equivalent to a point-dipole, which is proportional to the electric 
field at the centre of the ion. 

When electronic polarization is taken into account, it is no longer 
convenient to consider the equations (24.10) for lattice waves by working 
out the Coulomb part of the coefficients Cagli) directly according to 
(24.7). For the displacement of one ion polarizes all ions in its neighbour- 
hood and alters thereby their mutual interaction energy (in effect, a 
many-body interaction); it becomes thus difficult to obtain the explicit 
expressions for the coefficients gg 

Let us examine the physical 1 of the ai -hand side 
of (24.10). We can evidently express (24.7) as follows: (<, «t... !- 


P A Dagli erriy- c). (35.1) 


When this expression is 1 the right-hand side of (24.10) 
becomes 


eT 2 iy. x(k) 


Calie) = (my m (n m. 


g- 2niy. x(k) 


|- 2, Pyalk i ke 8 wall perirat), (35.2) 


The expression given in a curly brackets is clearly the force acting on 


aim k 


5 j 7 r ad ad, Rie (eas e. i 5 g * 5 al 7 Ov lL pe AS ae “ot a KA T m e Eei > 
een ar 1 5 es ne ee oY. Ode ae eee) d x 7 l Ces Car te r. ~> ra 
or ee 1 n: „%% M A aA Gang ebe“ ; 
P a 3 - ‘w 8 


5 8 e e 
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the particle (q), if the particles in the lattice are subject to the following 
displacements: l A 
l u(t.) = —— w(k' |¥)e27!y-*(e), 35.3 
(*. Vn ( he : ( ) ) 
In the following, we shall calculate explicitly that part of this force 
which is due to tho Coulomb interaction between the ions. 
The displacements (35.3) induce in the ions electronic dipole moments 
which show the same phase relations as the displacements. If we repre- 
sent the induced moments by 


wh) = ute. x, (35.4) 
the Coulomb field in the lattice is the same as that in a dipole lattice of 
the type (30.24) with 


p(k’) = we’) + wE, (35.5) 


where the second term on the right-hand side describes the dipole 
moments due to the shift of the ionic charges. The macroscopic electric 
field in the lattice is thus given by 

Eezniy . x, (35.6) 


where the amplitude is obtained by substituting (35.5) in (30.26): 


APAE H+ eg 79] 

E = —— (22 ZB (N) E we(k'|¥)}. 35.7 

* 0 > ly| egl D+ ie 80 |5) ( ) 
The Coulomb field at the centre of the ion (2) is the sum of the two 

following terms: 


(i) the exciting field at x(k) in the above dipole lattice, 
, € 7 arty x(k 
[Bart Z Oost use Sg wae jea, (85.8) 


which is obtained by substituting (35.5) in (30.30) ; 
(ii) the field change at the centre of (2) owing to its displacement, 


u(?) = a xl ers- (see (36.3) ). (36.9 
k 


The field is evidently equal to the field created at x(k) by displacing all 
other ions by —u(2). Hence it is also equal to the exciting field at x(k) 
in a dipole lattice of the type (30.24) with 


y=0 (not to be confused with y in (35.9)) 
p(k’) = ez ug) for all k’ 


3595.87 T 


. (35.10) 
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Putting (35.10) in (30.30) and afterwards using (35.9), we get 


l 2 Hy. x(k 2 2 
Im : P D, walk) D, ee ol (35.11) 


(the use of (30.26) immediately shows that the term representing the 
macroscopic field in (30.30) vanishes in this case). 

The total electric field at the centre of (2) is the sum of (35. 8) and 
(35.11) and can thus be written 


5 — & [Quete drr 2 Oeger A vll, 30 ＋ 


. ct ete Ihen an. (85.12) 


By assumption, the electronic dipole moment of (}) is proportional to 
the field (35.12). Henco we can write 


polkl = an Hart Z [Qapllee Brae F aglido] pe 
+ Onpliedua eID} (35.13) 


where a, is the electronic polarizability of ions of type k. 
The force acting on the particle (2) is twofold: 


(i) the force exerted on the ionic — ex by the field (35.12), 
eE PEN 2 > [Oogt Jer — d. 2 Cage) er- E Img. l + 


-g) 


+ 5 cant gers (35.14) 


(ii) the force exerted on the dipole S) by the field of all other ions. 

Since the dipole moment is linear in the particle displacements, to 
calculate this force in the harmonic approximation, we can consider all 
ions as though they are in their undisplaced positions x(}). Let us subject 
the dipole to a virtual displacement u and consider the virtual energy. 
The latter can be calculated as the interaction energy between the dipole 
and the field at x(k) created by displacing all other ions by u. Using 
a dipole lattice of the type (30.24) with y = 0 and p(k’) = -e, u, we 
readily find the following expression for the virtual energy: 


F Hal) Z Caplieder up 
Hence the force (a- component) on the dipole is given by 
= > ngli) 2 Qpalid- ey = E 2 er Qaplak: 51g) ery: d, (35.15) 
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where we have substituted (35.4) for H) and made use of the fact that 
Q.a(xx') is symmetric in a, B (see (30.32)). 
Adding (35.14) and (35.15) and multiplying the result by 
m jexp(— 2riy. x()), 
we get tho total Coulomb contribution to the right-hand side of 
(24. 10) (see (35.2)). Hence the equations for lattice waves can be 
written in the present case 


00:0) 
È | Cap leh) — (my = x)! [ex er Qapliie)— Saw 2 ex ex · Qaplit-)| Jwg" 0 — 


1 i e 5 
=a 2 (ex Ole dir F ex Oli ugle ) — FE By (35.16) 


The equations (35.13) and (35.16), together with the expression 
(35.7) for the macroscopic field, provide the complete set of relations 
for determining the lattice vibrations. 

The perturbation method can be developed in very much the same 
way as before. In place of the expansion for 2 we have now the 
expansions 


Cagll. =C? aglr) Tie 2 COB (RE VY A oss (35.17) 
Quali). Oel) Bie Z OB y KE Wyt: (35.18) 
Moreover we have to introduce the expansion for the electronic polariza- 
ee RLY) Ef- Nh H. (35.19) 


For the optical vibrations we find that in the zero- tien approximation 
(35.16), (35.13), and (35.7) lead to the equations 


[ PU) 
= žl Cagi) — E [ex Cx Oele) d Ces ex- Quete] h 90 ) 


= 


A. 2 ler Qaplie)— Bue Fer- Qaplad-)] aioe" | y) — , (35.20) 


h = i Z aap d. 


+a, 85 [ Qupls- Jep — / 2 Qaglrk- er. ] Frage Ba EO, 
(35.21) 


a * 2 (0 mere + i upe) aed 
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Upon dividing (35.21) by a and introducing the matrix R inverse to 
the 3n X zn matrix defined by 


= Sop dn O. did (35.23) 

we can rewrite (35.21) in the form 
HOME) = F, F Rayat dire F Oi liche] ml + 
5 7 2 Rege“) Eh. (38.24 


With the help of (35.24) we eliminate the electronic polarization from 
(35.20), obtaining 


T,, 
1 
= 8 | Cagli)— cg t ler er Gag) — ye 2 ex Oye 0.5 N)! = 


22 2 2 [ex Veoh.) — Skr, 2 er O á 
Ks y 


x RCI ka) ON GeL her. dr. 2 Cpe Outer Ih. 0 — 


+ D (aa ag gl. -u.. peo. ia 
I Balk. E Ey. (35.25) 


This is directly comparable with the equation (33.32) of the phenomeno- 
logical theory. 
The zero-order amplitude for the dielectric polarization is given by 


Po = . PA CEE were 
DA| 85 > Re, EN!) Obere. srr È Q yele re exe lz Jm, t 


La. ajepe p+ > [F Repl kk} Ep. (35.26) 

The relation (35.22) can be rewritten as 
BO = —4n{ He) (% b. 35.27 
V 2 iyi N 


(35.26) and (35.27) are respectively 9 with (33.33) and 
(33.34) of the phenomenological theory. 


Vu kB 


V,§ 35 THE METHOD OF LONG WAVES 277 


We remember that w(¥), Eo, Pio, 1(k|¥) are to be identified with 
w, E, P, vt © (k) respectively in the phenomenological theory. Thus 
(35.25) and (33.32) become identical if 


att) = Cm lerer agtt) Sne F eter Ol el 


= 1 2 2, fex Qaylxk,) — Sick, 2 ex Orr) x 
x RICE: ka) | Qralutede—Siae 2 er. Qnpled-)] » (35.28) 


1 ; 
SEB) = — T fex Saat S [ex Q ayl kk) — dx, 2 ex- Ol) [ 2 R, (br k ) . 
(35.29) 
On the other hand, in order that (35.26) should be identical with the 
corresponding equation (33.33), we must have 


Hye) = — [FE [F Ratt] ſ Slide. di E er. Qele) erag), 
a l (35.30) 

= — Ş Rol kk’). 35.3 

flo) 2 alkk’) (35.31) 


(30.33) shows that Qye(x) is real; thus it follows from (30.32) and 
(30.34) that O) is symmetric in both a, B and k, k’. This also shows 
that R, which is the inverse of (35.23), is a symmetric matrix. Bearing 
these facts in mind, we see readily that (35.30) and (35.29) are com- 
pletely equivalent. It is, moreover, evident that the above expressions 
satisfy the general relations (33.8) and (33.9) given in the phenomeno- 
logical theory. 

The perturbation method can be developed without difficulty for long 
acoustic vibrations by treating the basic equations (35.13) and (35.16) in 
parallel at each stage of the perturbation procedure. The formulae 
involved are, however, very lengthy, so we shall not consider the details 
here. 

We have assumed that the polarizability of an ion can be represented 
by a scalar a, (isotropy). We note that the above formulae still apply 
if the polarizability of an ion is a tensor (anisotropy); we have only to 
replace the factor ö /i in the first term of (35.23) by the inverse of the 
polarizability tensor of the ion k and redefine the matrix R accordingly. 
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36. The specification of finite strains 
CONSIDER any two lattice points (/) and (V) in a perfect lattice. Upon 
taking the scalar product of 

x(i)— xik) = Tölle) 


with itself, we find that the square of the distance between the two 
points is given by (see (22. 13)) 


S ue. (36.1) 


Thus the distance between any two lattice points is completely deter- 
mined by the following parameters: 
Suv = Ip (metrical coefficients), (36.2) 
Al(k), Arb), Xr) (contravariant components of x(k)). (36.3) 
In other words the geometrical structure of a perfect lattice can be 
completely specified by the above parameters. 

Let us consider an arbitrary lattice and specify the Cartesian com- 
ponents of the basic vectors a, by superscripts; thus a, = (an, an, af). 
Now subject the lattice to an external strain, whereby the lattice points 
are displaced as follows: 


talk) = 7 Uag 1 00). (36.4) 


The deformation is equivalent to a change of the basic vectors from a, 
to ă the latter being defined by 


d = a% + > Mop af. (36.5) 
For, corresponding to the new basic vectors 4,, a lattice point (q) has the 
position vector K % = (Lx 20) 57, (36.6) 


m 
which implies that (4) has been displaced by 
(D-) = T (lL AM(E))(42—a2) = ¥ uap(l +A (k) jaf = S ug 100 
1 BN 

(36.7) 
in agreement with (36.4). In other words, in an external strain the 
contravariant components (H) of x(k) are undisturbed; moreover, as 
the lattice structure depends in general only on these parameters and 
the metrical coefficients, an external strain can be completely described 
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by giving the changes in the metrical coefficients. Using (36.5), we find 
that the metrical coefficients of the deformed lattice are given by 


Guy = 4,.4, = 2 (ar- Tue, a) (ab. Tuma) (36.8) 
Subtracting from (36.8) the original metrical coefficients 
Guy = 2 a; av, 


we obtain after appropriate relabelling of the summation indices the 
following: 


AGuy = Inv —Jpv = leg ug > Uya ug) aß. (36.9) 
a Y 


Thus the strain depends on the parameters u,g only through the expres- 
sions 


tip = Huag tH U pat È, tye 15 = Üga (36.10) 


which may hence be used as parameters to specify an external strain. 
These parameters are by definition symmetric in the two indices; there 
are thus altogether six independent parameters of this kind. 

tags Nag and the components an, Ča of the basic vectors au, 35 can be 
regarded as elements of 3 * 3 matrices U, U, A, and 4 respectively, 
where the upper and lower indices of au, dj are taken as the row and 
column indices respectively. In matrix notation (36.5) can be written 
as A = (1+U)A N (36.11) 
(the number 1 stands for the unit matrix). Forming the determinants 
of both sides of the above relation, we get 


A| = |(1+U)A| = il, (36.12) 


where the vertical bars signify the determinant of the matrix enclosed. 
|A| and IA], we note, are identically equal to ai. a, A a; and 4,.4,A 43; 
thus they represent respectively the volume per cell before and after 
the deformation. Hence it follows from (36.12) that IU] is the 
volume expansion ratio. Clearly for physically realizable deformations 
[1+ U| cannot vanish. Moreover, as every finite deformation U must 
be built up continuously through physically realizable steps, during 
which |1-+-U| cannot change its sign, we must have 


+U] > 0. (36.13) 
We can write (36.10) in matrix notation as follows: 
U = {U+ 0+0}, (36.14) 


where the transpose of a matrix is indicated by a wavy line. Let us 
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consider two deformations U and U’, which are such that the matrices 
U, U’ constructed according to (36.14) are identical. U and U’ thus 
fulfil the following relation: 


(1+ 0)(14+U) = 1420 = 1420’ = (1+-0’)(1+U’). (36.15) 
Since two such deformations lead to the same strain of the lattice, the 
corresponding deformed lattices can differ only in their orientation. 


This can be shown explicitly by considering the matrix 
O = (1+ U’)1+U)-1 (36.16) 


(owing to (36.13), the inverse (1-++U)-! exists), which relates the two 
deformations as follows: 


(1+U') = 0(14+ UV). (36.17) 
Multiplying (36.16) by its transpose and using (36.15), one finds readily 
that 50 = 1. (36.18) 


Moreover, it follows from (36.13) and (36.17) that the determinant of O 
is positive. Hence © is an orthogonal matrix which, operating on a 
vector (regarded as a column matrix) represents a proper rotation. The 
relation (36.17) thus shows that the deformation U’ is equivalent to the 
deformation U followed by a rotation. 

In a genera] homogeneous deformation, the lattice points are displaced 


as follows: 1 () = 5 tag talk) Tu). (36.19) 


The deformation can be built up in two steps corresponding respectively 
to the first and second terms on the right-hand side of (36.19). The 
deformation carried out in the first step is of the type already discussed 
above; we have seen that it leads to the new basic vectors a, given by 
(36.5). Since the displacements u(k) in the second step do not affect 
the baste vectors, à, are still the basic vectors after the complete deforma- 
tion (36.19); accordingly the changes of the metrical coefficients are 
also given by (36.9) in the general case. It follows from our discussion 
above that the contravariant components X(), A®(k), () of x(k) are 
not altered during the first step of the deformation. As the displacements 
u(k) give directly the changes in x(k) in the second step of the deforma- 
tion, during which ă, are the basic vectors, we have 


walk) = Ax (k) = TAM )dg. (36.20) 
m 


Regarding Aà! (k) (p = 1, 2, 3) and u (« = 1, 2, 3) as elements of 
column matrices A; and U, respectively, we can write (36.20) in matrix 


notation thus: U, = AA,. (36.21) 
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Multiplying (36.21) by the inverse of A and using (36.11), we find that 
Ax = 4710, = [14+ U)A]7U, = A-K1+U)0,. (36.22) 
This relation can be rewritten as follows: 
A, = A-“(1+U)-41+0)-4(1+ D)U, 
= AY (14 0)(14+0)}04-0)G, }. (36.23) 
= A-Y1+4+20)]-(1+-0)U, 


Since A-1 is completely defined in terms of the known basic vectors of 
the undeformed lattice, and U is determined by the external strain 
parameters dag, we have thus only to know the column matrix (1-+ U. 
the elements of which are l 


ā,(k) = ub Z tpa plk). (36.24) 


Once dak) as well as aeg is given, the changes in g,, and A“(k) are 
determined by (36.9) and (36.23); the structure of the deformed lattice 
is thereby completely specified. In the discussion of central forces in 
§ 11, we have verified that &,(k) and dg are adequate strain parameters 
to the second order of accuracy, if they are small compared with unity. 
The present discussion shows that they are appropriate strain parameters 
irrespective of the magnitude of the strain. 

It is quite clear why we cannot simply use the vectors u(k) in con- 
junction with dag to specify a general homogeneous strain. If we carry 
out the deformations in two successive steps as above, two deformations 
with the same parameters eg in general lead to differently oriented 
(otherwise identical) structures. The same subsequent displacements 
u(k) will evidently then lead to different structures in the two cases. 

Clearly the volume expansion ratio |1-+ U| must be completely deter- 
mined by the external strain. The explicit expression of |1-+ U | in terms 
of the strain parameters dig can be obtained as follows. Forming the 
determinants of both sides of the identity 


(1+ 0)1+7) = 20+1, (36.25) 
we get IU Ul = |20+11. (36.26) 


Since the determinant of a matrix is equal to that of its transpose, 
(36.26) gives the following expression for the expansion ratio: 


\207-+-1}8, (36.27) 
which depends only on the parameters dg. 
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37. Phenomenological discussion of the free energy of a lattice 

In a thermodynamical treatment, we consider a homogeneous strain 
as completely specified by the external strain parameters dag alone, the 
internal strain being determined automatically by the internal co- 
ordinates used to describe the thermal motion. We may observe the 
contrast of the situation to the static treatment in § 11, which deter- 
mines the elastic constants about the equilibrium configuration. In the 
static treatment, it is necessary to take account explicitly of the internal 
strain induced by a given external strain, whereas an adequate thermo- 
dynamical treatment makes allowance for this effect implicitly. Thus 
the expression for the free energy which we shall discuss corresponds to 
the strain-energy function (11.28) of the static treatment. Hence we may 
refer to the external strain as the elastic strain and the parameters 2g 
as the elastic strain parameters. This brings our terminology completely 
into line with the usual usage in elasticity theory, where a given elastic 
strain implies also its accompanying internal strain although the latter 
does not appear explicitly in the theory. 

Speaking from a phenomenological point of view, we can freely alter 
the elastic strain by the application of mechanical stresses, but we have 
no direct access to the internal strain, A partial control over the internal 
strain may, however, be exercised by applying electric fields. In the 
following, we shall consider the free energy of a lattice which is in the 
presence of a field E as well as subject to an arbitrary clastic strain. 

It is to be remarked that the free energy of such a lattice cannot be 
represented simply as a function of the field E and the elastic strain 
parameters dg. For E and dag together do not describe unambiguously 
a thermodynamical state of the system, for the simple reason that the 
strain parameters give no indication as to how the deformed crystal is 
oriented relative to the field. Thus, instead of E, we shall consider its 
contravariant components in the deformed lattice; it is clear that the 
free energy must be the same for two similarly deformed specimens 
(i.e. with same parameters eg), each being subject to an electric field 
such that the contravariant field components are the same in both cases. 

We remember that the quantities 


AN(k), AA?(k), AA3(K) (37.1) 
discussed in the last section are the contravariant components of the 
vectors u(k). Thus upon replacing the Cartesian components of u(k) 


(given as a column matrix) on the right-hand side of (36.23) by the 
Cartesian components of E, we find immediately that the contravariant 
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components of E in a deformed lattice are given by the elements of the 
column matrix 


E, 
A-1+20]-\(1+0)| E, |. (37.2) 
E 
Since [1-+20]-! is completely determined by the strain parameters, we 
can clearly introduce the elements of the column matrix 


E, 
(1+0)| £, }, | (37.3) 
Ey 
namely, E, = Eyt > Uga Eg, (37.4) 
7 


as thermodynamical parameters in addition to dg and the temperature 
T, if an electric field is present. We notice that the parameters E and 
üg make no reference to the absolute orientation of the lattice and the 
field. . 

We shall write the free energy per unit volume of a deformed lattice 


as follows: l 

20ſt Flag. E, T), (37.5) 
where the factor 1/|1-+-2U |! is introduced essentially as a normalization 
factor so that F represents the free energy for a portion of the medium 
which originally occupies unit volume in the undeformed lattice. In the 
following discussion it is convenient to consider F formally as a function 
of both dag and %g,, although by definition g = üg. This leaves, of 
course, the form of F to a certain extent arbitrary; but this arbitrariness 
docs not affect the discussion in any way. That is, whatever form F 
may take within the permitted latitude, the results which we shall obtain 
remain the same. 

We shall proceed to derive from the free energy the expressions for 
the stress components and the dielectric polarization in a specimen 
which is in an arbitrary state of deformation tag, and subject at the same 
time to an electric field E. Let us subject the specimen to an infinitesimal 
elastic deformation whereby the elastic displacement at a point X in the 


specimen is given by di, = J Ugyity, (37.6) 
7 


the deformation parameters va, being infinitesimal. If we split up Vey as 


follows: Vay = Say F Wayi (37.7) 
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where Say = (Vay Vya) = Cas (37.8) 

| Wey = (Vay — Vya) = i (37.9) 
the symmetric part o,, describes an infinitesimal elastic strain, whereas 
the antisymmetric part Way represents an infinitesimal rotation. 

We shall suppose that the infinitesimal deformation is carried out“ 

with the field E kept constant and consider the work done during the 
process on a unit volume of the medium. With the stress components 


denoted as before by S/, = Sya, the work done in building up the 
infinitesimal strain is given by 


> Say Cay (37.10) 
ay 


If the specimen is electrically polarized, work is expended in carrying 
out the infinitesimal rotation against the torque exerted by the field. 
The amount of work required is equal to the change of potential energy 
dus to the rotation of the dielectric polarization P in the field E. The 
rotation of P brings about a vectorial change in the moment given by 


Z May, A (37.11) 
the scalar product of which with —E gives directly the change in 
potential energy E, P oyy (37.12) 


Adding (37.10) and (37.12), we obtain the total work done on unit 
volume of the medium: 


AW = $ Suy o — Ea Tay (37.13) 
ay ay 


If the infinitesimal deformation is carried out isothermally the work 
AW is equal to the change in free energy: 


AF 1 
nari TVI S Ela. > (ex] 7-10 
The normalization factor is to be treated as a reer in this connexion, 
for we are considering the free energy of a definite portion of the medium, 
namely, a portion that occupies unit volume prior to the infinitesimal 
deformation. 
In view of the definition (36.10) of the external strain parameters, we 
have 


Ali, = Aupy tH Atut 2, Atap , t 2, unn AUgy}- (37.15) 
Since the field is kept constant, it follows from (37.4) that 
AE, = > Athy Za. (37.16) 
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The changes Aw, in the deformation parameters u,, can be calculated 
as follows: a point & in the specimen prior to the infinitesimal deforma- 
tion is related to its position x in the completely undeformed lattice by 


Ey = Ty + Tu, &, (37.17) 
v 


According to (37.6) the infinitesimal deformation carries the point into 
the following position: 


Žž rd = & Con r 
= t,t 2 uu tyt 2 Yay Ty + S * Uy T* 


= syt uu E. Tue Hy (37.18) 


Comparing (37.18) with (37.17), we observe that the infinitesimal 
deformation changes , into 


un, T b, Tu Uyy 
In other words, Aupy = Vart 2 Vuy yy: (37.19) 


By suitably relabelling the indices A, v this relation may be used to 
eliminate Au, etc., from (37.15). Thus we find that (37.15) can be 
written as follows: 


Au, = 1 2 Yay yet Yv t 2 ry Uyut 2, Vap Way t 
+ 2 Vay Uyy Uayt È Uap Yav + 2 tau Yay u,]. (37. 20) 


On the right-hand side we rewrite the summation index y as « in the 
fourth term, a as y in the fifth term, and , y as y, & respectively in the 
sixth term. It is then observed that (37.20) can be written in the alterna- 
tive form 


Alpy * I vu 2 (vuyt /i) u- 2 (Vav F v, a) Uap + 
+ S ber ya) u,], (37.21) 


which is clearly also equivalent to 


Ad, = $ > (Bap tap) C m thyy)(Voy t Vya) 


g > (dn Tun) (Oyy H Uy) Tay. (37.22) 
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Relabelling , v in (37.19) as a, f respectively and using the relation 


in (37.16), we get AF 
i AE, =X [vt Be ay % Ea 
=28 alyp F Uyu )Vay 
B 2 Ely E(M). (37.23) 


After substituting (37.22) and (37.23) in the change of free energy 
(37.14) and equating the latter to the work done AW given by (37.13), we 
get 


2 Say c 2 Ea Py Owy 
1 oF 
= aral p 600 2 aHa Lur G. + 


+E, > Ern. Eu 1 } $ 2, “a2 "2 iil 4000 


This relation must be fulfilled identically by all values of o and way 
consistent with the symmetry requirements (37.8) and (37.9). It follows 
that 


Sey = USoy + Se) 2 1720 2, Cutten Aas) t 
+D ytu wort ton Ce. > Bt ty) Se) + 


es (37.25) 


* EE. P, = syn B D Cmte 000 — 


E, > Gu) (37.26) 
m 


Let us rewrite the summation indices , v respectively as v, l in the 
second term in the curly brackets of (37.25) and combine the term with 
the first term in the brackets; thus (37.25) can be rewritten as 


Sy IT 20 rf >, Carry else. 


+B, ze, tl Sar) +B Se e / Gran 
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It follows from our earlier discussion in§ 18 that the dielectric polariza- 
tion should be equal to the derivative of the free energy of unit volume 
of the medium with respect to —E. Remembering that the normalization 
factor is to be kept constant, we find on differentiating (37.5) that the 
dielectric polarization is given by 


1 oF 2 
er T2.) EE 2 (. 9 N 


Using (37.4), we get thus 


[1+ 1 i D ont Hae oe a (37.29) 


which, we note, is in complete agreement with (37.26). 

(37.27) and (37.29) are the general expressions for the stress com- 
ponents and dielectric polarization in an arbitrarily deformed specimen 
in the presence of an electric field. 

At a given temperature T a free crystal (i.e. in the absence of either 
stress or field) assumes the structure for which the free energy is a 
minimum. The corresponding strain parameters, which we shall denote 
by dag. are thus determined by 


(E O o (37.30) 
Hiag nag = ats, E= 0 


The parameters dag completely determine the thermal expansion; the 
volume expansion, for instance, is given by 


1＋207 f. (337.31) 


Clearly, consistent with the same parameters ag, the possible sets 
of deformation parameters u.g (( O)y1i+U) = 14207 ) are un- 
limited in number. The condition of minimum free energy leaves the 
orientation of the specimen completely arbitrary, and the different sets 
of uag merely describe the specimen in various orientations. We shall 
denote an arbitrarily chosen set of such parameters by uZ,. When we 
discuss the properties of a crystal at a given temperature 7’, the use of 
a particular set of parameters uag is equivalent to a choice of the orienta- 
tion of the specimen. 

In the following discussion the derivatives of F taken at the state of 
the free crystal at temperature T (i.e. = dag. E = 0) will be indicated 


* 
= A ' 4 — E 


7? rae . 8 ’ J. OF . > * 5 
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simply by a suffix T. Thus, the dielectric polarization (37.29) of a free 
crystal at a finite temperature 7, can be written as 


1 OF 
Pyro a pee ee ee ae > + 21 : 


which is known as the pyroelectric moment (more precisely, it is the 
sum of the pyroelectric moment and permanent electric moment). 

In considering the normal mechanical and electrical properties of a 
crystal we are concerned with elastic strains and electric fields so small 
that the stress and the dielectric polarization depend on them practically 
linearly. This means that for such considerations the elastic strains and 
electric fields can be considered effectively as infinitesimal and the 
calculations accordingly confined to the first order of accuracy. Let us 
subject a specimen at temperature 7' to an elastic deformation described 
by the parameters s,, and an electric field E, wherein we may consider 
both s,, and E as infinitesimal. Expanding the right-hand side of 
(37.27) about a3 = dag, ung = dag and E = E = 0, and remembering 
(37.30), we obtain the following: 


Say = $[1+207|-*x 


ar or 7 
x | > Gan Hu -L . ou ; T i a- . i Mow * 


tv p 


2 BF \ 17 
＋ SG Lu (/ Hu 0 en di, ). (Tess. Ib. 


2 
T zi apyu Ht 0 K) +6 bay L (E, |. (37.33) 


where terms higher than the first order are ignored. Since E is of the 
first order, the last two terms in (37.27) should remain the same in 
(37.33) apart from the additional suffix T to the derivatives of F; we 
have, however, modified their appearance in (37.33) by introducing a 
Kronecker factor for later convenience. The relation between Ade and 
the elastic deformation parameters sg) can be written down directly with 
the help of the earlier relation (37.22); we have 


Au = } Y Ger Lahe Gn. Ef H (37.34) 
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On the other hand, since the field is of the first ordet, it follows from 
(37.4) that to the first order of accuracy 


E, = Ho +3 Uga Eg 
7 
= 7 (ge T ug) Lg. (37.35) 


Upon using (37.34) and (37.35) in (37.33), we get 
een T | | ee 
So = aipania > em eee C88. 
82 F 


-+ ae wl (88 t+ ug) (dN - 11) - 


> (au t Uzu) lyy Tu l aa), a 
oa“ “uy 


prow 


72 % 
BA 


ar 
+ 2 i patho) (ö F Uiw) t 


aF 
T 2 Eg > GaLa, Cage (ak. 55. 5 + 


uvo 0 v 
227 
+ 6 E Oil, i (Ògo t Uga) F 


oF 
+ >a > bantta), + 
8 E 


OAA (37.36) 


After rewriting the summation indices A, B, o, w respectively as ĝ, A, w, o 
in the second sum on the right-hand side, we can combine the latter 
with the first sum; it is then found that (37.36) can be written as follows: 


Sy = > Cor BASRA — > CR Eg. 37.37) 
ay = È Cay Arr J Bar Ep ( 
where the coefficients are defined by 
eee T N 
ee Al Taft S. Capt HO Lag f- oa) 
oF aF 92 F 
as ‘a * = 6 a a a ü, n á 
X (go Tune) (F- u), (37.38) 


3595 7 T 
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and 


— p (oF 
ttar Al Fahr fas 2. nt hala), 


+68 > Gatua), + > (Cn L, (8,,+% us) * 
m 


pve 


F QR 
(akai), + (anon) | e+“) (37.39) 


It is easily verified that the above coefficients satisfy the symmetry 
relations 


Cay. BÀ = C, Bà = CA (37.40) 


eg, ay = CB ya · (37.41) 

These are the elastic and piezoelectric constants, which we have dis- 
cussed in Chapter V in connexion with a lattice in static equilibrium. 

We consider next the dielectric polarization. Expanding the right- 


hand side of (37.29) about the state of the free crystal at temperature T', 
we obtain to the first order of accuracy 


P= PE T )[1—fA(n|1-+20])]— 


-nyao 2 Au, (OH) + 2, A Sg.. F AAo t 


+ 805 Aua, 1 220. 20. (37.42) 


where some terms have been 1 in terms of the pyroelectric 


moment with the help of (37.32). In strict analogy with (37.19), we find 
that in this case 


Ae = Sep + 2 gay % 
= 2 gaylò e 


which can be further rewritten as follows: 


Ate, = =4 > (say F Sya) (Ò yp t Uy ltt 2 (Car- Sya) Oyu C Uga) 
=+ 3 Spy daß dyn Huyu) +4 2 Syg dag. u.) + 


"ii 2 (Say Suu) (Syu H Uzu) (37.43) 
In (37.42) we substitute the expressions (37.43), (37.35), and (37.34), in 
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the last of which we rewrite the summation index A as y; thus we 
obtain 


P, = PH"(T)[1—JA(In|14+-20|)]—41-+207 | x 
2 
—8. 508 r 572 
| PAE mugla) + 

27 

+ > an; Bap > Gr Lage | F 

BY m Adai 

aF 

+ > syp Bo 2 (Oyu Huyu GE), | T 


T s 885 > 6. 4.60 9 05 (g- Fuge) Cyu Hu + 


pow 
+ 5. o>. be, Lu, gg., 6. 75 0 (8g Lugo) (ö --- 
pow 
+2 5 Eg > Gr La0 ae a) met Mf} (37.44) 
5 e g 


We notice that the second term on the right-hand side can be expressed 
in terms of the pyroelectric moment (37.32). Moreover, we can rewrite 
the summation indices y, B respectively as B, y in the third sum in the 
curly brackets and combine it with the second sum; similarly we can 
rewrite the indices y, £, o, w respectively as $, y, w, o in the fifth sum 
in the curly brackets and combine it with the fourth. It is then readily 
observed that (37.44) can he written as follows: 


P, = Pero 7) I — —4A(In|1+20])]+4 2 (Say —8 ya) Pyvro(7) + 
T Seen + 7 ag Eg, (37.45) 


where 


aag = -ipari 2 (ô ap ti Eai 20 (Sgot ugo) = Aga 
(37.46) 
are the components of the dielectric susceptibility tensor. 

The term containing }(s,,—s,,) in (37.45) is of little interest; it 
describes the small SORATIOR: of ‘the pyroelectric moment due to the 
antisymmetric part of the deformation parameters s,,. The term with 
A(In|1-++-2U/|) is often overlooked; it describes a pure volume effect. Thus 
if a specimen preserves its total moment when expanded, its dielectric 
polarization decreases in inverse proportion to its volume. The above 
term represents this effect in connexion with the pyroelectric moment. 
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In (37.37) and (37.45) the elastic strain and electric field components 
are used as the independent variables. For some purposes it is con- 
venient to consider the stress and field components as the independent 
variables determining the elastic strain and the dielectric polarization. 
Let us write (37.37) and (37.45) in Voigt’s notation: 


So = T Cpo So = > Eg Eg, s (37.47) 
B 
Fy = PEP BadnfH-F2U DIT T ay Sq) PP 
+ D> eao 8 + > aag Eg (37.48) 
a B ; 


where the constants ce and ea are the same as Cay pà and eap, written 
in Voigt’s index notation (see p. 134). Denoting by 5% the elastic 
moduli defined by 


> Big Cop = Spr = F Go bay (37.49) 
we can put (37.47) in the alternative form 
sp = bre Se + 7 (E bpo eg. Eg (37.50) 


which, substituted in (37.48), gives 
Py = PEML—PA(In|1+ 2 HF T Cay Spa) PR 


T 2, (> Cup bra) S. F 7 (a aß + 2 Cap bpa ege) Ep. (37.51) 


A piezoelectric 92 80 shows the e of electro-siriction; i.e. 
the application of an electric field induces an elastic strain. The strain 
is given directly by (37.50) if we put S, = 0; the coefficients 


J bpo ehe (37.52) 


are the eleciro- strictional moduli. Electro-striction can be suppressed by 
the application of suitable mechanical stress, known as the electro- 
strictional stress; the latter is evidently given by (37.47) when we put 
the strain components equal to zero. 

The third term on the right-hand side of (37.51) gives the piezoelectric 
polarization in terms of the stress components; the corresponding 


coefficients 7 eapb 2 (37.53) 


are known as the piezoelectric modali. The last term in (37.51) represents 
the dielectric polarization induced by a field in the absence of mechanical 
stress. The corresponding coefficients 


Gag E 2 eap b po Cg (37.54) 
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define, similarly to (37.46), a dielectric susceptibility tensor; (37.46) refers 
to the case when the crystal is clamped at zero strain whereas (37.54) re- 
fers to a free crystal. The corresponding dielectric constants are known 
respectively as the clamped constants and the free constants. The distinc- 
tion between the two cases clearly exists only for piezoelectric crystals. 

The equations (37.50) and (37.51) can equally well be written in tensor 
notation. In replacing the Voigt indices by tensor indices we have only 
to define the elastic moduli in tensor notation as follows: 


Day Br = 401 ＋d ) % (1 T8 g;) (p ort (ay), o a~~ (BA)). (37.55) 
That (37.55) provides the correct relations follows directly from the fact 


that tL 29. 


t y. 


38. Normal coordinates of a lattice 
The effective potential function Ọ of a lattice, represented as a 

Taylor series in the nuclear displacements uh), contains no first-order 

terms; and the second-order terms are given by _ 


1 1.½% ln % (ty) 
tÈ pA Pagli %.). 


We have seen in § 15 that in discussing the normal coordinates we are 
concerned only with these second-order terms. For an infinite lattice 
(38.1) is in general a divergent expression. We shall normalize it to a 
finite volume by imposing the periodic condition as follows (for the 
interpretation of the periodic boundary condition see § 4): 

Imagine the lattice partitioned into blocks of Lx Ex L = N cells, 
with Z lattice cells along each edge; the partitions form, so to speak, a 
macro-lattice with the basic vectors Lai, Laa, Las, the blocks of N cells 
being the corresponding macro-cells. We impose the periodic condition 
by requiring that the pattern of motion should be the same in all macro- 
cells. In other words, we require that 

ul) = ulj), (38.2) 
if (%) and ()) occupy equivalent positions in their respective macro-cells, 
i.e. if (II, P, B) differ respectively from (Ii, I, 5) by integral multiples of L. 
Corresponding to the macro-cells, we subdivide the summation over 7 in 
(38.1) into partial summations; clearly all the partial sums are equal to 
one another. We may then attribute to a volume of N cells one such 
partial sum, which we may write as follows: 


N 
4 D a(t E yu Gtel), 38.3 
2 p> Py oli k Vla t) g(x) ( ) 


10 


e dee t - 


| (38.1) 
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where the letter N indicates that / is summed over the N cells 
U, 12, B = O, 1, 2,..., L—1 (the generating volume). (38.4) 
For lack of a better name, we shall call the region of N cells defined by 
(38. 4) the generating volume; it may be considered as forming the zero- 
cell in the macro-lattice. 
For sufficiently large N (38.3) approximates closely to the potential 
energy of an actual finite crystal of N cells (error ~ 1/ Vi), because the 
coefficients 


Dagli * 

become inappreciable when [x() x() exceeds what may be roughly 
called the range of force. Thus, if we imagine the finite crystal to be the 
generating volume removed from the infinite lattice, we note that the 
terms in (38.3) with !“ beyond the generating volume form only an 
inappreciable fraction (~ /i) of the total, so long as the dimension 
of the volume is large compared with the range of force. Similarly, the 
modification of the coefficients P,g(}4) near the free surface affects an 
equally insignificant number of terms. Moreover, when (38.3) is used to 
describe a finite crystal, the periodic condition (38.2) is clearly no longer 
a restriction on the movement of the nuclei in the crystal. 

As in § 15, we introduce the da namical matrix 


Se 1 7 1 
D 2 it, an 83 J, 38.5 
p F ¢ * D, plicit Dag k’ ) (my Mz) Sag k ) ( ) 
and the reduced displacements 
Walk) = vm talk) (38.6) 
The second-order terms in the potential energy given by (33.3) thus 
become 
ł S Nav wax): or). (38.7) 
tka URB 
The kinetic energy normalized to the same volume is readily seen to be 
N N 
4S my a2) = 1 L. th). (38.8) 
lka Le 


The normal coordinates are to be chosen so that the sum of (38.7) and 
(38.8), in terms of the coordinates, has the form of the Hamiltonian of 
3nN independent simple oscillators. Before introducing the normal 
coordinates, let us consider a few mathematical propositions. 

For every given reciprocal lattice vector y(h) we can construct a 
— of x() as follows: 


ay *P(2riy (h). X/ L} = -y exPlerilhy +h, 12+ he l) / L}. 
(38.9) 
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It is obvious that (38.9) is unaltered if we add integral multiples of L 
to either the components (1, E, ) of x() or the components (11, ho, ha) 
of y(2). This means, on the one hand, that as a function of x() (38.9) 
satisfies the periodic condition, and, on the other hand, that allsuch distinct 
functions are obtained if we consider only the y(A) in the range (suppose L 
even): 


< hy, Na, hy < A 
Thus if we write y(h)/Z as y(h/L) the latter may be interpreted as a 
wave-number vector, whose components / L, hef L, u; L can be restricted 
to the range 


oa 
2 


l hy ha hg 1 
-3 STT T 2 (38.10) 


There are exactly N wave-number vectors y(h/Z) consistent with 

(38.10); these we shall refer to as the permitted wave-numbers. Their 

representative points in the reciprocal space are evenly distributed over 

a volume equal to the volume of a reciprocal cell, namely, 1/v,. The 

density (dimension = volume) of such points is thus Nv, = V; to each 

of these N points we have a distinct function of x(“) of the type (38.9). 
Consider the following function in the reciprocal space: 


N 
A = 5 > exp{2riy. xc, (38.11) 
l 


where the summation is over the M cells in the generating volume and y 
is any point in the reciprocal space. Writing y and x(}) in terms of their 
respective components (11, Ja, %3) and (1, I, 5), we find upon carrying 
out the summation that 


. N ? 
A(y) = + 2 exp{2mt(n, l!n +a) 
7 


1 -ein. 1 —e2riLn: l — e2riLns 
= (am | (sae Teen . 128:1) 
It follows that the function A(y) vanishes at all points y with components 
of the form 
i h ħ hs 
(Nis J. N3) = 2 . 50 


with the exception of the reciprocal lattice points, at which the denomi- 
nators as well as the numerators in (38.12) vanish. On the other hand, 


E 7 7 2 


7 : 2 2 „ p- f , Beng 
ee ! 1 gl eed tee Ye e 1 A fof pe j 
a e 
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at the reciprocal lattice points every term in the sum of (38.11) is equal 
to unity. Hence we have the relations 


1 for y = y(h), 
A(y) = (o for y = y(h| L), the components 
(hil L, h/ L, l/ L) not all integers. 
(38.13) 
Multiplying (38.9) by the complex conjugate of 


77 exp{2miy(h’). x / L} 


and summing x(/) over the generating volume, we get 


> 25 exp[2miy(h’). xDIL (oy exp 2riy(h). x(2) 2 
ee (38.14) 
Under the restriction (38.10), 


* h h—h’ 
(z) = CT) 
is a reciprocal lattice vector only for the case y(h) = y(h’). Thus it 
follows from (38.13) that 


N 
l 54 */ 1 a = 
5 | 9 exp[2ziy’. x(n} 25 expſ 2 niy. 00 = Byy 
(38.15) 
if y and y’ are two permitted wave-numbers. (38.15) expresses the 
orthonormal] relations between the N distinct functions of the type 
(38.9). 
It can be shown by similar arguments that if Z and “ are two cells 
both in the generating volume, we have the inverse orthonormal 
relations 


Xal , I Ii i 
> 25 exp 2 y. xi yy} 8 exp 2niy. xi / 7 = dy 
i (38.16) 


where the letter N signifies that y is summed over the N permitted 
wave-numbers. 
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Using the functions (38.9), we express the reduced displacements in 
terms of a set of complex variables (y, y’ are now permitted wave 


numbers only) w*(kly) — w,(k|—y) M eee (38.17) 
1 . os. oe Vee, - „„ . 
as follows: w(t) = IN 2 w (hl y)e274¥ -=0, (38.18) 


The condition (38.17) ensures that the displacements are real. It follows 
from the relations (38.15) and (38.16) that the transformation between 
the variables walk) and w,(k|y) is unitary and we have the inverse 
transformation formulae 


N 
walkly) = rap Y ue -r 20, (38.19) 
U 


Expressed in terms of the complex variables, the potential function 
(38.7) becomes 


N 4 N 
È , È & Daki dnl yl dy’ hervor rn 


m 4 $ & 2 2 > wa(ely wgl ly" )eznily ry). xD y 
x | 7 Di plicit "Yea 2aty: Axi) -xG n), (38. 20) 
The expression given in the curly brackets is independent of the value 


ofl; this is readily seen when [ = I-! is introduced as the summation 
index. We shall denote the expression as follows: (Z: veloc. Lya | 


Dell) = 2 Di glx De- eiv. ach. 38.21) 
When the summation over “ is 1 out, (38.20) becomes 
N N l 
18 È F wally jal Iy )8 . Nelli (38.22 


where we have made use of (38.15). Carrying out the summation over y’ 
and using (38.17), we obtain the potential energy in the form 


} $ Z Z EIN pledge). (38.23) 


By means of the unitary transformation (38.18) we have thus reduced 
the quadratic form (38.7) into N complex forms, each characterized by 
a zu X 3n matrix Dagli), which is Hermitian (see below). For a Her- 
mitian matrix NSZ) there exist Zn sets of quantities ¢,(&|%) (the eigen- 
vectors) and ,) (the eigenvalues), j = 1, 2,..., Zn, which satisfy the 


ae Z Passe R) = OER (38.24) 


e 1 
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and fulfil the direct and inverse orthonormal relations 
FIG = By, F eA Meals) = der des. (38.26) 
‘The complex normal coordinates ) are introduced by the unitary 
transformation wa(kly) = 7 eaEH) , n (38.26) 
the inverse ſormula being „ fod 

QG) = 2° ex(k|})w, (Ky). (38.27) 


Expressed in terms of Q(X), the potential function (38.23) can be reduced 
as follows: 


1È F SOOD X Z ER Dalea p 
=È 5 FOG oper ¥ Eek) 
=4 > 2 ANON), (38.28) 


where we have made use of (38. 24) and (38.25). Let us write the REg 
energy (38.8) as 
+> ax) 75% (). 


Upon expressing it in terms of the complex normal coordinates with the 
help of (38.18) and (38.26) and using the orthonormal relations (38.15) 
(38.25), we obtain the kinetic energy in the form 


a l 
ł $ 2 ODG: a (38.29) 


The close connexion between the above discussion and the derivation 
of the lattice waves in § 24 is evident. Thus (24.10), (38.24) are com- 
pletely equivalent. The coefficients C,9(,3.) in § 24,differ from Dg:) 
only by a phase factor exp{—2zty.[x(k)—x(k’)]}; accordingly the 
corresponding eigenvectors w,(k|%) differ from ea) by a compensating 
factor exp. Any. x()“ (i.e. apart from an arbitrary normalization 
factor) and the eigenvalues (j)) are the same in the two cases. The 
phase factors have been chosen differently in the two cases purely for 
reasons of convenience: the choice made in § 24 is more convenient for 
discussing the long acoustic waves, whereas the present choice leads to 
simpler formulae involving the normal coordinates. It follows imme- 
diately from (24.14) and (24.18) that NS) is Hermitian and we may 
assume 


elki) = cal 3”). (38.30) 
„ r Ms . fut \ 8 a ` e ae 8 
a .. I. Ep i T 2 \ E 92 „ 


ie 7 1 ig id 22 * bd . 
thie amber , a e, —.— D. . 
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Thus it follows from (38.27) and (38.17) that 


* = 8 cal) way) = 8 ea lv J) y) = 3). (38.31) 


The complex normal coordinates ) describe the amplitudes of plane 
lattice waves represented in the complex form. The complex waves 
described respectively by ) and its complex conjugate Q*(%) = e 
can be combined into two independent real waves: the most usual ways 
to do this consist in forming either two standing waves relatively shifted 
by a quarter wave, or two progressive waves travelling in opposite 
directions. In the following we shall derive the two types of normal 
coordinates corresponding respectively to the two types of real waves. 

We notice in the first place that the 3n coordinates Q(%) with y = 0 
are real, for it follows from (38.31) that 


*) = Q(§). (38.32) 

These coordinates may thus be used directly as real normal coordinates. 
Let us divide the permitted wave-numbers into two groups by an 
arbitrary plane through the origin of the reciprocal space; a pair of wave- 
numbers y and —y thus lie on opposite sides of the plane. Using the 


complex normal coordinates Q(¥) with y lying on one side of the plane, 
we introduce the real normal coordinates 910) and q,(§) as follows: 


000 = (a1) Hia). (38.33) 


The relations between q,(%), 0% and the complex coordinates with wave- 
numbers lying on the opposite side of the plane are completely deter- 
mined by (38.31): 1 
AP) = Ni). (38.34) 


In both the potential energy (38.28) and the kinetic energy (38.29), the 
terms corresponding to a pair of wave- numbers y and —y aro equal 
owing to (38.31) and (24. 18). Thus upon using (38.33) and (38.34) we can 
write the sum of the potential and kinetic energies in terms of the real 


normal coordinates as 
NI2. 


1 L AHNA (38.35) 


where N/2 signifies that y is summed over the permitted wave-numbers 
lying on one side of the plane through the origin of the reciprocal space. 
The form of (38.35) confirms that 9100), 4200) are normal coordinates of 
the system. 
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Substituting (38.26) in (38.18), we get 


walk) = ID DOO. (elo. r o 
J Aig 3 i tR = Re „ * 


When Q(%) are expressed in terms of the ‘real aan coordinates, 
(38.36) eE 


NI2 
wall) — y > >, 0 Tp les (KI )e2niy- * e&(h|¥)e-27#y- * 1) 
y j 


+ Sleeper- oee enog. (38.37) 


If we denote the argument of ei) by daI), we see that the coefficients 
of 10 and q)) are respectively proportional to 


cos[2ay. x(1)-+5,(t1¥)] 
and sin[2ry . x() d ()]. 


These coordinates thus describe the amplitudes of two standing waves 
relatively shifted by a quarter wave. We shall refer to this type of 
normal coordinates as the normal coordinates of the first kind. 

Unlike the coordinates above, the real normal coordinates which 
describe progressive waves are not geometrical coordinates specifying 
the configuration of the system and thus cannot be derived from the 
nuclear displacements alono. They aro coordinates which can be ob- 
tained by a canonical transformation. Wo shall, however, introduce 
these coordinates in an elementary way as follows: We write 


Q) = a PHa), Eee) 


where a, and a. are auxiliary variables related to the new real normal 
coordinates 90) by 


aP) = 5 (Si ah (38.39) 
40 = 30—40) (38.40) 


We notice that a., and a_ are complex conjugates of one another; hence 
(38.38) is consistent with the reality condition (38.31) for the complex 
coordinates whatever the value of 90). 


P GPA. ae ele E mar 
„ rd siel wee e 77. 1 Bey. ar ‘ . * ne 5 


. . Py 0 2 . . 
4 N Hae 6 2 ae roe ` 22 l ee ov ° Oe ee be 72 2 J f 
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Using the fact that 76 = —w(*)q(¥), (38.41) 


which will be verified later, we find on differentiating (38.39) and 
(38.40) with respect to time that 


d. = Hoa) +i GP} = i), (), (38.42) 
d-) = 4{—w(§)qG)—190)} = -i. ). (38.43) 
With the help of the relations (38.42) and (38.43), we can write the sum 


of the potential energy (38.28) and the kinetic energy (38.29) in terms 
of the coordinates 9) as follows: 


$ > 2. {Q*(¥)Q(3) +-w(¥)Q*(3)Q()} 
= 4 $3 ha ( — a-i) a7) —a_(¥) J+ 
: +alle 
Bea (J) a (), () G)a_(§)} 
17 24 PP) AALGE HES) Hae) 


1 6. (38.44 


The form of this expression shows that q(¥) are normal coordinates of 
the system, thereby also justifying the relation (38.41). 

Let us consider the case when only one of these coordinates (5) is 
excited. Upon substituting (38.38) in (38.36) and putting a., u. for all 
other modes to zero, we obtain for the reduced displacements 


walk) = Fo la-CealkIs)er™- f a. Geak g e20), (38.45) 


q(%), as a function of time, can in general be written in the form 


q(3) = cfeilo()t+8] 4 eile, ) 8h, (38.46) 
the corresponding values for a, and a_ being 
a (J) = icetloee)], a. 6) = —ice-tlol{48), (38.47) 


When (38.47) is substituted in (38.45) it is immediately observed that 
the reduced displacements are proportional to 


sin[2ry . x(?)—w(§¥)t-+8,(4|¥)—8]. ee nt 

The coordinate q(%) describes thus a progressive wave travelling in the 

direction of y. We shall refer to the coordinates q(¥) as the normal 
e of the second kind. They were first introduced by Peierls. 
: „ e fas opens 


— 2 1 L. — lf Ne 


302 THE FREE ENERGY VI, § 38 


The coordinates C) are to be included among both types of normal 
coordinates. Dropping the summation over y from (38.36) and putting 
y equal to zero, we get 


wall) = sy S EIDO, (38.48) 
j 


which shows that the nuclear displacements described by these co- 
ordinates are independent of the cell index JI. In other words, Q(}) 
describe relative oscillations between the constituent Bravais lattices. 
For charged lattice particles they are associated with electric polariza- 
tion; it is clear from the discussion given in the last chapter that in such 
cases the coordinates cannot be uniquely defined, i.e. in such cases the 
coefficients ¢,(%|?) and the w?(?) must be ambiguous. Later we shall see 
how these coordinates are to be chosen in such circumstances. 


39, Normalization of physical parameters, selection rules and 
expansion methods 


The crystal properties which we shall discuss are mainly determined 
by the changes 


O(X)—O(X%), M(X)—M(X%), Plo, X)—Pyg(w, X°) 


in the potential function, electric moment, and polarizability due to 
the displacements of the nuclei. Asin the case of the second-order terms 
in O, their values can be normalized to be finite by imposing the 
periodic condition on the nuclear displacements. Thus we denote the 
corresponding normalized values for N cells by ôO, 6M, 62,9; then we 
have for 50: 


50 = Š Out È v. lt Erma) + 


+423 od 25 Dapylk ke Je) elk) p(k) ty (Kee) -H, (39.1) 
where the summations with the index N are restricted to the N cells 
in the generating volume and the nuclear displacements satisfy the 
periodic condition (38.2). The linear terms (=0, owing to the equilibrium 
conditions) are formally retained so that the results which we shall 
obtain for d@ can be used to write down the similar results for ôM and & Fag. 

When öh is expressed as an expansion in the complex normal co- 
ordinates Y) many terms in the expansion vanish identically. We shall 
presently see that the selection rules aro such that we can write the 
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expansion in the following form: 


5 = VN 5 %% > S HYNDE 7) Q(2)Q(%)+ 


N N N 
In DD D AGT FYE c- ., (0.2 
yi ys yt 


where A is the function defined in (38.11). In view of (38.13) a term 
)). . ) is present only if the sum of the corresponding wave- 
numbers is a reciprocal lattice vector. 

In order to sce how the A-factors in (39.2) arise, let us consider the 
third-order terms as an example. When the nuclear displacements are 
expressed in terms of the complex normal coordinates by (see (38.36)) 


N 
tall) = g ell) = GG >, eale D, (39.8) 
yj 


we can write the third-order terms in (39.1) as follows: 


am > > > QQ) OG) 8 F So. rr 


* VRB UKY 


ealklSdeple' ek” N e xplerilx. x) EV. x+y". x .)). 
| (39.4) 
where, as explained in § 23, we can subtract the same index / from all 
the cell indices of 0%, E l.) without altering the value of the latter. 
On the right-hand side of (39.4) let us write 
x(V) = X( -U) x(), x( = xd -H x) 


and introduce “ — 1, l"—I as the summation indices. Writing these 
summation indices again as “' and “, we obtain the following: 


i (m My My) 


N NN N 
m > > >, RE) & explarityty’ +y"). x] x 
ł 


yj yr yi 


Dap (PEE) -ealhl yeah Aer (l A) x 


1 
(m k mM K m ** 


xexp{2mi[y’.x(l’)-+y’. xy}, (39.5) 


i 
ka CRB iy 


The expression in the curly brackets is independent of J; thus expressing 
the result of the summation over ! in terms of the A-function defined in 
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(38.11), we obtain the third-order terms exactly in the form given in 
(39.2), where 


50 dar- m b. / e E He. lead Het · Fx 
AB 


x exp 2riſy · xc) y“. x(). (39.6) 
Despite the asymmetric appearance of (39.6) the coefficients 
A Ty'＋T y) 


are in fact completely symmetric in the indices (5), (5), (j-). To prove 
this, we have only to show that (39.6) is symmetric in the case 


yty'+y’" = y(h) (a reciprocal lattice vector), (39.7) 
for which A(y-+-y’+y’") Æ O. From the fact that 


p gl k) = Payplhi- k) 


the symmetry of (39.6) between (/) and (J.) is immediately obvious. 
In order to show that (39.6) is also symmetric between (5) and (%) we 
interchange (O, k, œ) with (“, &’, 8) in the derivative of O and afterwards 
relabel , a, *, B respectively as k’, B, k, œ, thus converting (39.6) into 


67 = 2222 0. l Eau E Meal IF eE) 
Y 
xexp{2zi[y’.x(2)-+y". x(l")}. 


Subtracting “ from the cell indices in the derivative of ® and using 
(39.7) to write y in the exponential factor as y(h)—y—y", we get 


n 1 
K bd c ech 


X eg h ebe, ex pCrify. x (-T) Ty. xd L)), 
where, we notice, y(h) contributes nothing to the exponential factor as 
y(k).x(ť) is an integer. Now introducing —“, “-!! as summation 
indices and afterwards writing them Pi as l’, “, we have 


GOFF) = DDD Sas GEE) — m eal eE e, ix 


ka UB k'y 
xX exp{2rify.x(l’)-++y”.x(2’)}}. 
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Comparing with (39.6) we see that the right-hand side is equal to 
(557). In other words, the above relation can be written as 


DIFF) = DIY), 


which is exactly the symmetry relation required. 

The above arguments given for the third-order terms are clearly 
general. The coefficients of the sth-order terms in the expansion 
(39.2) are thus of the following form: 


1 1 „ „ b 
q V- A EY Ty. VG .. Ka), (39.8) 


where 


Dy. Yin) = > > coe > Sag. (Rie . Ho) 
ka kB Uk y 


ek l%)eg(h’[Y,)...€,(k®¥3)exp{2mi[y’. x(2')-+...--y.x(1)]} (39.9) 


is symmetric in the s sets of indices if y+y’+y”"...t-y@ = y(h), and 
the coefficients (39.8) are symmetric in the indices in all cases. More- 
over, in view of (38.30), we have evidently the general relation 


D(F . J) = O. . 3). (39.10) 


(m mx. det 


Owing to the restricted range of the permitted wave- numbers, the 
only surviving first - and second - order terms in the expansion (39. 2) corre- 
spond respectively to y = O and y’ = —y. In the case of òc these terms 
are trivial: the first-order terms are equal to zero, owing to the equili- 
brium condition (®,({) = ®,(k) = 0); the second-order terms reduce to 
(38.28). On the other hand, for the electric moment and polarizability 
we have explicitly up to second-order terms: 


òM, = VN 2, N 40 GHE Š 2 Mal 1 OGG . „ (39.11) 


daß VN S οοe » 2 Pop} PIRGU) H (39.12) 


where the coefficients can be written down in strict analogy with 
(39.9). Thus the zero-order coefficients written in terms of the 
notation introduced in (23.5), (23.6) are 


1 
M) = © My,g(k) eg (EI), 39.13 
00 2 60% reell) (39.13) 
Pa) = D Papl) Tek), (39.14) 
ky 


3595.87 . x 
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and the second-order coefficients are given by 


MGP = DD Map thle os A ele, i p*)entriy = 


KB L* 
= >>, 2, ec m ox E Nele he (LPT, 
l kB ky 
(39.15) 
Pagë 70 => > Fag A 997 —— m n (m m. e, (EH)Ye zb) e-Lntrv. xd) 
ky URN 
y 1) —Y¥\p2riy. x) 
=> 2 > Pagli) ———; on ran EAN perm, 
l (39.16) 
For the second-order coefficients we have the following symmetry 
relations: MG 5”) = MAPI) = MEY, (39.17) 
Fegg P) = Tag , ) = Pap V J. (39.18) 


In writing down the expansion (39.2) we have made use only of the 
fact that the lattice is a periodic structure. Therefore the same expansion 
ean also be used in connexion with a homogeneously deformed lattice. 
That is, if we represent the nuclear displacements from a homogeneously 
deformed configuration by (39.3), the corresponding change in ꝙ can 
be written as a similar expansion: 


Sheet = VN 3 A(y) O97) QG)+4 $ > ATV) O0 00 7200 ＋ 


def (J J, J. OGS OSO)... , 
+m PP AYEYE GF FOO + > (38.10) 
where the coefficients possess the same symmetry properties as discussed 
above and are related to the derivatives of ® taken at the deformed 
configuration by 


aet(y y; %) = 2 „. Mex 
do 6 7 . J) ae > ag 0 (My My mt 


ka kB  Unkay 
X eal veg. 7) e (Hg) exp Xx (CU) T. . ＋yW. x(Z)]}. (39.20) 


40. The normalized Hamiltonian 

As we have seen (5 17), in order to obtain the free energy for a system 
which depends on certain macroscopic parameters, we require the 
Hamiltonian expressed as a series in the macroscopic parameters and 
certain internal coordinates q}. The internal coordinates describe the 
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thermal motion and are to be so chosen that they reduce to the normal 
coordinates when the macroscopic parameters vanish (~ the equili- 
brium configuration in the absence of external forces). When considering 
an elastically strained lattice, we cannot directly introduce the strain 
parameters dg = Üg, as the macroscopic parameters; for then it would 
be impossible to write down the Hamiltonian explicitly. Instead, we 
have to begin by using the deformation parameters af. With ag as 
the macroscopic parameters, q; may be considered as certain coordinates 
which specify further nuclear displacements ul) from the strained 
configuration described by ug. We can evidently choose the internal 
coordinates by using the relation (39.3), namely, 
N 


„ A Ud) = m map D Odette me ae, (40.1) 


17 . Ge fe otte Fese 
whereby tho corresponding real coordinates Q(9) and q) (y 4 0, related 
to ) by (38.33)) are then taken as the internal coordinates q;. 

For the moment we shall consider the complex coordinates Q(¥) as 
the internal coordinates. Our task is thus to express the Hamiltonian 
as a series in ug and ), on the supposition that the lattice is first 
subject to an external strain described by ug and then the nuclei are 
further displaced according to (40.1). As in § 17, we shall consider only 
terms up to the second order both in the macroscopic parameters and 
in the coordinates 05). 

Consider first the part of ® depending on the coordinates Q(%). This 
part gives the change in ® due to the displacements (40.1) from the 
homogeneously deformed configuration ung: its value, normalized to 
N lattice cells, is thus equal to the expression ö hdef given by (39.19), 
if the deformed configuration in (39.19) and (39.20) is interpreted as 
the configuration described by u.g. Using the nuclear displacements 
(36.4), we have 


ag. (k k ve) = Dap ( K. + 2 bag. Ata: E. . 2 ay 1706) + 
+4 8 2 Oli, af ( K fe Rie — 2 % K o 1 ty) eli) +... (40.2) 


With the right-hand side regarded as a series expansion in the para- 
meters tag, the corresponding coefficients may be considered as certain 
transforms of the derivatives of , obtained by the multiplication 
with a lattice vector such as x „ followed by a summation over the 
indices (4). We shall denote Saul transforms by replacing the summed 


indices in the derivative of ® by horizontal bars and enclosing the 


"tre, 7 
SH . 4 : . ez 7 : 
+ 4 AS 7 7 — 2 nin. 2 ese t * “4 72 L — 1 —— 24 


~ 


a 
r d (iby 


„ P - - 
p oes 2 a a i * ~ 
d Rage e y 
i 7 f 537 e. . 
9 aie 
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Cartesian index introduced by the lattice vector with the Cartesian index 
originally belonging to the summed indices. Using this convention, we 
can write (40.2) as an expansion in ag as follows 


pag.. (& ) = Daplk k —. ＋ 2 Perya. (Z Rie euy t 
+4 2 > O Wag.-(— 2 el. . N uA ow (40.3) 


Substituting (40.3) in (39.20) and using the latter in (39.19), we obtain 
dchdet in the form of a series in 2g as well as in O5). A suitable notation 
for the coefficients is obtained by regarding the relations (39.20) and 
(39.9) as defining a transform leading from the indices af... (2) ...) en bloc 
to the indices (.). With this understanding, we can write the expan- 
sion as follows: 


Spat = V 2 >. Papl J 1g 0) ＋ 


-+ = > 2, 2, Papiya Z = H Jtag Wy 2050 T 
a8 7 


HŠ ZAP 


te 


+43 5 Y Papl Y Pag AGH 


N T 
t2 >, 2 2 DD = = ¥ Pag Mya EEU * 


The systematic notation for the coefficients points directly to their 
relations to the derivatives of ®; for example 
Papiya — 5 7) = 2, > > > — GD IGT) * 
lk FF kp Uk'y 
1 


„ 
a (m mt 


(Ihe, (k )en. xd). (40.5) 

In order to obtain the total energy we have to add to (40.4) the energy 
in the homogeneous configuration described by u,,. As we have already 
emphasized in the last chapter (§ 25), the method of direct expansion 
of ® does not lead to an unambiguous value for the energy density due 
to a homogeneous deformation. This difficulty arises from the fact that 
the nuclear displacements in an external strain increase indefinitely 
with the distance of the nuclei from the origin and do not full the 
periodic condition; thus the normalization procedure which has been 
used in connexion with the displacements (40.1) is no longer applicable. 
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The energy density due to an external strain may, however, be 
obtained with the help of the elastic constants (about the static equili- 
brium configuration A“) derived in the last chapter with the method 
of long waves. From the elastic constants we can construct the strain 


energy function 1 LC Cuyp tay UBr- (40.6) 
ay BA 


This expression includes not only the energy due to the external strain 
described by vag but also the energy (negative!) of the internal strain 
induced by the external strain. The contribution due to the internal 
strain can be eliminated as follows. In view of the physical interpretation 
of the first-order equation (26.18), one sees readily that in the expression 
for the elastic constants (see (27.26)), 


Cay pà = lag, yA\+[By, aA|—[Ba, y- (ay, Ba), (40.7) 
only the term (ay, BA) is due to the induced internal strain. If the internal 
strain is suppressed, this term drops out and the square brackets are 
loft unaffected. Hence upon leaving out (ay, BA) in (40.7) and substituting 
the latter in (40.6), we obtain the energy density due to the external 
strain in the following form: 


2 2 {[oB, yA] +-[By, oA]—[BA, ay Ih g- (40.8) 


Denoting the energy per cell of the undeformed lattice by ġo, we find 
by adding (40.4), (40.8) and Vd, the total potential energy of N cells: 


NGO AN va 2 p> lag, AI IBV, «A]—[BA, ay tay g 
＋ VV 2 2 ba- 50g O3) + a x2 2. 2 Depry - = J) tg 7 O(F)+ 
BY 
ö 
+43 >) Dep J i)) 


y - 
+22 $ > Dapa lZ = P ag ta H - (40.9) 
ap yA YI 


We may recall that the square brackets are defined in terms of the 
second derivatives of ® by (26.5) and (26.32); combining these formulae, 
we have 


Lag, yA] = 25 2 >, Dagli) E ylik talie). (40.10) 
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If an electric field is present, we have to include in the Hamiltonian 
an effective interaction term between the nuclear motion and the field. 
The use of Placzek’s approximation (§ 20) shows immediately that in 
order to reproduce the eigenvalues (18.11) correctly for the vibrational 
states (in the electronic ground state), the interaction term must be of 
the form ö 


— IIK) E.—I ZP > g(0, X) En Eg. (40.11) 


In expressing the interaction term 2 as a series in ug, E, and 
Q(%), we can consider it as the sum of two contributions, namely, the 
value of the interaction term in the homogeneous configuration described 
by uag and the additional contribution due to the displacements (40.1) 
from the homogeneous configuration. The latter can be written down 
directly by the procedure used in obtaining (40.4): 


VN F ME %. > Peal , och 
W 2 2 aN 90 E ug, ) — 

-4 È MG PE O 

-+È Y Z Pa Ea Es OAPI- 


A ehe; P a, OUP (o 


where the coefficients are transforms of the derivatives of the moment 
and the polarizability defined in the same way as in the case of the 
potential function; for example, 


Mg = J 7) 


Me Bulk? Dyz 75 ) — eö)e, (k 5 e727 x’). 


Since the components of E are macroscopic parameters like u,g, to be 
consistent with the desired accuracy we have only to consider terms in 
M(X) up to the first order in , and in F,,(0,.X) we can ignore all 
terms dependent on tiag. 
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In the interaction term for the homogeneous configuration described 
by u.g, we write the part a of uag a8 follows: 


— 22.—5 2 pos Ex Ep, (40.14) 


where ha and pag are respectively the 8 and electronic polariza- 
bility per cell in the undeformed configuration X. Besides (40. 14), we 
have to consider only the terms of M(X) linear in uag, all other terms 
being of the third and higher orders in the macroscopic parameters. 
Using the displacements (36.4), we find that the terms of M(X) linear 
in Ug are 
45 1. gl 2 ug, tylk) = 2 Ugy x(t) 7 A. 500 7 8 > Ugy 2 M, a fl) (k). 
(40.15) 
The first term on the right-hand side vanishes identically owing to the 


invariance relation (23.24); the second term, on the other hand, shows 
that every cell contributes to the moment the amount 


2 ug, >, Aa, (C), (b). (40.16) 
The corresponding energy A N cells is 
*. As x, E) E. ug (40.17) 


Adding (40.12), (40. 14), and (40.17), we obtain for the interaction term, 
normalized to N lattice cells, the following expression: 


* R 2 Pap B. Bp—N F T Alster, h E. ur 


WN F . op- > Be. EOD 


-NN > 5 Masp (Z 9 Ea ug Ql 1— 
—1 > 5 J PE. GAUP) 
AJ 
al > 7 z Fagd 77) Ee Eg Q(3)Q(57)— 


N 
ELE een S). dh, OAP) (40.18) 


The sum of the kinetic energy (38.29), the potential energy (40.9), and 
the interaction energy (40.18) represents the normalized Hamiltonian 
for a homogeneously strained lattice in the presence of an electric field. 
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41. The free energy 


Subdividing the Hamiltonian as in (17.2), we can write in the present 
case 


H = Nbo+} $3 F PAHA) 
Hh, = Feb EOE 


H, =} z 95(9) E, Eg+ 22 gq) E up, 1 23 GH) n. 


(41.1) 
where, as in § 17, 
g = gba, gfaBxy) = ge Ma). (41.2) 


All the g- coefficients are series of the form 


I= H+ THUS SIG PDP) G 
The coefficients in the series can be directly read off from (40.9) and 
(40.18); they are listed below for various cases: 

gä = Na, 9 = 0, 
gf = —VN M3), gP = VN C- J, 
90 7 = AGP) PGF?) = J), 
gy = Nag, 9% = —N 2 M.), (c), 
9 = lay, BA] +[By, oA]—[yA, af MMV = et) (see (27. 25)), 
= -M Papl), 9 = —VN I- 9. 


JPN = VV Dama IID PGP) = —Papl¥ 7), 
gP = (=- 7), SPAG) = Daal = 70). 
(41.4) 
All the second-order coefficients satisfy the relations 
96% = PY) (41.5) 
g7) = APP, (41.6) 


which can be verified individually by arguments similar to those used 
in § 39. More generally, as a moment's consideration will show, these 
relations arise as the direct consequence of the relations 

defy 7) — det y) = {paet )), (41.7) 


which are valid for any homogeneously deformed configurations such 
as described by ug, and the similar relations for the derivatives of 
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M(X) and Fag(O, X); for the second-order g-coefficients are essentially 
the expansion coefficients of O40 7’), etc., expressed as series in the 
parameters ung. l 

When expressed in terms of the real coordinates G)) and q) (y + O, 
see (38.33), (38.34)), (41.3) clearly assumes the form 


N 
I= got To, HSS S aG (418) 


i.e. the linear terms depend only on ) and the quadratic terms are 
products of q) (or G), not explicitly indicated in (41.8)) belonging 
to the wave-number y. )) and qi) represent in the present case the 
internal coordinates denoted by g, in § 17; (41.8) is thus the exact equiva- 
lent of the expansions (17.3). With (17.3) replaced by (41.8), we can 
accordingly rewrite the formulae (17.26) for the coefficients in the free 
energy as follows: 


A? = Ng +2kT > 2. In{2 sinh $A(%)}, 


A = g8-t-4 > x 73) 2 Th), 
Att = git > [eo(9)]-298 gj-+ 


N 
+ SE (POE ots E95, > adhd} + 
1 „ ZO 
tz 2, > 2 ere 
yY JA FX ? 


1 ix rT ii* 
-aT 2, (FOP zr} 2 a. (41-9) 


where the indices s and ¢ stand for either a single index or an index-pair 
depending on whether they refer to the field components or the deforma- 
tion parameters. In writing down (41.9) we have taken account of the 
fact that the frequency w(3) is independent of the x- index and hence are 
also B(¥) and 90): 
BO) h, F=; 2000 coth ea (41.10) 
In order to work out 4, A*, A* explicitly with the help of (41.4), we 
have still to express the second-order coefficients in (41.9) in terms of the 
second-order coefficients g(¥ 37). A comparison of (41.8) with (41.3) leads 
to the identities 


2 ma InG) = 93 FIOPOAGIAUGHOUF")O(}). (41.11) 
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Expressing the complex coordinates on the right-hand side in terms of 
the real coordinates qu) with the help of (38.33) and (38.34) and after- 
wards equating the corresponding coefficients on the two sides of 
- (41.11), we find the desired relations between the two types of second- 
order coefficients, which may be written 


IF) = ax gG PF) +A AGH, (41.12) 
where an 3 4 , a 5, ds 5 (41.13) 
Except in the terms 
SSS PO ote oh (41.14) 
7 a TMH)» . 
2 N Fe 0 


the second-order coefficients appear in (41.9) only in the form g))(}). 
Upon putting 7’ = j in (41.5) and (41.6), we observe that 90 V) is real, 
and furthermore the g-coefficients in the two terms on the right-hand 
side of (41.12) are equal, so that (41.12) can be written as 


gx) = 95 Faw taj} (41.15) 

Thus, using the values (41.13) for ay, we find that 
way) = gG 7) (41.16) 
and g/ =0 if’ 72 A. (41.17) 


Hence, in connexion with expressing (41.9) in terms of the coefficients 
listed in (41.4), only the terms (41.14) require special mention. The 
prime over the summation in (41.14) excludes only the terms with 
both 7’ = j and X =); there are thus a number of terms with a 
vanishing denominator, namely, the terms with j“ =} but A’ 2A. 
However, as shown by (41.17), the g-coefficients in these terms are 
equal to zero. We recall that the terms (41.14) arise originally (see § 17) 
from a second-order perturbation calculation; the vanishing g-coefficients 
indicate that the matrix elements concerned are equal to zero. The 
terms j = j, X ~ A are thus to be omitted from (41.14), leaving 


1% Pe) 
z 2, 55 ba eK Aat), ju 


whore the prime over the summation now excludes all terms with j’ = j. 
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With the help of (41.12) and (41.13), we find that 
Hx) = | Z ah HOG FG N+ 
Fah-) 0 PIMP P+ IG PAG P+ 
(NN 
Thus (41.18) — Pl Feen 


D> ToT rol PIMP PAIS PFE FI}. (41.19) 


In view h (41.16) and (41.19), (41.9) can be readily written in terms 
of the coefficients given in (41.4) as follows: 


4° = Ngt 2T S I In(2sinh 38N, 
y 
; 1 
AS = g8 + 2, > 90 704205). 
A* = gi! — 2 L29591 
U -c Pte o 


: 72077 
HEEL PGPP PENTA PI e- 


„ yee mre Pe- (41.20 
A 73 iG j — ne) 


Written explicitly in terms of the macroscopic parameters, the free 
energy (17.25) becomes in the present case 


F = Ao + > AE, + 2 ue > APE, Eg+ 
+ 2 2 ACNE, ug, +} 2 > ACBIYMy guy. (41.21) 


We shall now derive certain invariance relations between the coefficients 
which will enable us to express the free energy in terms of the strain 
parameters dg = tg, and E (see § 37). Consider a simultaneous in- 
finitesimal rotation of the specimen and the field. Let us describe the 
rotation to the first order by the antisymmetric matrix 


Quy = — Wyp" (41.22) 
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It follows from (37.19) that the rotation of the specimen changes the 


deformation parameters u, into 


Uny Tony T 2 Wro way (41.23) 
the field components become, on the other hand, 
E. + Can, E. (41.24) 


Replacing the deformation parameters and the field components in 
(41.21) by (41.23) and (41.24) respectively, we obtain up to the first-order 
terms in w,, the following: 


F = A® + 2, A* Es + 2 Awp Eg + 2 eg 
+ > ACP .g + > A Pwu gt 
ap apy 
+ T ANE, wg, + & T ACM gw yt... (41.25) 
apy KB yA 
where terms of the second order in the macroscopic parameters are not 
written explicitly and use has been made of the fact that 
AB = Apa, AlaPXy)) ADN. (41.26) 
Since the rotation cannot affect the value of the free energy, (41.25) must 
be independent of the parameters w,,, to the first order. Thus we may set 


equal to zero the first derivatives of (41.25) with respect to w,, = —w 
obtaining 


I = AE, A- B+ 4. AH 4 > {AGP yu, ,—AMPy, 3} 


vp? 


+ Y {44m AvE, -+ > eee 


= 0. (41.27) 


This relation must be fulfilled identically for any values of uag and E. 
It follows that the constant term and all derivatives of the expression 
on the left-hand side (denoted by J) with respect to the parameters must 


vanish: Alu Arr) = O, (41.28) 
ol v Ly. * — 
55 —— 4⁴⁰— 4 du Ard )— Arve) = O, (41.29) 
al 


dn = AUN, — AVS, - A A Xp) — 0, ete. (41.30) 


In view of (41.26), (41.30) can also be written alternatively as follows: 
A, AONB, -- AUK AVN = 0, (41.31) 
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The invariance relations (41.28)—(41.31) are sufficient to enable us to 
write the free energy in terms of dag t,, and E up to terms of the 
second order in these parameters. Let us rewrite the two linear terms 
in (41.21) as follows: 


ASH, = Z AE, = . F, Eg) — S Arup, E 
= AxE.— Y Ardag Lauge, (41.32) 
af B By 
y . 

> Albu g = T APug, = & APM (up tup) 
af Bx pa 

8 ABN Flugi) E tap tar} 1. AP ag ue 

= 8 Au. 2, APNG 2 7, (41.33) 


where, we notice, the replacement of up) by the symmetrized expression 
(2%gy-+%yg)/2 is permissible owing to (41,28); thus afterwards dividing 
(41.21) by Nv,, we can write the free energy per unit volume (of the 
undeformed Jattice) in the form 


F = Fo 2 Fo E- e z FPE, Eg+. 


-+ 2 F aby EF upyt4 2 2 F (ate g , (41 34) 


where 8 
A? AS Ala 
0 = pam Map) = all (Ba) 
j No,’ i Nv,’ = Nv, ai 
FoB = AB — FBa, Fay) — yí AxBy) AY5,.g} = Fay, 
a 


Va 
FoBky) — 155 (Ae ABB, } = PD — Pede. (41,35) 
Va f 


The symmetry relations indicated can be readily verified with the help 
of (41.26) and the invariance relations (41.28)-(41.31). Owing to these 
symmetry relations, the deformation parameters in the second-order 
terms may be replaced by the corresponding symmetrized expressions 
as follows: 


F = For > Fee + > Foigt $ > Fa E. Eg+ 
2 aß af 
+ x FBE {4 (ug,-+utyp)}-+ 
+ . 5 Fiaty} (u. B + ttga)} {4 (uat u)) : 
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By addition of terms of the third and higher orders in the macroscopic 
parameters, we can rewrite the free energy finally as a function of the 
parameters dg = Ag and E in the form 


= P+ > Fa E- > FOP gtt > Fob E, g- 
a aß aß , 
+ > FEE tig, +4 D FAN gün (41.36) 
apy A 
By the use of (41.35), (41.20) and the g- coefficients given in (41.4), it 
is now straightforward to write down the explicit expressions for the 


coefficients in the free energy (41.36). It is convenient to convert all 
the summations over the wave-number y into integrals as follows: 


iN 
S> No, Í dy. (41.37) 
y 
This is possible because, for large N, the representative points of the 
permitted wave-numbers in the reciprocal space are very dense and the 
density of the points is equal to V = Nv, (see § 38). 
The explicit expressions for the coefficients in the free energy are 


listed below (see (41.4)): 
70 22 J 267 > J mI2sinh 1600 dy, 
a — pa —y ary 
Pe = y f ALG PC) dy, 
PoP = F | Daly PO) dy, 
ap — Pag 1 Sv Hal) Mel) 
— Ef Po P+ gaa Mes MG PPO ay + 


HIY f GPA PHP U P LY 


TF 0 — o) 


l 12 
22 Í MG 1 0 PrO- dy, 
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Pet = LS alia E MD 


= F J (Mue 20 Ms Pap = P dy— 


2000) 


22 GU POG A= PPUP Oey a 


1 * 
＋ 27 2, Í ( 770 % x F ig + 
0 — 
Se Lg > | 4% PFG) dy, 


vobon = (Lay, BA]+[By,ad}—[yA, af} — = D, eC 
1 j. 


F J (tapal = 23 P= soa Peal TPD P ay + 


15 (= PPa 7) ＋ 


TO 5 ) = 7 eS 


-zP 2 | = PIP (= 5 FFA am} ye 
de O- I PEC) dy. (41.36) 


42. The static (non-vibrating) lattice . 

In (41.38) the terms involving integrals over y represent the effects 
due to nuclear vibrations. When such dynamical terms are omitted, the 
free energy reduces to the energy density for a static lattice. We note 
that, owing to the persistence of the zero-point vibrations, a real lattice 
does not reduce to the static model even at the absolute zero of tem- 
perature. The static case is, however, of interest, since the mechanical 
and electrical properties following from the corresponding energy 
density can be directly compared with the results obtained by the 
long-wave method, which makes no allowance for the internal nuclear 
vibrations. In particular, it is instructive to see how in the present 
treatment the internal strain induced by an elastic strain is taken into 
account. 
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For the static case, we find upon putting 
Weg = , tag = 0 
in (37.38) that 
8 =; er 4 Ce 4 eK er 
ang rar = Al Btigy Olly dd ö dag dd, hg obe atatie 
(42.1) 
Using the free energy (41.36) and remembering the symmetry relations 
(41.35), we obtain the following: 


Cay, RA = {F ( tatio 


lag. M- IBV oA]—[Ba, 95 > wet mee (42.2) 
where (Fay, ati is obtained from (41.38) 5 leaving out the dynamical 
terms. It will now be shown that the last term in (42. 2) is equal to 
— (ay, BA) (see (26.33)). The arguments which we shall follow are 
essentially similar to the discussion given in § 34. 

By definition (§ 40) 


1 
8 0 — l 0 l of 0 E 42, 
Papl ) > 2. ante xyli) my AC 7 ( 3) 
In view of the invariance relation (23.16), we can replace 5% by 


Tyle) (= ,-, (K)) and write (42.3) in terms of the coefficients 
Copy (kk') defined in (26. p as follows: 


,(=9) = 5 f (> shiny, OY, (lek!) (%% (42.4) 


It follows that the last term in (42.2) can be written alternatively as 


— II me OR) & me ole e 
a ku k'v 
” le T ee 


Putting y = 0 in (38.24) and remembering (38.5) and (38.21), we find 
that the polarization vectors e(/|9) satisfy the equations 


> mcm afk e le = oleak, (42-0) 


TT: 
which, expressed in terms of the coefficients OR (kk') defined in (26.3), be- 


cone Z CEREK Depth) = wl eak). (42.7 


Regarding the . side formally as the inhomogeneous part of 
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the equations, we find with the help of the T-matrix introduced in 
(26.25) and (26.27) that 
e)) = w?) S Ino (0e). (42.8) 
After (42.8) is multiplied by 
eb.) 
(0) 
and summed over j, the use of the orthogonality relations (note that 
er (*)) = e, (b)) leads immediately to the relation 
enz) e, (V.)) 7 app 
2 15 O K = TL (kk’). (42.9) 
Using (42.9) in (42.5) we see that the last term in (42.2) is equal to 
the round-bracket expression (26.33), in view of the symmetry relation 
given in (26.4). Thus the elastic constants given in (42.2) are in com- 
plete agreement with the expression (27.26) obtained previously by the 
long-wave method. It is evident from the above discussion that in the 
present treatment the effect of the internal strain is reproduced through 
the normal coordinates 05); this is exactly as to be expected, for we have 
observed (§ 38) that these coordinates describe the relative shifts between 
the constituent Bravais lattices, or, in other words, the internal strains. 
We have also remarked in § 38 that if the lattice is ionic the coordinates 
), as introduced there, are necessarily ambiguous. In the considera- 
tion of the free energy, we have taken account of the macroscopic field 
explicitly by an additional term in the Hamiltonian. It is thus clear 
that in this connexion the coordinates 0) are to be defined by eliminat- 
ing first the contribution due to the macroscopic field. In order to do so 
explicitly, it is necessary to consider a definite model, at least in so far 
as the Coulomb part of the atomic forces is concerned. Thus for the 
rigid ion model (cf. § 31), the coordinates Q($) are to be determined by 
(42.8), wherein we have to use the T-matrix (31.35) defined in terms of 
CORK); the latter, we remember, are the coefficients C'%(kk’) with the 
contribution due to the macroscopic field eliminated. It is then readily 
verified that the static parts of the piezoelectric constants and the 
dielectric tensor as given by (37.39), (37.46), (41.36), and (41.38) in the 
present treatment are in complete agreement with the corresponding 
results (32.12) and (32.18) obtained by the long-wave method. The 
proof required is straightforward; we need only note that in the rigid ion 
model Pag = O, 


2 A, p(k)x,(k) = daß 7 ex , (k) = dag by: (42.10) 


3595 .87 Y 
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and it is implied in the long-wave method that p° = 0, for otherwise 
there would be an ambiguous macroscopic field in addition to the field 
(31.14) produced by the ion displacements. 


43. The T- lav 

As shown in § 37, all the normal mechanical and electrical papane 
of a crystal can be described in terms of its free energy. The explicit 
formulae governing these properties are obtained by substituting the 
free energy given by (41.36) and (41.38) in the general results derived 
in§ 37. The temperature dependence of these formulae is in general very 
complex; a general discussion is possible only in the limit of very low 
temperatures, 

Let us examine how the coefficients (41.38) of the free energy vary 
with the temperature at the low-temperature limit. Subtracting from the 
coefficients their respective limiting values at T = 0, we obtain the 
following: 


.- Te = — F f MG PED- ag) 4. 


a a — h 
FeP(2)—F(0) = ¥ f oN PFO 2500 ay, 
Po8(T)— Faß(0) = 


) (Pa J E Ma PMC MED- a) av + 
, Gyn 7 h 20 y 
HEP [One u ᷣ prar pma TEREE) ay— 


1 
-ARD | Ma FM PTO- aap) an 
Fach) Fa = 
— F f Obe -S MAG Due N26 dy 
N | AGP Gz PPHP POETI FNS 
x [E GH 2 dy+ 


0 (0-70 


1257 > Í MAG e = miror- 0 00 dy 
elle —F7(0)}, 


VI, 5 43 THE FREE ENERGY 323 
Fla) Fa = 


F {Papal = 377 — 550% bead y e 3 P) x 
x F0- 2 2000 dy 
FESS f %. P PHD I, 9 PIX 
ee 

57 > f apl=3 PP al=3 POPs] av 


_5, (FT) -F), (43.1) 


where we have used the fact (evident from the following discussion) that 
the integrals involving the factor 


[oP — 2100 


vanish faster than T at the low-temperature limit. The differences 
given in (43.1) represent the temperature-dependent parts of the 
coefficients and are seen to depend only on the dynamical terms. The 
integrals in (43.1) contain one of the following temperature-dependent 


factors: — yx Dp—hw [kT 
g_# 2 5 „ (43.2) 
Jw 20 eřwlkT _. p-hwi[2kT 
12 J 4 
[F — 4 den? [ehwiekT — e-hwl2kT]e" (43.3) 


For fw large compared with T both factors fall rapidly with increasing 
frequency, essentially in an exponential way. Since the frequencies ) 
for all except the acoustic branches j = 1, 2, 3 have finite lower limits, 
for sufficiently low temperatures we need consider only the contributions 
due to the low-frequency portions of the acoustic branches, in other 
words, the contributions due to the long acoustic vibrations. For these 
vibrations we can write 


w(3) = 2n6,(0$)y, (43.4) 


where (J, 8, &) are the polar coordinates of y and c, (%) is the velocity for 
elastic waves on the branch j and travelling in the direction (6¢). Hence 


324 THE FREE ENERGY VI, § 43 


all the integrals in (43.1) which are relevant at the low-temperature limit 
can be written in one of the following forms: 


fa foan ſ can x acc 


i xf exp —yhe(0p)/2kT"| (43.5) 
exp yhc(6¢)/2k7'|—exp[—yhe(0¢)/2k7])’ 


1 rig m , ; 
7) 46 f sina do fy dy KO 00 
0 0 0 


2 ͤ VG 

is Saber sop oO aa 
where K(y) stands for an arbitrary function of y. The upper limit for 
the integration over y is not clearly definable; but, whenever the tem- 
perature is sufficiently low to permit the rejection of all but the long 
acoustic vibrations, the exact value of the upper limit is immaterial 
and we can take it as infinite (cf. the discussion of the 7%-law in § 6). 
Let us represent K(y) as a series in y as follows: 


Ky) = KAOP HELIKA.. (43.7) 
where the coefficients are functions of the polar angles (note that the 
series is of the type used in the perturbation method in § 26, with e 
and y effectively replaced by y and y/y). Upon substituting (43.7) in 
(43.5) and (43.6) and introducing 

| S = h/ ? 
as the integration variable in place of y, we find that (43.5) and (43.6) be- 
come respectively 


> 1 9 j j dg f sin 8 asl eaves (43.8) 


(= . m f Ge 0 { dd l sind dO) ges on (43.9) 


Thus if the lowest non-vanishing term in K (y) is of the 2th order in y 
the integral (43.5) approaches the low-temperature limit as 7”+? whereas 
the integral (43.6) approaches the limit more slowly as 7’. 

In all cases, the function K(y) is a combination of the second-order 
coefficients: 


ARCE 7h O- 7 70. M, (= 1789. etc. 
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These coefficients are essentially expansion coefficients of the following 
quantities (see § 39): 

Aaet(x y), Daty J), PB 37), (43.10) 
with respect to the parameters «g which a the homogeneously 
deformed configuration. We shall now show that, when expressed as 
series in the manner of (43.7), the quantities (43.10) have no zero-order 
terms ifj, j = 1, 2, 3 (acoustic branches); and, moreover, the first-order 
terms also vanish ifj = J’. eae for instance, dee J); by definition, 


aer y) = 2 05 bag b) — aa e,(&|§)eg(k’ | ¥)exp[—2miy . x()]. 
(43.11) 


As we have remarked in § 38, the polarization vectors e(ë 5) differ from 
the solutions w(k|¥) considered in the last chapter (see § 26) essentially 
only by a phase factor exp[2a7y.x(k)]. Thus if we assume the solutions 
w(k|¥) to be suitably normalized, we can write (43.11) as 


del 7 y ) 


= > 88 bak) e R yi al IG pl | 7 exp{2aty .[x(k)—x(§)]}. 


(43.12) 
For j, 3 = 1, 2, 3 it follows from (26.14) that as y O along a fixed 
direction (0$), (E + w(KI¥) = vin, u,(6¢), (43.13) 


u,(@¢) being a vector independent of the base index k. Hence 
2 -y — do 
lim Of 77) = 2 10 (Op); (0 ) 5 z Dargi )}. (43.14) 


Since the deformed configuration concerned is a perfect lattice, the 
invariance relation (23.16) obtained by considering translational in- 
variance is valid also for the deformed configuration; i.e. 


S dase E) = 0. (43.15) 
rk 

It follows that lim @4"(5 ) = 0. (43.16) 
y->0 


In fact, as the index k is not summed in (43.15) it is clear that (43.16) is 
true if only one of 7 or j’ is an acoustic branch. 

When the solution w(k|%) for an acoustic branch is expanded in the 
manner of (43.7) all the odd terms are imaginary and all the even terms 
are real. This is immediately evident from the equivalent expansion 
(26.10), for the perturbation equations are all real. The same is evidently 
true for the exponential factor in (43.12), and hence also for def 57); 
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i.e. when expanded in the manner of (43.7), deff 57) has imaginary odd 
terms and real even terms. On the other hand, we have observed in § 39 


that Odot( 5’) — det 7 — [def J) IK. (43.17) 


Putting j = ' in (43.17), we see that Odet(g y) must always be real. 
This being the case for all values of y, it follows that the odd terms in 
the expansion of Od Y) must vanish. 
Since there are elation exactly analogous to (43. 15) and (43.17) for 
AMset(y 77) and Pag 57), similar conclusions to the above hold also in the 
case: of M det(y 7 aa Pas 7). Moreover, as the conclusions are valid 
for any homogencously deformed configuration, they can be imme- 
diately extended to thesecond-order coefficients M 7”), Pia (=F JV), ete., 
which, as pointed out above, are the expansion coefficients of Ma 59), 
acts y), ete., with respect to. the deformation parameters Waf 
Therefore, when expanded in the manner of (43.7), the second-order 
coefficients 


M 7) Pap lZ 7 7), Af, (a= 3 ). ete., 
begin in general with terms of the second order in y, whereas the co- 
efficients with 7 4 7’, 

MA; rid ), Papl Z 3 75. A, 47-1 + ), etc., 
begin with terms of the first order in y. 

In (43.1) we notice that F(7')—F%(0) and FA T) FA0) are each 
equal to an integral of the form (43.5), in which the function K(y) begins 
with terms of the second order in y. Hence both vary as T+ at very 
low temperatures. Apart from terms of this kind, F°4(7')— Faß (O), 
Fah) F0), and FH) FaPXy0) each contain three 
further integrals. Two of the integrals are of the form (43.5); in both, 
the function K(y) begins with terms of the second order in y. The 
remaining integral has the form (43.6), but the K(y) function begins with 
terms of the fourth order in y. Therefore all these integrals vary as 74 
at very low temperatures. 

Thus despite the very different structures of the various coefficients 
in the free energy, their temperature-dependent parts all vary ns the 
fourth power of the absolute temperature at very Jow temperatures. 

Putting E = 0 in (41.36) and minimizing F with respect to the strain 
parameters, we get the relations 


FPT) + 8 Fla TAT, = 0, (43.18) 


which determine the thermal on components nag. Subtract ing from 
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(43.18) the same relations for 7' = O, we can write the difference in 
the form 


> FOXY (TD) (4, —119)) = —{ Faby I) — Flaß(0))— 
Y = 2 {F (a T)— FOBky(0)} a9). (43.19) 


Since the right-hand side approaches T = 0 as T? whereas the co- 
efficients FOYT) on the left approach finite limits, d- must 
vary as T? at very low temperatures. 

In view of this fact, when the free energy (41.36) is used in (37.32), 
(37.38), (37.39), and (37.46), it is immediately seen that the tem- 
perature-dependent parts of PP", c, 6), eg a, and Aag all vary as 
T? at very low temperatures. As easily verified, the same is true of all 
the other alternative coefficients for describing the mechanical and 
electrical properties of a crystal (see (37.52), (37.53), and (37.54)). 


VII 
THE OPTICAL EFFECTS 


44. The microscopic theory of dispersion 

Tux theories of dispersion discussed in previous chapters (see §$ 7-9 and 
§§ 33-35) are partly based on phenomenological considerations. We 
have taken the macroscopic Maxwell equations for granted and used 
microscopic models only in so far as they are necessary for the derivation 
of the dispersion formula. We shall now consider a microscopic theory, 
which gives a self-contained account of the optical waves without the 
aid of the macroscopic Maxwell equations for dielectric media. 

In the phenomenological theory given in § 8 it was found that the 
consideration of lattice vibrations led naturally to the optical waves 
and their dispersion law. In Chapter V we have discussed the vibrations 
of ionic lattices on the assumption that the ions interact with the un- 
retarded Coulomb forces. We can build up the microscopic theory of 
dispersion by taking account of the retardation of the electric inter- 
action. The following treatment is thus essentially a revision of the 
theory of lattice vibrations given in Chapter V For the sake of sim- 
plicity, we shall use the rigid ion model as in § 31. 

In a microscopic theory the macroscopic Maxwell equations are 
replaced by the Maxwell-Lorentz equations: 


v. E 4zp, (44.1) 

v. H= o, (44.2) 
vH = (E+ 4ap¥), (44.3) 
VAE = H. (44.4) 


The fields, we note, are no longer macroscopic quantities, but represent 
values defined at every point in space. In order to realize clearly the 
connexion between the present discussion and the theory of lattice 
vibrations in Chapter V, let us decompose the vector functions E, H, 
and (pv) into their irrotational and solenoidal parts as follows: 


E = ENE, (44.5) 
H = H!+HL, (44.6) 
pv = (pv)'+-(pv)+, (44.7) 
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where VAH = VAH! = VA (pv) = (44.8) 
V. ET = V.H+ = V. (oV) = 0. (44.9) 


If an irrotational vector is resolved into plane waves, the waves are all 
longitudinal; the plane-wave components of a solenoidal vector are on 
the other hand all transverse. Therefore the irrotational and solenoidal 
parts of the electromagnetic field are known respectively as the longi- 
tudinal and transverse fields. We shall first show that the use of the 
unretarded Coulomb interaction is equivalent to neglecting the trans- 
verse electromagnetic field. 

It follows from (44.2) that the magnetic field is solenoidal; in other 


words: H! = 0. (44.10) 
Therefore (44.1) and (44.4) reduce to l 

V.E! = 4rp, (44.11) 

VAE: HI. (44.12) 


Moreover, since the curl of any vector is solenoidal, we find upon splitting 
(44.3) into its irrotational and solenoidal parts that 


0 = EAA), (44.18) 
VAH = ~(E+-+-4n(pv)+). (44.14) 


Taking account of the irrotational character of El, we observe that 
(44.11) is identical with the equation encountered in electrostatics. It 
follows from a well-known result in potential theory that 
=V {5 C dx. (44.15) 
R =* 

Thus E! represents the instantaneous (or unretarded) Coulomb field of 
the charge distribution. 

The equation (44. 13) is essentially redundant if we take account of 
the equation of continuity 


—p = V. (ov) = V.(pv)". (44.16) 
For, owing to the irrotational character of (pv)', we can once more use 
the result of potential theory quoted above and rewrite (44,16) as 


l p(x’, t) 
(pv)! = = Í reeg ax’, (44.17) 


In view of this relation, we can obtain (44.13) from (44.15) by differen- 
tiating with respect to time. 
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The remaining equations (44.12) and (44.14) determine the transverse 
electromagnetic field and do not affect the longitudinal field. Therefore, 
if we ignore the transverse field, the Maxwell—Lorentz equations lead 
simply to the unretarded Coulomb electric field. This is the approxima- 
tion underlying the theory of the lattice vibrations given previously in. 
Chapter V. Apart from the special case of strictly longitudinal vibra- 
tions, the vibrations of an ionic lattice are associated with a non-vanishing 
transverse current density (pv)+. The latter produces a transverse field, 
which is determined by (44.12) and (44.14). Once the transverse field is 
taken into account, the vibrational modes describe what we observe 
experimentally as optical waves. 

The electric forces transmitted respectively by the longitudinal and 
transverse fields differ in one essential respect; namely, the former can 
be described with the help of a potential function (the Coulomb potential) 
whereas the latter cannot. Accordingly, we write the equations of 
motion for an ionic lattice (in the harmonic approximation) as follows: 


mx tal) = — 2, OCC (Y) + 


e. lim (Ea(x)— (trans. field at x due to (%, (44.18) 
* XU 
where ꝙ includes the Coulomb energy between the ions. Without the 
last term, (44.18) would be identical with the equation of motion under- 
lying the discussion of the vibrations of ionic lattices given in § 31. The 
last term represents the force exerted on (}) by the transverse field due 
to the other ions. The magnetic field H+ exerts on (1) a force 


Lud) H (G0. 


Since H+ is produced by the motion of the ions, the force is of the second 
order in the ion displacements and is thus to be neglected in the harmonic 
approximation. 

We have to consider the above equation of motion together with 
(44.12) and (44.14), which determine the transverse field. We shall see 
that these equations are still satisfied by solutions of the following form 
(see (24.5)): 


u(t) = Jp W Hep (2miy x( h) cot). (44.19) 


Consider first the transverse field produced by the ions moving in 
accordance with (44. 19). The current density can be expressed with the 
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help of Dirac's 5-function as 
pv = F eg h(h)8(x—x(h)) = —iw F e, udhs(x xk) 


1 Wi e e (x(L)— x)]}expl2niy. Xx - icut]. 


(44.20) 


The expression given in the curly brackets is clearly a periodic function 
in the lattice. We can thus represent it by a Fourier series 


T I (he2 x, (44.21) 


where the coefficients are A by (see (22.22)) 


Ih) = Z FE w(k)8(x—x(4)) x 
Pa zero-coll ik win 
x exp ny. (* — —x)—2nty(h).x} dx 
—tw Tn, W Hexp(—2riy(h). x (k)}. (44,22) 


Let us 8 J a into two component parts qu) and Jö) respectively 
parallel and perpendicular to y+y(h). Then we can write 


(pv)! = > Ii(hjexp(2ai(y +y(h)). x—iwl}, (44,23) 
(v) = 2 J+(hjexp{2ri(y+y(h)).x—iwt}; (44.24) 


for it is easily verified that (44.23), (44.24) are respectively irrotational 
and solenoidal. The transverse electromagnetic field can be represented 
by similar series: 


Et = 2 E+ (kjexp{2ri(y+y(h)).x—iwt}, (44.25) 
HI = > H+ (h)exp{27i(y+-y(h)).x—iwt}, (44.26) 


where the coefficients are vectors perpendicular to y+-y(h) so that the 
expressions are solenoidal. We can determine the coefficients by 
substituting the series in (44.12) and (44.14): 


2 T (y+y()) A E+(A)exp{2zi(y-+y(h)). x—iwt} 
= 2 H1(h)exp({2z7i(y+y(h)).x—iwt}, (44.27) 
h 


2D (Y Y A H (hexp(2mi(y +y(h)). x—iwt} 


= . > (—wE+(h)—idnd(h) )exp(2mi(y+-y(h)).x—iet}. (44.28) 
h 
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The different plane waves being independent, it follows that 


(y-ty(t)) A E+(h) = z= HHA), (44.29) 


(YO) AH+(h) = 25 a — S540}, (44.30) 


Forming the vector product of (y+y(k)) and (44.29), and eliminating 
the magnetic field with (44.30), we get 


O0 = (2) (-O- 0h), (44.31) 


dri 


EGO) = — ay TO 3700. 


co? 


(44.32) 


The first term of either series (44.25) or (44.26) has the phase factor 
exp{2riy.x—iwt} | 
and represents the macroscopic value of the corresponding field. We 
shall signify the constant amplitude of the macroscopic ficld by an 
overhead bar. Thus we write the macroscopic electric field as 
E+ exp{2riy. x- ih, (44.33) 


where, as follows from (44.32), 
4 


— rrap O (44.34) 


Ww 


E+ = E+(0) = 
2 
The dielectric polarization due to the motion of the ions is given by 


Pexp(2niy. x ici (44.35) 
with the amplitude 


IF.. 
. > Jm, W). (44.36) 


Comparing with (44.22), we find that 
J(0) = —iwP, (44.37) 


from which we obtain, after subtracting the part parallel to y, 


3+0) Ff (-. N 
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Therefore (44.34) can also be written 
471202272 
E+ = dn 8 —1} . male 7) 44.39 
d yiii rae 


The macroscopic value ofthe longitudinal field is identical with the macro- 
scopic field considered in Chapter V. Therefore it follows from (30,26) that 


EI = —4 7 P). 44.40 
N , eee 


Adding (44.39) and (44.40), we obtain for the amplitude of the macro- 
scopic electric field 


E= E+E = PEP) (44 


2vely| 


w 


where n = 


is clearly the refractive index of the optical wave under consideration. 

(44.41) is the basic equation of crystal optics (ef. Appendix MT). 
For the discussion of the plane optical waves we can replace the macro- 
scopic Maxwell equations in dielectric media by (44.41). It can, in fact, 
be easily verified that for plane waves the Maxwell equations reduce 
to the equation (44.41). 

We have so far only considered the field produced by the ions moving 
in accordance with (44.19). The equation (44.18), which determines 
the motion of the ions, will, as we shall see, lead to the dispersion formula. 
It is shown in Appendix IX that the dispersion formula, together 
with the basic equation (44.41), gives a self-contained description of the 
optical waves. Thus we shall obtain a theory for the optical waves 
which is entirely free of phenomenological considerations. 

Let us substitute (44.19) in the equations of motion (44.18). Since, 
apart from the last term of (44.18), the equations are identical with 
the corresponding equations underlying the discussion given in § 31, 
the equations multiplied by 


] : ; 
E exp{—2mriy. x(})+iwt} 
are directly comparable with Pi and can thus be written as 
ww, (hk) = =} Copley jwg(k" se m, — Et — 5 a. exp{—2nty.x(j.)-+iwt} x 


x lim (EA (x) — (trans. field at x due to (},)),}. (44.42) 
x x() 
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After writing E+(x) as a series (see (44.25)) and detaching the first term, 
we can rewrite (44.42) as 


2w (k) = 5 T 3 — R Qriy.x(L) Tit) x 
x f 2, Ea (hyexp[2rt(y+y(h)).x—twt]— 
moe 


— (trans. field at x due to ( Da): (44.43) 


The last term of (44.43) gives the effect of the transverse part of the 
inner field, The inner field which has been discussed in Chapter V, and 
which is absorbed in tho coefficients Cop Be , actually represents only the 
longitudinal part, or the value of the inner field in the electrostatic 
approximation. The last term is the correction due to the retardation 
effect. The inner field, we remember, is that part of the electric field 
which is determined by local conditions; in other words, it gives the part 
of the electric interaction which has effectively a limited range. So long 
as the time required to traverse such a distance with the light velocity c 
is inappreciable compared with the period of vibration concerned, the 
last term of (44.43) is negligible. For a distance of the order 10-8 to 
10-7 cm., the time required is of the order 10-7 sec., whereas the vibra- 
tional period of an optical wave in the infra-red region is roughly of the 
order 10-13 sec. Therefore for our purpose the last term in (44.43) can 
be ignored and the equation may be written as 


01 UE) = S Caplio h')— . Ea. (44.44) 


Tho equation leads to a dispersion formula 3 similar to that 
obtained previously in & 33, 34 with the help of a phenomenological 
energy density. Thus upon substituting (33. 3), (34.7), (34.8), (34.9) in 
the equation (33.22) of the phenomenological theory, we find that that 
equation can be written as 


, Vi 0,(k)) = 8 CY ()( Va g ) -. (44.45) 


We observe that (44.45) and (44. 44) are almost * in particular 
vv, W(k) has the same meaning as wer) (see (33.3) and (33.2 1)); both 
represent the reduced displacements of the ions. The only difference 
_ between the equations is that the coefficients Cagli) in (44.44) are 
replaced in (44.45) by the long wave limits Cage; (= lim „ Ceglar)). 


(44.45), hence also the dispersion formula (33.37) derived Ton it, is 
independent of the wave-number y. This is an inherent weakness of the 
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phenomenological theory, for the use of the energy density (33.1) directly 
implies complete microscopie homogeneity, which is of course only 
approximately true in an actual optical wave. Thus, strictly speaking, 
the dispersion formula discussed in §§ 33, 34 is correct only in the limit 
of infinitely long waves. 

For optical waves in the infra-red region, the wave-lengths are so large 
(~ 105 times the lattice constant) that the difference between the 
coefficients Cagli) and Ceg( E!) is very small. Owing, however, to this 
difference, (44.44) leads to a dispersion formula which is capable of 
a distinct type of optical effect, namely, the optical rotation (see 
Appendix IX). By regarding F, in (44.44) as an externally imposed 
field (cf. § 31) we can write down the dispersion formula from (44.44) 
by following the procedure of § 33. In analogy with (33.14) we con- 
sider the linear homogeneous equations obtained from (44.44) by leaving 
out the last term. These homogeneous equations have 3n independent 
solutions for each y. The corresponding frequencies are the solutions 
of the secular equation 


|S ne daß Caglü)l = 0. (44.46) 


We denote these frequencies (for notation see§ 24) by w(%),7 = 1, 2,..., Zn, 
where the overhead bar has been introduced to distinguish the solutions 
of the homogeneous equations from those of (44.44). For a given fre- 
quency w(%) the 3n quantities av), k = 0, I..., 2—1, satisfy identically 
the equations 


600) 0, (413) = 85 Ce ). (44.47) 
It follows from (31.25) that the Cagli) form a 3n x 3n Hermitian matrix. 


Hence all the frequencies are real and we can choose the solutions so 
that (cf. § 38) 


5 DEIENE) v, E Dalk h) = Bev Bag, (44.48) 
and (EI) = wb y). (44.49) 


Following the method of § 33, we write the solution of the inhomo- 
geneous equation (44.44) as a linear combination of the 3n solutions 
of the homogeneous equations 


w(k) = Ta, W( I). (44.50) 


t w,(k]%) should not be confused with the w (r) occurring in (44.45). 
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Substituting (44.50) in (44.44) and using (44.47), we get 


w? > aū (kig) = > ay 3%), (kg) — An Ee (44.51) 


Multiplying the equation by 7}(k|¥) and summing over k, « we find 
upon using (44.48) that 


= l ex 4 (&|% MN 9 
4 = sgl > vm, . (44.52) 


The dielectric polarization can be obtained readily from (44.50), (44.52) in 
accordance with (44.36); thus we find that 


1 De wlk) 


Pi = 55 4 dn ae aply» w) Eg, (44.53) 
where 
8 — 21 ex Wgl( E.) e Pai 
aaply, w) = — 72 (a3) — a?) i 2 An E> £ Jm, sT 
(44.54) 


is the dielectric susceptibility tensor; this, we note, depends on the 
wave-number y as well as on the frequency. 
It is evident from (44.54) that the susceptibility tensor is Hermitian: 


aaply, w) = aßa (y, co). (44.55) 
Moreover, owing to (44.49), 
aag(— , w) = dag(y, w). (44.56) 


Therefore if we expand a,g(y, w) as a series in y, the even and odd terms 
must be respectively real and imaginary. Splitting the tensor into its 
real and imaginary parts, we thus have 


aaply, w) = azglY, 0) iaag, w), (44.57) 

where, expressed as series, 
al,(y,w) = dag) 4 NH lern-, (44.58) 
asg, w) = Sager H. t (44.59) 


As the leading term of a ag, w) is linear in the wave- number, for optical 
waves in the infra-red region the imaginary part is very small compared 
with the real part. It follows from (44.55) that a, i is a symmetric tensor 
and af ap is an antisymmetric tensor. Therefore we can rewrite (44.53) as 


D, = Ea An = > éag Ept+i(E A G), (44.60) 
B 
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where Eag = dag F Aang, w) = Efa (44.61) 
and G, = dral (y, w) = —4nal,(y, co), otc. (44,62) 


G is known as the gyration vector. It is shown in Appendix IX that 
the real dielectric tensor ¢,g and the gyration vector G are respec- 
tively responsible for the phenomena of double refraction and optical 
rotation. 

The series (£4.58) and (44.59) can be given explicitly if we have w*(¥) 
and w(k|%) in the form of series in y. After writing (see (31.20)) 


Cop lite) = CORR +4 D CARE u H.. (44.63) 


we can obtain the series for &?(%) and W(k|%) from the homogeneous 
equations (44.47) by the perturbation method. Thus if (5), w(klj) 
represent the solutions of (£4.47) in the limit y = 0, i.e. if 


TAUBE) = X RER og hl), (44.64) 
it is readily found that the perturbation method gives 


P= 0 Z ORED |y 


(44.65) 
Ü (k 5 = 0,(k|9)+ 
> CED ABR VD, (k J)k" I) 
+i 2 (> w 650505 wal bl 2 
(44.66) 


We note that in the above formulae dj), W(k|j), COKE’), OUR kK"), 
are all real quantities (see § 31). 

For the discussion of optical waves in the infra-red region we need 
retain only the leading term in (44.58) and (44.59). In this approxima- 
tion, dag is obtained directly by replacing d) and W (EHI) in (44.54) by 
a*(j) and w(k|j); in other words eag has the value corresponding to the 
long-wave limit y = 0 and is thus identical with the dispersion formula 
obtained previously in § 33, 34. The gyration vector G, on the other 
hand, is obtained by expanding (44.54) in a series with the help of the 
expansions (44.65), (44.66) and picking out the linear terms. With the 
help of the relation (see (26.4) and § 31) 


CB kk’) = Cb. (kk), (44.67) 
2 


3595.87 
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we find after some simplification that 


1 
Gi = — Ana 2 D 2 (Y == x 


e a(t) 3 er 00 x 
x | > 2 D () CY) kk" yD k" j)}, (44.68) 


and the other components can be obtained by cyclic permutation of the 
indices 2, 3 on the right-hand side. Owing to (44.67) the expression on 
the right-hand side reverses its sign, if we interchange the indices 2 and 3. 
Hence we can also express (44.68) in the vector form: 


1 
G = (- 2 va 2 2 > Giroc 


k > 2 acct URI) A wR 00 x 
* z PAA JELK kyok" j’). (44.69) 


As we have observed, if the transverse electromagnetic field is ignored, 
the dynamics of the system can be described by a potential function. 
The corresponding vibrational modes, which we have discussed in 
Chapter V, describe essentially the free oscillations of the normal 
coordinates corresponding to the potential function S. In this approxi- 
mation the use of quantum instead of classical mechanics affects the 
modes only in so far as the normal coordinates should be treated as 
quantum mechanical variables. The above treatment takes account 
in a classical way of the fact that such a vibrational modə emits a 
transverse electromagnetic field and is modified by the latter; with 
this modification incorporated, the vibrational mode represents an 
optical wave. It can be shownf that if we assume the same transverse 
electromagnetic field as in the classical treatment acting on the normal 
coordinates now treated quantum mechanically, the quantum mechani- 
cal currents induced at the ions are identical with the values given by 
the classical treatment. It thus follows that a quantum mechanical treat- 
ment of the motion of the ions leaves the results of the above classical 
theory completely unaffected. 


t Seo K. Huang, Proc. Camb. Phil. Soc. 45, 452 (1949), 
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45. The local treatment of optical effects 

The same formula for the dielectric tensor ¢,g(w) as given by the 
microscopic theory can also be obtained by applying the results estab- 
lished in Chapter IV. We obtained there certain general formulae 
relating to the optical effects of a molecular system which is subject to 
an electromagnetic wave, the wave-length of the latter being large 
compared with the dimensions in the molecular system. Now the dis- 
persion formula for a crystal is essentially a local relation, i.e. it relates 
the macroscopic field to the dielectric polarization at the same point 
(in the macroscopic sense). The general formulae of Chapter IV, there- 
fore, can be used directly to establish the dispersion formula for a crystal, 
if an arbitrary local portion of a crystal behaves virtually as an indepen- 
dent system and if upon the local portion the macroscopic field has 
virtually the effect of an externally imposed field. This is indeed the 
case, as we have observed in connexion with the interpretation of the 
first-order equation (31.34); thus we have found that once we interpret 
the macroscopic field as a field externally imposed on a local portion 
(small compared with the wave-length), the latter, dynamically speaking, 
is virtually decoupled from the rest of the crystal. Furthermore, we 
recall that, owing to the separation of the macroscopic field, the restoring 
forces arising from the locally homogeneous internal strain are determined 
by the coefficients CO(kk') rather than Cg), the latter being in fact 
divergent for ionic lattices. If we introduce for such a local portion of a 
crystal the normal coordinates as explained in § 38, the internal strain is 
described by the coordinates )) for zero wave-number. Thus, in defining 
the coordinates ), we have only to replace the equation (38.24) for 
the case y == 0 by 


25 C lkk’ Jeg R19) = w° lea lkl). (45.1) 


In this connexion, we need only remember the relation between lattice 
waves and normal coordinates as discussed in § 38; note in particular 
that the coefficients Del) and Cagli) differ only by a phase factor 
which reduces to unity for y = 0). A moment’s consideration will show 
that this definition for )) agrees exactly with that already introduced 
in § 42 in connexion with the static phenomena. 

Let us now apply the results of Chapter IV to a local portion of N cells 
in an ionic lattice using the rigid ion model as in the last section. The 
total electric moment in this case, 


M = 2 ep ui). , (45.2) 
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is linear in the nuclear displacements. It follows that the series expansion 
(39.11) for the electric moment of N cells reduces to 


d. = VN > AL(9)Q(5)- (45.3) 
¢ 
Using (45.2), we find that (for notation see (23.3), (23.5)) 
A, glk) = Magl) = Cx dag; (45.4) 


thus it follows from (39.13) that the coefficients in (45.3) are given by 
%) = Nel). 45.5 
1.0 2, me ED (45.5) 


Since (45.3) has only linear terms, we have only first-order dispersion in 
this case (see § 21), the transition frequencies being -+-w($). Therefore 
the polarizability is given directly by the formula (21.12): 
ADDL, 
(Pigloo = N > 0 
j 


w*(9)— — 002 


=N Ş — | 5 ee an evel) (45 
m 2 e >, Vm x 2 ‘my | a) 
where the term in (21.12) describing electronic 9 vanishes 


owing to the assumption of rigid ions. Dividing (45.6) by the volume 
Nv,, we obtain for the dielectric re 


(45.7) 
The formula is completely equivalent to the dielectric tensor obtained 
in the last section and the results of § 33, 34. Thus upon substituting 
(34.7), (34.8), (34.9), and (33.3) in (33.14) and (33.18), we see imme- 
diately that the dispersion formula obtained there is identical with 
(45.7). 

As compared with the method of local treatment, the microscopic 
treatment gives a deeper understanding of the detailed mechanism of 
refraction and is, moreover, capable of accounting for effects depending 
essentially on the finite wave-length of an optical wave, such as optical 
rotation. However, the microscopic method lacks flexibility and is 
very involved. The method requires, in the first place, a precisely defined 
model (e.g. rigid ions, polarizable ions), and owing. to its complexity it 
does not lend itself readily to the discussion of more involved problems. 
In the following sections we shall discuss the more complex optical 
effects on the basis of the method of local treatment as exemplified 
above. 
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46. The effect of the anharmonic potential on dispersion 

The dispersion formula (45.7) for general lattice structures is similar 
to the dispersion formula (7.5) for isotropic diatomic crystals, the only 
difference being in the appearance of, in general, more than one dispersion 
frequency in the former. It has been seen in § 10 that a formula of this 
type gives a correct description of optical dispersion only for frequencies 
not too near the dispersion frequencies. Supplementary to (45.7) we 
have, furthermore, the anti-Hermitian dielectric susceptibility which is 
readily obtained by using (45.3) and (45.5) in (21.13): 


2 1 


My), =S —] e 


x | > ae 6905 Nele Lac steh (46.1) 


The formula gives infinitely sharp absorption lines at the dispersion 
frequencies (9), again at variance with the experimental results which 
we have reviewed in § 10. 

It has been remarked in § 10 that the failure of the theoretical formulae 
in the neighbourhood of the dispersion frequencies is a consequence of 
the harmonic approximation. In the harmonic approximation we neglect 
in the potential function all terms of the third or highor orders, with tho 
result that the motion of a lattice can be resolved into independent 
modes of vibration. In actual fact, the higher-order terms in the 
potential function, known usually as the anharmonic terms, provide 
a coupling between the various vibrational modes. The effect of the 
coupling on the optical waves, as we have explained in § 10, is expected 
to be particularly strong in the neighbourhood of the dispersion frequen- 
cies. Broadly speaking, the experimental evidence points to a broadening 
of the absorption lines at the dispersion frequencies g). The analogous 
broadening of spectral lines of gaseous molecules is well known to be 
due to certain means by which a molecule can exchange energy with 
its surroundings (e.g. spontaneous emission, intermolecular collisions). 
Similarly in a crystal the anharmonic potential provides a channel for 
the exchange of energy between the dispersion oscillators and other 
vibrational modes. 

The effect of the anharmonic potential on dispersion has been investi- 
gated by Pauli; f Born and Blackman; Blackman;§ Barnes, Brattain, 

t W. Pauli, Verh. d. D. Phys. Gea, (3) 6, 10 (1925). 


t M. Born and M. Blackman, Zeil. f. Phys. 82, 551 (1933). 
$ M. Blackman, ibid. 86, 421 (1933). 
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and Seitz. Pauli considered the problem before the secondary structure 
in dispersion (§ 10) was experimentally established. Using a linear chain 
of alternate positive and negative ions of the same mass, Pauli obtained 
a dispersion formula identical with the ad hoc formula (10.6). As the 
formula cannot account for the appearance of the observed secondary 
structure, still using a linear model Born and Blackman extended 
Pauli’s consideration to the case of ions of unequal masses. Their result 
remains similar to (10.6) with, however, the important difference that 
the damping constant is a function of the frequency w. Generally 
speaking, their result is consistent with the appearance of the secondary 
structure. Blackman’s further extension of the theory to a three- 
dimensional model leads to roughly the same conclusion. Whereas these 
authors used the method of classical mechanics, Barnes, Brattain, and 
Seitz developed a quantum mechanical theory. Their treatment demon- 
strates that there should be superimposed upon the sharp absorption 
lines a continuous absorption. In other words, their result is consistent 
with the presence of absorption at frequencies other than the dispersion 
frequencies w(3) but still presumes the infinitely sharp absorption lines 
at the dispersion frequencies. This latter weakness of their theory is due 
to the application of the ordinary second-order perturbation method to 
a case where the energy spectrum is practically continuous. In the 
following, we shall attempt to give a more satisfactory quantum 
mechanical treatment of the problem on the basis of a method due 
originally to Weisskopf and Wigner. 

Let us consider a finite portion of a crystal consisting of N lattice cells 
and subject to a macroscopic field 


E(t) = Ee. Exetu. (46.2) 


According to the method of local treatment, E(t) is to be considered as 
an externally imposed field; thus, in the presence of E(t), we have to 
add to the Hamiltonian of the N cells the interaction term 


E(t). (VN 7 MG). (46.3) 


We have represented the electric moment by the expansion (39.11) and 
ignored all terms of the second and higher orders. (The approximation 
implied thereby includes the rigid ion model as a special case.) 


+ R. B. Barnes, R. R. Brattain, and F. Seitz, Phys. Rev. 48, 582 (1935). 
t V. Weisskopf and E. Wigner, Zeit. f. Phys. 63, 54 and 65, 18 (1930). 
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From (39.2) we can write down directly the anharmonic potential 
for & cells: 


Ad 
>, AVY’ +Y)OGF POGGI 


yi yf’ yT 


1 24 N 5 S SS 4 A(y+y’+y"+y")x 


5 yt M*“ 

x BFF-9-F-)QGQF)0C-)OG-), (46.4) 
where the coefficients are defined in (39.9). We observe that in the 
approximation expressed in (46.3) only the modes (j) interact directly 
with the field and determine the induced polarization. Therefore, in 
this connexion, the other oscillators (vibrational modes) function essen- 
tially as a viscous medium dissipating the energy of the dispersion 
oscillators () which are set in motion by the field. The effect of the terms 
in (46.4) not containing Q(5) is thus to modify somewhat the nature of 
these dissipating oscillators; for a first approximation, we can ignore 
these terms. Of the remaining terms in (46.4), only those linear in Q($) 
need be taken into account, for it can be shown that the rest of the terms 
will affect the results only by terms proportional to l/ W or its higher 
powers. Moreover, the different dispersion oscillators can influence one 
another only indirectly through the dissipating oscillators; owing to the 
large number of the latter, such effects can be ignored. Hence we can 
consider the dielectric polarization due to each of the dispersion oscil- 
lators separately. For the discussion of the contribution by an oscillator 
we can thus use the anharmonic potential 

NON 


Of = N ON) > Af 
Ww yt 
VN N 
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yi" ys" yi” 
X DOLLEN., (46.5) 


where we have used the fact that A(y+y'-+...)P(3 5...) is completely 
symmetric in the indices (5), (¥-),... (see § 39). 

In the following we shall consider the joint effect of the anharmonic 
potential (46.5) and the electric interaction (46.3) by a perturbation 
method similar to that used by Weisskopf and Wigner. This method 
will now be explained. 
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In general, if n = en, = (hw, = E) 
represents the normalized time-dependent solutions of the Schrödinger 
equation 9 
H “bn = th at Pn 
the solutions of the perturbed wave equation 
(Ho E.) = int © 
can be expressed in terms of the functions % as follows: 
p = 2 an Vn · (46.6) 
It is well known that the coefficients a, are functions of time satisfying 
the equations 
in Son = = 2, (H' inap exp{i(w, —w,)t, (46.7) 


where (2|H'|n’) represents the matrix element of H’ formed with ¢% and 
Gn“ It will save trouble if we first explain the method of Weisskopf and 
Wigner for calculating the lifetime of a state ho in the presence of a 
perturbation H’. Representing the state in the manner of (46.6) we 
have the initial conditions 


dy = I, a = O (n #0) att = O, (46.8) 
i.e. we know that, at t = 0, the system is in the state %%. Following 
Weisskopf and Wigner, we shall try to solve the equations (46.7) by 
putting a, = eT, (46.9) 
where 1/2T isthe time of probability decay to the fraction 1/e of its value 


at ¢ = O, or the lifetime. Moreover, in the equations for n * O we retain 
on the right-hand side only the term containing a, (first-order perturba- 
tion). Thus the equations for n + 0 become 


ah 15 = (n|H'|0)exp{—Tt+2(w, -h (n #0). (46.10) 


In view of the initial conditions (46.8) we integrate (46.10) with respect 
to ¢ from t = O and obtain 


i exp[—T't+i(w,—w )t]—1 


f 


(nHO) (wm # 0). 
(46.11) 
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The equation (46.7) for n = 0 still has to be considered. We find that 
when (46.9) and (46.11) are substituted, the equation reduces to the 
following: 


1—exp[Tt—i(w,,—w,)t] j 
r= D aa ers ee H' lo). (46.12) 


Evidently the equation can be fulfilled only if the expression on the 
right-hand side is a constant independent of t. This is true only under 
circumstances which we shall presently deseribe. 

The Weisskopf—Wigner solution is designed for cases where the states 
n’ cover practically a continuous energy spectrum. For such states we 
can order the states n’ according to the transition frequency 


w = Wy— Wy; (46.13) 


and define a function of w as follows: | 
T y 1 -< * 2 
volo) = n lm 5 2 |(n'1H"10)}?, (46.14) 


w 
where the symbol $ means that the summation is over the states n’ 
(n’) 


which have transition frequencies in the interval from w to w-+-Aw. 
The subscript of y refers to the initial state with respect to which the 
transition frequency is defined. With the help of this function, we can 
evidently rewrite the equation (46.12) in the form 


-if D ib w) da. (46.15) 


—iw—T 
Itis usually assumed that the integral on the right-hand side of (46.15) has 
the value 


fe vole deo = ary). (46.16) 


This formula, as it stands without qualification is, however, far from 
being correct. In the first place, there is in general an imaginary part 
to the integral; this part is usually ignored because, for the type of 
problom (o.g. damping) to which the formula is applied, the real part 
is much the more significant. Furthermore, the real part as given by 
(46.16) is true only for real values of T and, even then, only for a restricted 


t A function of this type can be defined with reference to any state provided the 
states n’ cover a continuous energy spectrum. 
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range of the parameter f. This range will be the wider, the more uniform 
the function y,(w)isnearw = O; in order that the solutiona, = exp[—TI‘t] 
should be valid for the greater part of its lifetime, yo) must be constant 
-over a range of frequencies comparable with I’. For the present we shall 
assume that (46.16) is valid; at the end of this section,-we shail derive 
the formula and discuss its various qualifications. 

It follows from (46.16) that 


1—exp[Tt-+-i(w—ce)é] _ 
) J = a volo) dw = myle). (46.17) 


This formula will be useful for later discussions. 
In view of (46.16), (46.15) reduces to 


7 = y,(0) (46.18) 


which, on the onè hand, shows that (46.9) is an appropriate solution 
and, on the other hand, determines the value of the damping constant T. 
Since la]? = exp[—2Tt] is the probability of the system being in the 
state O at the time t, the mean lifetime of this state is 


o 0 
Í e-Th aj f e-2rf dt = T (46.19) 
ô ö 

As we have explained, we shall treat the electric interaction (46.3) and 
the anharmonic potential (46.5) jointly as the perturbation. The wave 
functions of the unperturbed system are products of simple harmonic 
oscillator wave functions with real normal coordinates as arguments; 
for the latter, we shall use the real normal coordinates of the second 
kind (§ 38). Thus a stationary state of the system in the absence of the 
perturbation is specified by the quantum numbers (i), v(),..., v(%), 
which describe the states of the individual oscillators corresponding to 
the real normal coordinates q(¥). 

Let us suppose that at a time ¢ = t the system is in a state 0 with the 
quantum numbers 

v9(?), v9(2),..., vo 5) .. (state 0). _ (46.20) 


The states obtained by changing the quantum number of one of the 
dispersion oscillators by 4+1, namely the states with the quantum 
numbers | 


0(2), VA) .., v)) 4K 1. ., 90). (states +5) (46.21) 


will be referred to as the states +j. All other states we shall designate 
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generally by tho letter s. We note that from the state 0 the electric 
interaction (46.3) has non-vanishing matrix elements only for transitions 
to the states + 9 (J = 1,..., Zn). 

In the perturbation scheme discussed carlier the perturbation H’ now 
stands for the sum of (46.3) and (46.5), and the expansion (46.6) is made 
with respect to the unperturbed states 0, +j, and s. According to our 
supposition, the expansion coefficients satisfy the following initial 
conditions: 

a = O att= t. (46.22) 


ao = 1, and all a.,, 


If we write down the equation (46.7) for the state 0, we have on the right- 
hand side two groups of terms due respectively to the anharmonic 
potential and the electric interaction. For our purpose we can neglect 
the latter as compared with the former, forin discussing the phenomenon 
of dispersion in so far as it is independent of the intensity of the optical 
wave, we can consider the electric field as infinitesimal. The problem 
of determining the coefficient a) thus reduces to the Weisskopf-Wigner 
problem, the perturbation being the anharmonic potential Pf (46.5). 
Thereſoro we have for ag 


ao = eTo, To = 7540), (46.23) 
0 
where 70000 = 72 e 55 hz ef) ]2, (46,24) 


and 7 is the time counted from fp, 
71 = fo. (46.25) 


The equation (46.7) for the states +j can be written as follows: 


in Bes = VM) 


x{E exp[i(+w()—w)t]+ E*exp[i( toG) tHo) KEG- 
+ 3 a(tj [4 \s)exp[i(w,;—w,)]. (46.26) 


The first term on the right-hand side describes the transitions from the 
state 0 owing to the electric interaction. The sum over the states s 
describes the damping of the states +j because of the anharmonic 
potential. The coupling to the states s owing to the electric interaction 
has been ignored for the same reason as in deriving the cocfficient ap. 
The coefficients a, in the damping term can be eliminated as in the 
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Weisskopf—Wigner problem with the help of the equations (46.7) for a,: 
ap ; : 
15 J = a,;l8|b#|+jjexpli(w,—w,;)t]. (46.27) 


(46.26) and (46.27) are to be considered together with either the upper 
or the lower signs in both. The use of (46.27) effectively ignores the 
mutual interference between the damping of the various states +j; 
this is clearly a secondary effect. 

In order to solve the equations (46.26) and (46.27) we require a trial 
solution for the coefficients a,,. Let us put 


a., = A,,exp[i(+-w(})—w)ly|{exp[t(+0(}) —w)r—TrJ—e-F 7} + 
+ B,, exp[i(w(})-+-w )to{exp[t( = (9) + r- Tor- e Ta. 
(46.28) 
The expression evidently fulfils the initial conditions (46.22). The factors 
containing to could, of course, have been absorbed in the as yet un- 
determined constants A,,, B.; however, as the expression stands, the 


coefficients A,,, B.; will turn out to be independent of é. Now substi- 
tuting (46.28) in (46.27) and integrating with respect to 7 from 0, we get 


8 l= eee 
2 * 10 %% c)) -) 10 
— exp[t(w,—w, ;)7— T4 71— ] 


t(w,—w,,)—T,, 


+B expli(or— wol) tHo)t— har] 
H ilowo 
_explilws—w)r— Tr] 
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Jexnlilu— ostot) —w)ty|-- 


JexpLi(ony—erassba9) +1) elof) 
(46.29) 


After substituting (46.29) in (46.26), we can convert the damping terms 


into integrals with respect to the transition frequencies w, ,—w, from 
Ej to s: (46.30) 


by introducing the following functions in analogy with (46.14): 


M 1 1 i 912 
— — > (p< j 46. 
74 Ih. m 7 tim oA Š £ % j EI ( 6 31) 
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Thus we find that (46.26) can be written as follows: 
A {i(+w(})—w)—Tjjexp[t(+a(§)—w)t—Tyz]+ 
+A,,Tsexp[i(to(§)—w %- Ta + B,fi(+0($)+e)—Th] x 
x exp[t(+w(9)-+-w .- Tor- B,,T,exp[t(+w($)+w)tp—T, 7] 
= — (ii) VN{E.M(jexp[i(+-0(9)—w)t—Tyz]+ 
+E*,M()exp[i(-a()+-0)t—Ty7]}($519(9)[0)— 
-4y exp[t(+-w(?)—w)t—I,r] x 
1—exp[2(w,.Fa(9)+w)7+T7] Jy 
x E at 
7 4.1 exp[i(+($)—w)t,—T., 71 


X | ronf —expliw, T+T, aÀ a 


—iw, -T 


A BaferpfilTGH-L - ToeIx 
re RH a 
＋ 8 B,,expl[i(+w(})+w)t—T,57] x 
x | vylo Ee at dw,. (46.32) 
Using the values for the integrals as given by (46.17), we get 
A,{i(+o($)—w)—Texp[i(+(§)—w )t—Tyr]+ 
+A, Ts expli toG) o) TaT] 
+B L(+) hlxpli( telgu- Tol 
, +B, Tsexplt(ea(§)-+)fo—T 57] 
= 7 VN (£510) OME. MG)oxpli( KGD) Tr 
TEXT. MSH)expIT (TOO o- Io) — 
Ar, exp (& -- To TK οο⁰ - 
+A,,exp[t(--w(})—w)ip—T T7500 — 
— B,,exp[i(0(9)+o)t—Ty}y.s(e(9)+e)+ 
+B,,exp[i(+0(9)-+w)fp—T.j7}72;(0). (46.33) 
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In the equation appear time-dependent factors of the following types: 
exp[3(--w(9)—w)t—Ipz],  exp[i(-w(9)-+w)t-—Igr], oxpI— T.]. 


The equation can be satisfied by collecting together terms with the same 
time-dependent factor and equating the corresponding coefficients to 
zero. Thus we obtain the following values for the various constants: ` 


1 VMd). E(+31Q(3)10) (46.34) 
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These constants completely determine the expression (46.28) for the 
coefficients a. A., B., hence also the coefficients d., are linear in 
the electric field. 

Now the induced electric moment due to the dispersion oscillator (8) 
is the expectation value of the electric moment operator 


MG) 0). 


Forming the expectation value of this operator using the perturbed 
wave function ® = Ta, % and retaining the non-vanishing terms of 
the lowest order only, we obtain for the induced electric moment due 
to the dispersion oscillator (J) the expression 


VN M(){(01Q(2)|-+J)a% a. e- (01Q(9)|—jyah a, eib h 
-+complex conjugate}. (46.37) 


Dividing the expression by the volume Nv, and using the expressions 
(46.23), (46.28) for a, and a, respectively, we get the dielectric polariza- 
tion, which may be written as follows: 


-N M(9)(4,,,(01Q(9)|-+3)e- [exp(—21, 7) — 


—exp(—i(w(j)—w)r—(h+T,,)7)]+ 
+B, (01Q(3)|+je[exp(—2Ty 7) —exp(—i(w(9)++w)7—(1)+1,,)r)]+ 
+A_,(0/Q(3)|—j)e-[oxp(— 21) 7) exp tilolo) (Jo- Tr) IN 
+ B_,(0]Q(G)|—J)e[exp(—2Ty ) —exp( Fi) ro- T. r) + 

complex conjugate}, (46.38) 
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where we have expressed ¢, as k-. Owing to the factors given in the 
square brackets, the above expression, in its time dependence, is out of 
phase with the electric field (46.2). This is indeed what we should 
expect, for we have assumed an initial state which is, so to speak, 
created at an arbitrary time o. In fact (46.38) is of the nature of a 
pulse starting at r= 0 (i.e. t = io) and afterwards decaying with 
increasing values of 7. This is due to the fact that the initial state has 
only a lifetime of 1 / (2 To) (see 46.19). In order, therefore, to obtain the 
actual dielectric polarization at time t, we must integrate (46.38) with 
respect to l from —oo to ¢ and divide by 


t 
f eren -t dtg. 


— 0 


This can be interpreted by assuming that the initial state is being 
continuously recreated 2 T0 dt times in the interval from t to fo dio. 
In other words, in order to obtain the actual dielectric polarization, we 
have to multiply (46.38) by 2D dé, and integrate with respect to i from 
—oo to the time of observation f. Hence taking 7 as the integration 
variable and carrying out the integration from 7 = 0 to œ, we obtain for 
the dielectric polarization P/(¢) due to the oscillator (9) the following 
formula: 


Pi(t) = . MC) (4. 010 NT Ae --W TT $ 
eee 215 
+B 01QG) +5) + egret 


A_.(010(9)|—7)e-ta| 14. -____ 220 
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B. 0 01 4 etl Sal eT | 
-complex conjugate. (46.39) 
When the values for the constants A,,, B.;, Io, T., given respectively 
by (46.34), (46.35), (46.23), (46.36) are substituted, we find after grouping 
the terms according to the time factors exp(+iwt) that (46.39) can be 
written 


Put) = X ahe(w) Eg e. complex conjugate, (46.40) 
B 
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where 
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where we have used the following values of the matrix elements of Q($): 
l v)+1)/ 1 
0 2_.° VJ 
KIQG)IOF = rod | (sa) 
alg(w) represents the partial dielectric susceptibility due to the dispersion 
oscillator (j); the total susceptibility tensor is obtained by summing 
aie(w) over all dispersion oscillators. 

A discussion of the susceptibility tensor will be given in the next 
section. We shall now return to consider the extensively used formula 
(46.16). Let us suppose that the constant T in the integral is in general 
complex, 


11 l T =y+id (y> 0). (46.42) 
e integra 
1—exp[Tt+ tw!] 1—exp[yt+7(w-+58)¢] 
5 jar pe J iwy ar’ ar ral eyes 
(46.43) 


can be written as the sum of the following three integrals: 
a (w+-5 i 
6) 1 eee do, (i) — f TETA nlo) dos, 
exp[yt+i(w+8)t] 
E eoa cr ee de. 
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Our investigation of the integral (46.43) has two aspects: (a) how far 
and under what circumstances is the integral independent of the 
parameter ¢? (b) under these circumstances, what is the value of the 
integral? The answer to (a) will give the time limits within which 
a Weisskopf-Wigner type of solution exists; the answer to (b) determines 
the damping constant in the solution. 

As the integrals (i) and (ii) are independent of t, we need only con- 
sider the integral (iii) in connexion with the question (a). Let us suppose 
that within frequency intervals of the order 2e, the variation of 500) is 
inappreciable and consider the integral 


fF expfyt+-i(w-+8)4] 
10 | Soa S 


> Í expt tiot] d, (ux! = Lö). (46.44) 
tw -+y 
—e 
If we should find that, for certain values of “, I(e) has practically the 
same value for all values of e > e, we can conclude that the main 


contribution to (iii) is due to the frequency interval from w = - 8 - e 
to -d Teo. In that case, we have for (iii) 
exp[yt4-i(w+8)é] ETE a 
e role) dw ax yaleo). (49.40 


In order to see for what values of ¢ the above situation is realized, let 
us make the substitution 
t 
NL f expſyt· Q ic . de’ (46.46) 


iw ty 


in (46.44). After carrying out the integration over , we get 


? 
I(e) =2 Í al dt’. (46.47) 
If the factor e” is ignored, the main contribution to the integral comes 


from a range of ,' comparable with 27/e; i.e. the integral is then largely 
independent of ¢ for all values € > eo, if 


t > an ; (46.48) 
Eo 


Moreover a loop of the function (sin e’)/t’ contributes roughly 27jet as 
much as the central loop at t“ = 0; therefore the factor e?" in (46.47) can 
3595.87 Aa 
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no longer be ignored if e”(27/et) is comparable with unity. Thus, in order 
that I(e) should be independent of e > cp we have an upper limit for t 
given by ev! & (eo f/ 2). (46.49) 
It follows from (46.48) and (46.49) that the larger e, the wider is the 
range oft for which Ie) is largely independent of values of e > co. Within 
this range we can write (46.47) approximately as 


0 


2 Í ne dt! = 2w (46.50) 


(ignore e and let f co), so that the integral (iii) becomes (see 
(46.45)) 2150(—8). (46.51) 


A Weisskopf—Wigner type of solution is physically significant only 
if the solution holds for the greater part of the lifetime. That means 
that the above limits for ¢ must allow e“ to be considerably larger than 
unity. It then follows from (46.49) that e must be considerably larger 
than y. Under such circumstances it is clear from the integral 


—8＋ e 


55 
v ()? 


dw = 2 tan-1 É œ r (46.52) 
—ĝ— € Y 


that the integral (ii) is mainly determined by the range of w from —i—e, 
to —d+e,; within this range yo ), by assumption, does not vary 
appreciably. Therefore we have for (ii) 


—8 ee 
a Pee a da Sy = — | 
| FEF dn = 0 » 1 Pwr aes 


œ —7y,(—8). (46.53) 
The imaginary part (i) presents a different situation. Since the function 


-d 
( fd) ＋ * 


is odd about the point w = 8, the symmetric interval —- 8 — e to 
— & Teo contributes practically nothing to the integral. Because, how- 
ever, of the slower convergence of the above factor, the more remote 
part of the frequency range may give an appreciable contribution and 
no simple formula for the integral can be given in this case. 
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Collecting together the above results, we have thus 


je) dw = yo(—8)+i | freee ylw) dw. 
(46.54) 


As we have seen, this formula should be approximately valid if e > y 
and ¢is within the limits given by (46.48) and (46.49); e, we remember, 
is a measure of the maximum frequency interval within which a 
variation of y,(w) is still negligible. 

If the formula (46.54) had been used in place of the formula (46.16) in 
discussing the Weisskopf-Wigner problem, we should have found the 
complex value for the damping constant: 


. I = y+ ið, (46.55) 
where y = ¥o(—5) 


and 6 is the solution of the equation 


b (reer) 


The solution (46.18) which we obtained earlier with the formula 
(46.16) is thus equivalent to ignoring 8. If we did not put 8 equal to 
zero, the more important modifications of the formula (46.41) for the 
dielectric susceptibility would be the presence of certain shifts in the 
frequencies appearing in the various denominators and in the arguments 
of the damping constants ylw), y,(w). 

Mathematically speaking, Born and Blackman’s classical theoryf 
bears a close resemblance to the above treatment. One simplification 
made in their work is equivalent to putting aj = 1 in integrating the 
equation (46.7) for n = O. A solution obtained in this way holds for a 
much smaller part of the lifetime than a Weisskopf—Wigner type of 
solution. The effect of this simplification is roughly equivalent to putting 
Tp, Tz equal to zero; this makes a significant difference in the result only 
at comparatively high temperatures, where Io, I. are appreciable and 
cannot be ignored (see also § 47). 


47. The dispersion formula with damping 
Let us first consider for a moment the nature of the functions y)(w), 
y,j(w), assuming for this purpose a third-order anharmonic potential. 
Retaining only the third-order terms in (46.5) and expressing the com- 
plex normal coordinates in terms of the auxiliary variables a}, a_ (see 
t M. Born and M. Blackman, loc. cit. 
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(38.38)), we have 


04 =r (HOH IEF PCP +4-GNN (2G) +067) 


7 


N 
= zp (a. G0. Ca- FET OOF PIX 


x {a a, G.) +4_(§)e, ) Ta, ( )a(G?)+4_G)a(Gr)}, (47.1) 
where, owing to the factor A(y’4-y”) (see (38.13)) in (46.5), we have only 
a single summation over y’. 

In view of the definition of the auxiliary variables, 


117 . 1 è 
-A - =H 
(47.2) 
we find that their only non-vanishing matrix elements [with respect to 


the oscillator wave functions of the real normal coordinates 405) ] are the 
following: 


(Ila, lv) = il -J e+, (w—l1llja_|v) = 2 i % (47.3) 


Before discussing the matrix elements of the anharmonic potential, we 
note that the terms in (47.1) are not all different from one another. In 
fact, owing to the symmetry relation (§ 39) 


DY ) = 0 57), (47.4) 
practically all terms (except a fow terms with y’ = 0 and j’ = 9") occur 
in pairs. Further, if we replace y’ by. - y and interchange j and 3”, the 
first and last terms in the curly brackets remain unaltered, while the 


second and third terms are changed into one another. Hence, by com- 
bining such pairs, we can rewrite (47.1) as follows: 


N 
Fe 
= 52 la. (), ) Fa-G)a- ) 
+ ESC ha. GJ rl, (47.5) 


where the sum with 4N over the summation signifies, as before, that the 
summation selects only one of a pair of wave-numbers y’ and —y’. In 
(47.5) all terms are distinct, each giving rise to a distinct transition 
involving three oscillators, one of these being the dispersion oscillator (9) 
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(with the exception of the terms with j’ = 7” in the last sum; these terms 
lead to first-order transitions only and are irrelevant for anharmonic 
damping). The various types of transitions and the squares of the 
corresponding matrix elements of D#, obtained readily with the help 
of (47.3), are 


Quantum numbers occurring in the 
squares of matrix elements of Dj Transition frequencies 


(H1) (AIH) (E+) —w(9) — wl) — w%) 

(+1) G) (550) EI) r + wl) — wl) 

(00 -I) G) AP) — (9) + oG) + 5 

o (APH) (PEH) o — ) — . 

o AF) (PGH) oG) + uG) — ol) 

D G AF) 60) T + 000 
(47.6) 


where the second and fifth types describe genuine third-order transitions 
for j Æj. The squares of the matrix elements can be used directly to 
calculate the functions y 0), y,;(w), where for the three cases, the 
quantum number vg) in (47.6) should be given the values vo), v°(3)-+-1, 
and v°(})—1 respectively. 

We observe that, despite the appearance of N in the matrix elements, 
the functions yo), y,;(w) are independent of N. In constructing these 
functions, we can consider the contributions due to the six types of 
transition separately. In order, for instance, to calculate the contribu- 
tion due to the first type of transition, we have to consider the sum of 

3400665. sy’) [2 ; 

Vece e COHAN) bee 

over all values of the wave- number y’ such that —w(9) — w(¥) — w(%) 

lies between w and w+Aw. Since the density of allowed values of y’ is 

proportional to N we find upon forming the sum a result independent 

of N. This conclusion, as can be easily verified, holds equally for an- 
harmonic terms of any order. 

Let us discuss the dispersion formula (46.41) for a few special cases: 


(i) The low-temperature limit T = 0° 


For this case, v°(j) = 0; thus the second and the fourth terms in 
(46.41) dropout. Moreover, the damping constants 5000) and y, ;(w+-w(9)) 
are equal to zero. We can see this readily as follows: y,(0) is determined 
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by transitions with practically vanishing transition frequencies, i.e. 
transitions involving practically no energy change. If.such transitions 
were possible, as the oscillator (3), being in its lowest state, must neces- 
sarily go up, at least one other oscillator would have to go down in 
energy. This being impossible (all oscillators being already in their 
lowest state), it follows that no such transition can occur and y,(0) in 
consequence vanishes; clearly the value of 5000) will only become appre- 
ciable when the temperature is high enough to raise a considerable 
fraction of the oscillators to their excited states. A similar argument 
applies to the case of y1,(w-+-w(§3)) which is due to transitions leading to 
states with an energy A(w+w(9)) below the state +-j, i.e. an energy Aw 
below the initial state. Since the initial state is the lowest state of the 
system in the present case, such transitions do not exist and we have 
thus to put y,;(w+w(§)) equal to zero [y_,(w-++-(9)) is obviously zero]. 

Putting ($), yo(0), and y,,(w-+w(9)) equal to zero in (46.41), we find 
that in this case the dispersion formula reduces to 


j sanj NM, VF 
Tap Va al) z e ae ME 


(47.8) 
The damping constants are in general small compared with w(?) (j refers 
to an optical branch; note that M($) = 0 for the acoustic branches). 
In considering the absorption region, where the damping constant is 
comparable with [w($)—w| or larger, we can ignore the second term in 
(47.8). Moreover, in this region 2w(}) ~ w(§)-+-w ~ 2w; we can thus 
write (47.8) approximately as follows: 


MOM OOOO O 
va No) — oto yle) 


We observe that the formula is similar in form to the elementary formula 
(10.6) with, however, the important difference that the constant y in 
(10.6) is here replaced by 2y,;(w(9)—w), which is a function of the 
frequency w. Outside the absorption region we can neglect y,_,(w($)—w) 
in (47.8) and the damping constant y in the elementary formula (10.6); the 
two formulae then become identical. Our conclusion is thus similar to 
that reached by Born and Blackman, namely, that the only important 
difference of the theoretical formula from the formula (10.6) is the 
replacement of the constant y by a function of frequency. 

If we assume that only the third-order anharmonic terms are signifi- 
cant, there must then exist an upper limit for w, above which the function 


aiglo) = 
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¥+;(w(§)—w) vanishes. For if max represents the highest lattice vibra- 
tional frequency, it is obvious from (47.6) that the algebraically lowest 
transition frequency is. 
—w(})—2wmax- 
Therefore ¥4;(w(§)—w) = 0 
if w is so high that w(J)—w falls below — h) — 2 az, ie. if 
w > 20s ) Tmax). (47.9) 


One thus expects that, starting from the dispersion frequency w(9), as 
w is raised, the absorption should show a conspicuous drop as the 
limiting value 2(w(3)+-wma,) is reached. In the case of NaCl, wmax is 
equal to w, the frequency of the long longitudinal vibrations in the 
optical branch. Using the values w; = 4:9 x 1015/sec., w(}) = 3-1 x 10!5/sec. 
(see§ 7), we find that the limiting frequency corresponds to a wave-length 
about 12 h. Czernyf has actually observed that the absorption in NaCl 
begins to drop conspicuously from about 204 downwards, ending in 
negligible values in the neighbourhood of 12 p. 

(ii) Wings of the absorption region (w—w(9) > the damping con- 

stants) 

Except at very low temperatures, the various damping constants in 
the dispersion formula (46.41) should be of roughly the same order of 
magnitude. The value of the damping constant in the formula (10.6) 
has been estimated by Czerny to be 1/20 of the dispersion frequency in 
the case of NaCl. Therefore there is a frequency region where the 
absorption is still appreciable, yet terms of higher powers in y /h ) 
can be approximately ignored. In this approximation, one finds that 
the dispersion formula (46.41) can be written as follows: 


alglu) . — E MMO) aaa + 


2wyo(0) del) yla) 
me leew Ho-o eL |+ 


HD apeo) 


+ FEP 6 ee. (47.10) 


t loc. cit., p. 118. 
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The real part of the expression is the same as the dispersion formula 
based upon the harmonic approximation and is independent of the 
temperature. The imaginary terms are temperature-dependent, owing 
to the damping constants. If one considers only the third-order an- 
harmonic terms, the damping constants are built up from terms, each 
containing the product of three oscillator quantum numbers (see (47.6)). 
At high temperatures, the thermal average of an oscillator quantum 
number is roughly proportional to T. Therefore the damping constants 
are approximately proportional to 73. It follows that at high tem- 
peratures the first group of imaginary terms vary roughly as 73. The 
remaining imaginary terms in (47.10) contain an extra factor v°(9); 
it is probable, however, that these terms, taken together, do not vary 
any more rapidly than T°, for the differences between two damping 
constants probably do not vary with temperature so rapidly as the 
damping constants (see below). 


(iii) Centre of the dispersion region 
Upon putting w = w($) in (46.41) and neglecting powers of the ratios 
of the damping constants to w(9) we find, after some simplification, that 


ale (w(f )) = E MAG) 2 aont 6 * 
Jo MGM =y) . (47.11 
ETEA * 


It follows from the same argument as used above that the first term 
given in the square brackets should decrease with rising tem perature 
as 73. The second term in the square brackets contains y_,(0)—y,,(0) 
as a factor. One readily sees that the summations involved in con- 
structing y_,(0) and y,,(0) are identical, the only difference being the 
different values given to the quantum number v0) in the matrix elements 
(see (47.6)). Thus if we represent separately the contributions due 
respectively to the first three and the last three types of transitions 
listed in (47.6), we can write y_;(0) and y,, ,(0) 


y-(0) = APA+(V(P—-1)B, ——-744(0) = (°F) +-2)A+ (099) +1)B 
(47.12) 


where A and B are sums of terms, each containing a product of two 
oscillator quantum numbers. The difference between the two damping 


constants y-(0)—y,;(0) = —2(A + B) (47.13) 
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clearly varies as T? at high temperatures. Therefore the last term in 
(47.11), like the preceding term, varies with temperature as 7. 

The cases (ii) and (iii) taken together thus indicate that the absorption 
region broadens with rising temperature, with the wings growing at the 
expense of the centre. 

No detailed comparison between the theoretical formula and the 
experimental results is as yet available. In the following, we shall 
attempt to obtain a very crude estimate of the order of magnitude of 
the damping constants. 

Let us first fix our attention on one of the six types of transitions 
described in (47.6). To obtain the corresponding contribution to a 
particular damping constant (e.g. yo(w), y..;(w)) at a specific value of 
its argument w, one should, strictly speaking, consider all transitions 
with transition frequencies between w and w-+Aw and calculate the 
ratio of the sum of the squares of the transition matrix elements of : 
to Aw. To obtain a rough estimate, without regard to the argument of 
the damping constant, we shall sum the squares of the matrix elements 
over all possible transitions of the given type (i.e. over all permissible 
values of the wave-number y’) and afterwards divide the sum by the 
total range of transition frequency thus traversed, This latter range 
should be roughly of the order of the mean lattice vibration frequency 
which we denote by w. Following this procedure, we find, after 
summing over all possible types of transitions, that y can be written in 


the form 
y= o(a) > à > ooy he, (47.14) 


where we have replaced the n 69), (J.), .) by & and the 
quantum numbers by a single mean quantum number ë. In (47.14) Cis 
a constant of the order of magnitude unity (perhaps 1 to 2). Although, 
in arriving at this formula, we have not taken account of details it should, 
nevertheless, reproduce roughly the order of magnitude of the damping 
constants. Expression (47.14) refers to the damping constants related 
to a particular dispersion oscillator (3). We shall take a further average 
by summing (47.14) over j and dividing the result by 3n, the total 
number of dispersion oscillators. Thus we obtain finally (putting w ~ ©) 


y= © >>») > 1005 VE (47.18) 
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Let us express the expansion coefficients of ® in terms of the derivative 
of Ọ in two steps (cf. § 39): 


OGF P) = BBS calles GM OEE) (47.16) 
where 


0 — = ] 0 r l° C 3 , — n 
DABE A bre we 2 %% pexp{2riy’. (x L) -x “)). 
(47.17). 
Upon substituting (47.16) in (47.15) and using the orthonormal relations 


(38.25), we get 
h 
ele a 2, 2 2 > Pip lee {-)]?. (47.18) 


By substituting for g LF) in (47.18) from (47.17) and using the 
same argument as in discussing the function Ay in § 38 (see particularly 
pp. 294-6), we can reduce (47.18) to the form 


Ch p 
= 48Nn &i 2 2 Sc n be > > g/l K. * Dap (Re E.), 
4-1 °) (47.19) 


where, as indicated, the summations over I, l’, l”, !“ are restricted to the 
values fulfilling the condition that 7—l' = !!“. 

Let us obtain a rough numerical estimate for the NaCl lattice by 
considering only the overlap energy between nearest neighbours. If the 
overlap energy is represented as a function er:) of the square of the 
distance between neighbours, one finds after some tedious work that 
(47.19) reduces in this case to the form 


2rq ho 1 l N we „ 
(1. I. r II) cin OOP +R + au. ODN, 


(47.20) 


=C 


where M, and AM are respectively the masses of the Na+ and Cl- ions 
and r, is the nearest neighbour distance. For / we shall use the expo- 


nential form 
y(r?) = P(r) = à,-exp[—r]p]; (47.21) 
where the values of the constants are given in Table 9 of § 3. In tho 


case of NaCl, the dispersion frequency 3-09 x 10!3/sec. should give a fair 
estimate of the mean lattice frequency. Thus, using this value for &, we 
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find as the result of the numerical calculation 
Z = 0 x00435? (47.22) 


as compared with the value 0-045 for y/w, estimated by Czerny by adapt- 
ing the elementary formula (10.6) to the experimental observations. 
Since at room temperatures @ is of the order unity the agreement between 
the two values is satisfactory. (That C turns out to be almost exactly 
unity is accidental.) 


48. The effect of the second-order electric moment 

The consideration of the dispersion formula has thus far been based 
upon the assumption that the electric moment of a crystal is a linear 
function of the nuclear displacements, In general, however, the electric 
moment must be considered as a general Taylor’s series in the nuclear 
displacements consisting of terms of all-orders. In an ionic crystal the 
ionic charges contribute directly only to the linear terms (§ 21); the 
higher-order terms are due to the distortion of the electronic cloud by 
the displacements of the nuclei. We shall see that in a crystal the higher- 
order terms give rise to effective transitions to states which cover a 
continuous range of energy values. Such transitions should evidently 
lead to continuous absorption in contrast to the line absorption due 
to the linear electric moment. However, as in ionic crystals the linear 
terms will be abnormally large compared with the higher-order terms, 
we expect that the effect of the higher-order moments could be observable 
only in regions away from the primary dispersion frequencies ). In 
other words, the higher-order electric moments cannot be primarily 
responsible for the observed absorption in the close neighbourhood of 
the dispersion frequencies w(}). Moreover, unlike the anharmonic 
potential, the higher-order moments do not remove the infinite sharp- 
ness of the absorption lines at 0). 

A significant instance bearing on the problem has been pointed out 
by Burstein, Oberley, and Pyler.t They observed that the MgO crystal, 
as indicated by its various properties, deviates more markedly from the 
ideal ionic structure than the alkali halides. For instance, one expects 
in MgO a more extensive overlap between neighbouring ions, or a more 
pronounced tendency for the electrons on the negative ions to form 
homopolar bonds. Consequently, there should be a stronger distortion 
of the electronic cloud when the nuclei are displaced. The above authors 


t E. Burstein, J. J. Oborloy, and E. K. Pyler, Proc. Ind. Acad. Sci. 28, 388 (1948). 
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have actually found that, as compared with the alkali halides, the MgO 
crystal gives a more extended absorption region. They have further 
pointed out that MgO has a higher Debye temperature and a lower 
coefficient of expansion; both features are such as to indicate a relatively 
small anharmonic effect. From these observations, it would appear that 
the higher-order electric moments are responsible for the wider exten- 
sions of the absorption region in the MgO crystal. It thus seems plausible 
to suppose that, in general, the anharmonic effect is responsible for the 
damping of the absorption lines at the frequencies w(?) and the absorp- 
tion regions close to these frequencies, whereas the higher-order elec- 
tric moments account for the observed continuous absorption further 
removed from the frequencies w($). In the following, we shall use the 
method of local treatment to discuss the effect of the second-order elec- 
tric moment. Since the consequent absorption is continuous, the effect 
of the anharmonic potential is less drastic. It will presumably modify 
to some extent the actual continuous distribution of absorption; for the 
sake of simplicity, however, we shall ignore the anharmonic effect in the 
following discussion. 

To represent a local region, we consider a block of N cells as in § 38. 
Adding the general formulae (20.18) and (20.19) for the Hermitian 
and anti-Hermitian parts of the polarizability tensor respectively, and 
dividing by the volume Nv, we obtain for the complex dielectric 
susceptibility tensor the following expression: 


+ ial (vl Mo" yo" [Mfg |0)8(eo-+ e279) — 
—(v|Mglo")(0" |B,|v)8(w—cay-p)]}. (48.1) 
For the discussion of the effect of the second-order electric moment, we 
can replace M in the formula by its second-order part (see (39.11)) 


1 = ITE TING NGG), (48.2 


where the coeſſicients are as defined in (39.15). 

We shall describe the system by the real normal coordinates of the 
first kind, for, as we shall find, the matrix elements are then real. 
Anticipating this fact, we may thus put 


Me“ = (vo|M®|v")* = (MAlo). (48.3) 
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Upon subdividing the summation over y in (48.2) into two groups 
according to whether y lies on one side or the other of an arbitrary 
plane through the origin of y-space, we find that J2? can be expressed 
in terms of the real normal coordinates of the first kind in the following 
form: 


iN sae f 
MP =} 2 > MAS JI) HGN) — igg) 


+4 $ FUP aiea] (484) 


where both summations over y are over values on the same side of the 
plane. Rearranging the terms, we get 


11 =} $y ARG 5) + Ma 57 PINO G+) 


N 
i CTL -i - (021%). (48.5) 
y J. 


It follows from the relation (see (39.17)) 
a 57) = BAG? 9) 


that all cross-product terms in (48.5) occur exactly twice with the same 
coefficient. This is not only true for the terms ¢,(¥)q,(}-) and 920020, 
(j *) but also true for the cross-product terms 910) ()) and 22 0) 10). 
The coefficients 
MAG ) Ay! and iG Y-, 0 

are thus directly comparable with the second- order expansion coefficients 
Ay and B,, in the general formula (21.5). Hence (21.10) can be used 
directly to work out the explicit expression for (48.1). In the first place, 
(21.10) shows that there are six types of transitions v > v” corresponding 
in the present case to the transition frequencies wp» = +2w(}), 
()), + (w(})—aw(¥)). The summation in (48.1) is simply a 
summation over all possible transitions; thus it resolves in the first 
place to six partial sums corresponding to the six types of transitions, 
each partial sum being a summation over all choices for the oscillator 
or pair of oscillators which can participate in a transition of the specified 
type. (21.10), moreover, gives the thermal average values of the relevant 
products of matrix elements for all six types of transitions. Thus with 
the help of (21.10) we find after some simplification that the thermal 
average of the susceptibility tensor (48.1) is given explicitly by the 
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formula 
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In writing down (48.6) one is assisted by certain simplifying circum- 
stances. Thus one readily sees that the contributions due respectively 
to the terms 910) 0) and qo(¥)gq(}.) in (48.5) are identical; the con- 
tributions due to the terms q,(%)ga(¥) and 920) aid.) are also identical. 
Moreover the six types of transitions are in three pairs of Stokes and 
anti-Stokes transitions; one finds that the Stokes and anti-Stokes con- 
tributions can be readily combined in all three cases. 
Finally we replace the summations over y by integrals as follows: 


aes fff ay 


(remember that the density of permitted wave-numbers is equal to the 
volume Ni) and introduce the two types of functions 


where CG) = BS) = N. (48.7) 


Aigle) = lim = Í Í f [AP PAG 25) 
w<w(J) twl) <w t Aw 
HMG PIMP PICCA e- -d. (48.8) 
-Mga = dim SSS apep 


0 CC wl) <w+ dw 


HMG POMP PCG GeL e- dy. (48.9) 
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It is then found that (48.6) can be written 


agla) = — 35 | >> J Mw HM de’ + 


tial ZZ Ce-) Age—- Mig 
(48.10) 
The formula shows essentially that the function 


YE Ce- dle 


describes the distribution of the strength of continuous absorption. 
Unlike the first-order dispersion, the second-order dispersion is not 
independent of temperature. As T 0, 


e~Al5) = e500 -> 0. 
It follows that the functions Mag(e vanish at the absolute zero of 
temperature. If these functions are responsible for. certain observed 
maxima and minima, these should tend to lie on the low-frequency 
end (optical long-wave-length end) of the spectrum and they should 
diminish with decreasing temperature and finally disappear at very 
low temperatures. At high temperatures we have the expansions 


Koto, / 
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500d e- = pree 0. * 
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Thus, at sufficiently high temperatures, the M-functions vary linearly 
with temperature. The variation with temperature is therefore much 
less rapid than that of the anharmonic effect, and the measurement of 
temperature-dependence should provide useful clues for distinguishing 
between the two types of effects. 


49. The first- and second-order Raman effects 

At practically the same time as Raman and Krishnanf discovered the 
Raman effect in liquids and gaseous vapours, Landsberg and Mandel- 
stam} detected a frequency change in the radiation scattered by a 
quartz crystal and correctly interpreted the effect as due to the excitation 
of an infra-red vibration of the lattice. The very much weaker second- 
order Raman effect was later observed in the scattering from NaCl by 


t C. V. Raman and K. S. Krishnan, Nature, 121, 501 (1928). 
t G. Landsberg and L. Mandelstam, Naturwiss, 16, 557 (1928). 
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Fermi and Rasetti, f who have also given a qualitative explanation of its 
continuous frequency spectrum. The first-order Raman scattering is 
often known as the thermal scattering by the crystal; it is characterized 
by minute frequency changes which are, moreover, strongly dependent 
on the angle of scattering. For the discussion of the thermal scattering 
it is essential to take account of the finite wave-length of the incident 
and scattered radiation; we shall discuss this effect separately in the next 
section. A classical theory of the first-order Raman effect has been given 
by Mandelstam, Landsberg, and Leontowitsch}; a quantum mechanical 
theory due to Tamms led to the same intensity formula as in the classical 
theory of the first-order Raman effect, apart from a factor describing the 
temperature dependence. These authors have taken formal account of 
the finite wave-length of the radiation, which plays, however, no essential 
role in the phenomena to be considered in this section. For the following 
discussion we shall thus follow the method of Born and Bradburn, 
which, while neglecting the effect of the finite wave-length, is adequate 
for the discussion of Raman effects of any order. This is essentially an 
application of the method of local treatment, wherein the general 
formulae developed in §§ 20, 21 can be directly utilized. 

According to (20.15), the intensity of Raman scattering per unit solid 
angle due to a transition from a vibrational state v to another state v 


can be written 
= >) > > na * 28 fia Ey EX , (49.1) 
k=1,2 aß YÀ 


where we have ignored the small frequency change in the factor in front 
and ia, denotes the product of matrix elements of the electronic 


polarizability: ier = (lo Per lo) ol hl. (49.2) 


The vectors n!, n?, we remember, are two mutually perpendicular unit 
vectors both perpendicular to the direction ofscattering. If the frequency 
spectrum of the scattered radiation is continuous, as in the case of the 
second- and higher-order scatterings, the states v’ for which ia, M has a 
non-vanishing value cover a continuous energy spectrum. It is then 
convenient to introduce instead of ia , a function of frequency 


W< Wot Wee < w+ Aw 


iay palo) = Jim 2 {(v"| Pay lv) P) d» (49.3) 


E. Formi and F. 3 Zeit. f. Phys. 71, 689 (1931). 

t L. Mandelstam, G. Landsberg, and M. Leontow itsch, Zeit. f. Phys. 60, 334 (1930). 
§ Ig. Tamm, Zeit. f. Phys. 60, 345 (1930). 

|| M. Born and Mary Bradburn, Proc. Roy. Soc. A, 188, 161 (1947). 
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so that 


Il) do = — >> uf ie l) E Ex dw (49.4) 


oe 1.2 ay BA 


gives the intensity of scattered radiation in the frequency range from 
w to w+dw. 

We have seen in § 39 that the electronic polarizability for N cells 
depends on the complex normal coordinates as follows: 


dag VN >. Fel >>} Foal PIGA) .., (49.5) 


where the coefficients are as defined in (39.14) and (39.16). The first- 
order transitions are due to the linear terms in the expansion, and the 
corresponding transition frequencies are clearly thedispersion frequencies 
w(?), j = 4,..., zu (remember that we are only concerned with the optical 
branches). The first-order Raman scattering then consists of spectral 
lines with the Stokes and anti-Stokes frequencies 


wF wl?) (j = 4, 5,..., Zn). 


Using (49.5), we find immediately with the help of formula (21.8) for 
the thermal averages of products of first-order transition matrix elements 
that 

(Stokes line) 


ten pa = NEFF on 20000 JP e-Al;) (anti-Stokes line), 149:9) 
where we may note that Fa) is real. The temperature-dependence given 
by the formula has been experimentally demonstrated by Landsberg and 
Mandelstamt by careful experiments on quartz. 

The second-order Raman scattering is due to the second-order terms 
in the expansion (49.5), and these can be expressed in terms of the real 
normal coordinates of the first kind exactly as in the case of the second- 
order electric moment, 


55 > 2, [PG 74+ P? Paa GH) 


iN 
=») 2, 2, [Pg 7 Hg PPG) 220.) — 420 )arG-)). 
y 
(49.7) 


t G. Landsberg and S. L. Mandelstam, Zeit. f. Phys. 73, 502 (1931). 
3595.87 B b 
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Clearly we have the same second-order transitions as in the last section. 
The Raman scattering due to the six different types of transition will 
be given the designation numbers 1, 2,..., 6 as indicated below: 


Designa- 
tion 


(1) = = ö 
1 w (y) = wo 2w(3) Xovortone G Jam, 920) 


2 y) = 200 ti-Stokes 
3 wy) = wo— loD olf n „ 4100103). 
4 he = wot lo) +o anti-Stokes qa(3)92(5-)» 
5 nN) = - LY alg , Stokes 410090). 
ff 
6 wy) = mtap e 9 9207100. 
: (49.8) 


where, for the last four types to be distinct, we assume that j > j’ (or 
w(%) > .)). In the last column of (49.8), we have given the terms in 
(49.7) responsible for the scattering in the various cases. The Raman 
frequency of each type varies continuously with the wave-number y; 
thus a given branch of vibrations j gives rise to two continuous Raman 
spectra designated above by the numbers 1 and 2, and a given pair of 
branches jj’ gives rise to four distinct continuous spectra designated by 
the numbers 3, 4, 5, 6. The experimentally observed spectrum is, of 
course, & superposition of all the various spectra. Accordingly we sub- 
divide the function introduced in (49.3), 


6 
tay, BÀ = p Tu lh, (49.9) 


where 14% =0 ifj Æj’ ſor 6 = 1, 2 


= O ifj=j’ fors = 3, 4, 5, 6. 


The meaning of (49.9) is fairly evident: every term on the right-hand 
side of (49.9) describes a separate continuous spectrum with s giving its 
designation number and the indices 3j or jj’ describing the branch or 
branches of lattice vibrations involved. 

The explicit expressions for the functions on the right-hand side of 
(49.9) can be derived with the help of considerations entirely analogous to 
those leading to (48.6) of the last section. Thus, using the general formula 
given in (21.10) for the thermal averages of products of second-order 


VIT, § 49 THE OPTICAL EFFECTS 371 


transition matrix elements, we find after some simplification that 


iN an(w) 33 . ] 7 N ie 1 
i lo). Nv, 1 Ra If] dy Pai FEBS FICK -286), 
ii w <u F 205) Lw + Aw 
ie. U) l 
0 O = Noa lim 3 dy [PF Ea P+ 
169) (ce) duro Aw 
á w <w F LJ) + o(})] <w A0 
1 
F 771. VA 

FPS PEIN, 6 
inalo) Me ae er ret 
Mela) ws Aw ayl j (JJ 


w <w F [) -h.) Ic + àw 
A) 
+ Pah PPAP INCC a. 
(49.10) 


On the basis of the above theory the Raman spectra of the NaCl and 
diamond lattices have been discussed in some detail by Born and Brad- 
burnt and by Helen Smitht respectively. The NaCl lattice does not 
give any first-order scattering, the reason being the following. In the 
NaCl lattice a coordinate ) (for the optical branches) describes a shift 
of the Na+ ions as a whole relative to the Cl- ions; — 200) describes the 
same configuration after an inversion. Since the polarizability, being a 
second-rank tensor, is invariant under an inversion operation, we have 


VN > Faa(NOG)+ete. = — VN 2, Leg) O0) +ete. 
It follows that Fg(3) = O; (£9.11) 


therefore, there are no linear terms in the expansion of the polarizability . 
tensor. 

For the discussion of the second-order scattering, Born and Bradburn 
considered the integrands in (49.10) as constants which are given 
approximately by the values of the integrands at the point 


y Abbe bo 
The component spectra described by ich, () y are thus taken to vary 


ay, 8 
with the frequency as the density of transitions: 
] 
2'9)(w) = lim — dy, 
3 (w) Aw—0 Aw f y 


CG j (¥)<wtsw 


t M. Born and Mary Bradburn, Proc. Roy. Soc. A, 188, 161 (1947). 
t Helen Smith, Phil. Trans. Roy. Soc. A, 241, 106 (1948). 
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where w$ (y) stands for the appropriate Raman frequency as given in 
(49.8). They have shown that if only the mutual influence between the 
nearest neighbours is taken into account, only three independent. con- 
stants are required to describe the values of the integrands. They have 
calculated the functions 2 () from the frequency distributions for 
NaCl as given by Kellermannf and found that by suitable choice of the 


J (a) 
Hg 
7 
\ Vas 
l L) 
1 
4% 
IE O OEA 
a ‘ A j \ i 
117 11 
mie 13 / KY V 
Sy * N $ va `i sf vi 
1 P N h | 1 d * 1 
2 f 5 Set 22 N JAN een 7 AN „ N 
AR 2. PINS “A, =< 2 N 7 — SoM é W ` 
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F1a. 26. Fino line represents Krishnan’s microphotometric record of Raman spectrum 

of rock-salt (Krishnanțt). Broken lines ropresont theorotical contributions to intonsity 

of pairs of branches of frequency. Thick line represents theoretical intensity obtained 
.from superposition of these. 


independent constants the Raman spectrum observed by Krishnan can 
be reproduced fairly well. The theoretical and experimental curves in 
Fig. 26 are reproduced from the paper by Born and Bradburn. 

The frequencies w(9) for all three optical branches are identical for the 
diamond lattice (cf. § 6). The first-order spectrum should thus show two 
lines with the frequencies wF w(9). These lines as found by experiments 
show that ) = 2:56 x 10% ec. It follows that the intensity ratio 

between the two lines should be (see (49.6)) 


exp[fiw(3)/k7"] = 586 (T = 300° K.). 
The experimental value given by Krishnan§ is 575, 
The second-order spectrum of diamond has been considered by Helen 
t E. W. Kellermann, Phil. Trans. Roy. Soc. A, 238, 513 (1940). 


t R. S. Krishnan, Nature, 156, 267 (1945). 
§ R. S. Krishnan, Proc. Ind. Acad, Sci, 24, 25 (1946). 
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Smith, who used the same method as Born and Bradburn to treat the 
NaCl spectrum. The comparison of her theoretical results and the experi- 
mental intensity distribution given by Krishnanf is reproduced in Fig. 27 
from her paper. 


T 


1700 1900 2100 2300 2500 2700 2900 
v (cm?) Stokes’ branches 


Fic. 27. Second-order Raman spectrum of diamond. Fine line represents Krishnan's 
microphotometric record of the Raman spectrum of diamond (Krishnan 1946). Broken 
lines represent theoretical contributions to tho intensity of frequency density functions 
2j · () after multiplication by appropriate factors, Thick line represents the superposition 
of these functions, i.o. the total theoretical intensity. 

50. The Brillouin components of the thermal scattering of light 

When light passes through an optical medium, a certain amount of 
scattering can be detected even if the medium is entirely free of structural 
inhomogeneities (e.g. impurities, cluster formations in liquids, residual 
strain in solids). The scattering is due to the fluctuating dielectric 
inhomogeneities associated with the thermal agitation of the medium. 
From the classical viewpoint, the scattering can be interpreted as the 
result of reflections from the thermal elastic waves. Owing to the effect 
of interference, for scattering in a given direction, only the elastic waves 
of a certain wave-number vector are operative. Moreover, as a result of 
the Doppler effect, the light scattered by elastic waves of the frequency v 
suffers the frequency changes +v. Thus Brillouin{ predicted a long time 
ago that the thermally scattered light should show certain frequency 
changes +v which are functions of the scattering angle. The existence 


t R. S. Krishnan, Proc. Ind. Acad. Sei. 24, 25 (1946). 
t L. Brillouin, Ann. d. Phys., Paris, 17, 88 (1922). 
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of the Brillouin components has since been confirmed experimentally 
both in liquids and in solids. f 

Leontowitsch and Mandelstamt{ have given a general theory of the 
thermal scattering by crystals from the classical standpoint. They 
obtained an intensity formula depending only on the elastic and elasto- 
optical constants of the scattering crystal. The order of magnitude of 
the effect as given by their theory has been confirmed by recent experi- 
ments carried out by Krishnan§ on diamond crystals. 

From the standpoint of the quantum theory, the thermal scattering 
is simply the first-order Raman scattering associated with a transition 
in the vibrational states of the acoustic vibrations. Tamm] has developed 
a theory where both the crystal and the radiation are treated quantum 
mechanically. In his treatment, he considers, however, only the dielectric 
effects due to density fluctuations. Whereas the above authors considered 
the medium macroscopically as an elastic medium, Theimer ff has more 
recently given a microscopic theory on the basis of the lattice model. 
However, in order to obtain numerical estimates, he has eventually to 
express the atomic constants in terms of the elastic and elasto-optical 
constants. The results thus obtained would be expected to coincide 
with those of Leontowitsch and Mandelstam, because (as we shall see 
presently) the vibrational quanta involved in thermal scattering are so 
small that the quantum treatment should give the same results as the 
classical treatment. Actually, there is a disagreement between the 
results of these two approaches, which is due to an error in Theimer’s 
paper. In expressing the atomic constants in terms of the elasto-optical 
constants he has overlooked that the former refer to a given number of 
particles, the latter to a given volume; an elastic deformation changes 
the number of particles per volume. 

In the following discussion we shall consider the dielectric polarization 
phenomonologically with the help of the clasto-optical constants in-order 
that the intensity formula can readily give numerical estimates for con- 
crete examples. As elsewhere in the book, we shall treat.the radiation 
classically and the lattice quantum mechanically. Since, except at the 


+t E. Gross, Nature, 126, 201, 400, 603 (1930); Zeit. f. Phys. 63, 685 (1930); W. Ramm, 
Phys. Zeit. 35, 111, 756 (1934); R. S. Krishnan, Nature, 159, 740 (1947). 
t M. Leontowitsch and S. Mandelstam, jr., Phys. Zeit. Sowjet. 1, 317 (1931); Zeit. f. 
Phys. 75, 350 (1932). 
§ R. S. Krishnan, Proc. Ind. Acad. Sci. A, 26, 399 (10-47). . 
[| Ig. Tamm, Zeit. f. Phys. 60, 346 (1930). 5 
tt O. Theimer, Proc. Phys. Soc. 64, 1012 (1951); ibid. 65, 38 (1952), 
tł In Theimer’s paper, loc. cit. (1952), it is the formula (3.11) which introduces the 


error. 
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very lowest temperatures, the quantum effects are negligible, the 
following treatment is in substance the same as the theory of Leonto- 
witsch and Mandelstam. 

Let us consider a crystal which is in an arbitrary state of elastic 
deformation (in general inhomogeneous) and denote the corresponding 
change of the dielectric tensor at a point x by de). When subject to 
the electric field 

E-e-twl+2riag. /A E telwl-2riso. x/A (E- — (E+)*) (50.1) 


of an electromagnetic wave travelling in the direction of the unit vector 
80, the dielectric inhomogeneities act as scattering centres. Thus a 
volume element di emits the radiation (see § 19) associated with the 
excess electric moment 


m-(x)e~tt+2ri80- mA Em x) etul- mia A, (50.2) 
where ma (x) = (mł (x))* = x > de X) EA (50.3) 
B 


The electric field in the scattered light can be calculated with the help 
of (19.3). Thus, taking the origin x = 0 at an arbitrary point within the 
crystal, we find that the electric field at a distant point R = sf due to 
the dipole at x is given by 


E(t) = — Rowe [ A IR- x) A m-(x)-πανα)⅛]̈ . x -A. 
4-m+(x)etal-27i- -u (50.4) 


For R sufficiently large compared with x we can ignore the latter in the 
above expression except in the exponential factors; in the latter one has 
the expansion 

IR—x| = (Bz ＋IX H- 2 RS. x = Rs. x xifo (50 +) 
and can replace |R—x| by R—s. x, as long as |x|? < AR. Therefore, if 


(Ra) is large compared with the dimensions of the crystal, (50.4) can 
be written 


E(t) = — a [R A [R A {m—(x)e—iot+2riteo—s). x/A+27i RIA +. 
Tm (Ne-... -a 
or 
E(t+ Rje) = — r [R NIR A(Im-(xhe- add,). N. 


Im. (xhetet- arte -). I (0.6) 
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Upon integrating (50.5) over the whole crystal, we find that the total 
electric field at R can be written in the same form as (19.3), in which the 
expression (19.1) for m(t) is to be used with the amplitude 


ma = (mł )* = f mæ (X)e27io-9)-x1A Xx. (50.6) 
y 
It is convenient for the following discussion to write 


(80-8) 89 
a as mae (50.7) 


where sọ is a unit vector parallel to (so- s) and àg is related to the 
scattering angle 0 as follows: 


À : g 
Ag = 2sin 20 (50.8) 


Substituting (50.3) and (50.7) in (50.6), we get 
ma = (mf )* = > Eg Í deaglx)e -g. ao dx. (50.9) 
B er Vv 


Classically, the radiation scattered by the dielectric inhomogeneities 
can be obtained directly by using (50.9) in (19.7) or (19.8). 

To the first order of approximation, de,9(x) can be taken as a linear 
function of the elastic strain components at x. It follows that (50.9) has 
no diagonal matrix elements with respect to the vibrational states of the 
crystal. Therefore, from the quantum mechanical viewpoint, the corre- 
sponding scattering must appear as Raman scattering. The intensity 
of the Raman scattering can be obtained exactly as in the case of the 
classical scattering, the only difference being the replacement of m- and 
m+ by their transition matrix elements. 


The. effect of an: elastic strain on the dielectric tensor is usually 
expressed as follows: 


5(e—)ap = (1% — (E ap = 2 Pag. n =f (50.10) 


where ei denotes the inverse of the dielectric tensor and u represents 
the elastic displacement; the coefficients 


Pagen PBayn Paß. ny (50.11) 
are Pockel’s elasto-optical constants in tensor notation. The elasto- 
optical constants can be derived from the general theory by considering 
the simultaneous effect of an elastic strain and an external field which 
is not static but represents a light wave. The procedure is similar to 
that used in § 37; the difference is that the field is periodic (not constant) 
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and that the deformation produced by it is superposed over an elastic 

strain (not a thermal one, as in (37.46)). The dielectric susceptibility 

tensor components qag are still connected to the e.g by (44.61). 
Differentiating the tensor (matrix) identity 


ete = 1 (50.12) 
and multiplying by e, from the left, we get to the first order of approxi- 
mation de = —e,Se-le,. (50.13) 
Hence we can express (50.10) alternatively as 

| ôu 
eag = > Fapa (50.14) 
m 7 
where kapam = — 2 (eo) ays Pur yn leo), f. (50.15) 


Since we shall be concerned with elastic deformations only, we can 
express u in terms of the complex normal coordinates ) (j = 1, 2, 3) 


of the acoustic vibrations e 


u(x) = (N F- È Cech eder. (50.16) 


where e(%) represents the unit 8 vector for elastic waves 
belonging to the branch j and in the direction of y. (Remember that 
the clastic waves are identical with the zero-order acoustic vibrations. 
Thus the polarization vectors e(4|%) in § 38 reduce to 


m( 2 m,) ec), 


the mass factor being required by the orthonormal relations (38.25).) 
For the convenience of the following discussion, we write (50.16) in the 
integral form 


u(x) = N > mJ SV fe ec dhe. dy 
=(- ). 5 Í eG) Cherie. x dy, (50.17) 


j=l 
where p is the mass density. Substituting (50.17) in (50.14) and after- 
wards using the latter in (50.9), we get 


mo = (mł )* = 20% 8 Eg k aß. yy X 
* S f l 0 QG) | exp| 2ai( 5 ‘+y). x| ax) dy. (50.18) 


j=1 
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Upon replacing the integral over x by Dirac’s 5-function 5(y—sg/Ag), we 
finally obtain the relation 


° 3 
ma = (ma) = ma) > Eg kagiya > e,(°0)s0, C C), 
2A9\ p a EI 
(50.19) 
where 60%, 7 = 1, 2, 3, denotes the components of sọ. 

The above replacements of the summation over y by an integral in 
(50.17) and of the integral over x by a 8-function in (50.18) are, strictly 
speaking, permissible only if the crystal is infinitely large. For a finite 
crystal, the summation over y will restrict the scattering to certain 
discrete directions and the finite integral over x leads to a broadening. 
of each of these scattering directions. So long as such. fine features of 
the scattering (angle ~ A/dimension of crystal) are unresolved, the above 
results can be used. 

Expressing the complex coordinates in terms of the real normal 
coordinates of the first kind, we can write (50.19) as 


3 
mz = (me y. (%) YY sl) nt Rg. 
cae jig (50.20) 


1 
where 960) = 51 > lag om Cyl?) 8G (50.21) 
yn 


If ni, n? are two mutually perpendicular unit vectors both perpendicular 
to s, we find that the rate of Raman scattering per unit solid angle is 
given by (see (19.8)) 
42 
zo 2 > ni ng (vlmg )( v mg v). (50.22) 
i=l aß 

Since (50.20) is linear in the normal coordinates there are only first-order 
transition matrix elements and (50.22) accordingly gives only first-order 
Raman scattering. For scattering in the direction of s the transition 
frequencies are clearly +w(®%%) (j = 1, 2, 3). In other words, the 
scattered light should be composed of six lines with the following circular 
frequencies 


Ee) = ote (86) 
= uf 14 ein o), (50.23) 


where we have introduced the phase velocities c,(Sg) (7 = 1, 2, 3) for the 
elastic waves travelling in the direction of 89. The fractional change of 
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frequency is thus very small, being of the order of the ratio of the elastic 
wavo velocities to the light velocity. We note that each of these lines is 
due to two distinct transitions corresponding to the two coordinates 
9 e) and 95e). 

Using (21.8), we find directly that the thermal average of the product 
of the relevant transition matrix elements can be given as follows: 


(mA v') v mg 04 ur 
1 , 7 C(*8!§)¢-B(7*}*) 0 ) 
(05 2 Jo IIB AES Ey Cees) — w(20/A8) (50.24) 


Since the wave-length Ag is of the order 10-4 to 10 cm. and the elastic 
wave velocities are of the order 10° to 106 cm./sec., the vibrational quanta 
concerned, namely iew (°010), are very small compared with &7' at practi- 
cally any temperature. Thus we have approximately 
AT MKT 
555 T sreca) 
Upon using (50.24) and (50.25) in (50.22) and remembering that every 
transition is actually double (due respectively to q, and q, in (50.20)) we 
find that the intensity of scattering per solid angle for any particular 
Brillouin component is given by the formula 


ux kT wt ini ° ° + p- 
l, = uS ps 2 na Ng gg) E Ez, (50.26) 


where 7 is the particular branch of acoustic vibrations responsible for 
the Brillouin component (either the Stokes or the anti-Stokes compo- 
nent) under consideration. 

Let us consider the special case of a cubic crystal, with the incoming 
radiation along one cubic axis (X-axis) and the scattered radiation 
observed along another (Y-axis). For a cubic crystal, the dielectric 
tensor is equivalent to a scalar e, therefore (50.15) reduces to 


C(2010)¢-B(°%4"*) ~ OGC ~ (50.25) 


KaB = eg (50.27) 
Moreover, the only non-vanishing elasto-optical constants are the 


following: 
ans Piri = P2222 = 38.3 = Pip 


211,22 = P2211 = Pee33 = P33,222 = P3311 = P1133 = Pin 
(50.28) 


Piza = Pera = P1201 = Pare = P23,23 = Pes3se2 


= P3223 = Ps2,32 = P3131 = P3113 = P1331 = P13,13 = Pur 
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Since sy and s are respectively parallel to the X and Yaxes, s9 = s—s, 
is in the direction of an X Ydiagonal. Putting 


y = So/Ag = (—1, I, 0)/(Ag V2) 


in the equation (27.10) for the elastic waves and remembering that the 
only non-vanishing elastic constants of a cubic crystal aro 


C1111 = C2222 = C3333 = C12; 
011,22 = 22,33 = C2211 = C3311 = C33,22 = C11,33 = C12 
012,12 = C2112 = C2121 = C1221 = C23 23 = C23 32 


= C3233 = C3223 = C3131 = C3113 = ©19,91 = C1313 = C44 


one readily finds that the three elastic vibrations can be described as 
follows: 


j c3 (Se) ei) ez) e3(f) 

l 0440p 0 0 1 

2 (ei- cis) / 20 175 1/v2 0 

3 (en- Tei 20% —1/ ͤ 12 0 650.29) 


With the help of (50.28), (50.29), and (50.2 1), we obtain for the g-coeffi- 
cients the following values: 


j 91100 Jal J) 95300) 0) = Dalj) Gali) = Milj) 121%) = Gar(J) 
1 0 0 0 ep.. 4e 0 
e (PII — Pp) — (pn — pi 
2 Seed eee o o o o 
3 elpu tpa) —elPu tP) êP 0 0 Pu 
9513 95/3 9312 93!2 
(50.30) 


For unpolarized incident radiation we can rewrite (50.26) as follows: 


_ Jo wt 171 . ee 
= (pee S., Dia By MMMM, Boan 
where J, is the intensity of the incident radiation and ñ* (k = 1, 2) are 
two mutually perpendicular unit vectors both perpendicular to the 


direction of incidence. Now choosing the unit vectors as follows: 


n? = (1,0,0), n = (0, 0. 1), 1 = (0, 1,0), 52 = (0,0,1), 
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we find with the help of (50.29) and (50.30) that the intensity of scattering 
for the various Brillouin components is 


VET wie4/ p3 1 

i = Gai a J (j = 1), 

I, = zero (j = 2), (50.32) 
VET (p3 T piz) ; 

p = twe] Pas T Pi) 2 3). 

64 207 ben Feel. W 


By considering i = 1, 2; k = 1, 2 in (50.31) separately, we can discuss 
the polarization of the scattered radiation due to an incident beam 
linearly polarized along a cubic axis. Suppose that the X Y plane is 
horizontal (i.e. both the direction of incidence and the direction of 
observation are in, the horizontal plane), we find that the condition of 
polarization can be described as follows: 


electric field of incident electric field of scattered intensity of 
j radiation radiation scattering 
7044/52 
horizontal vertical rolei jpu I 
l 64e cy, 
; : VET weti p} 
vertical horizontal — 2 
: 64e (Ee 
„ 2 
horizontal horizontal See Be 
3 : 327 Cc Cy Teig ＋ 204 
464 2 
vertical vertical e 
32720 Cry cia 204, 


Krishnan discovered in experiments on liquids that for transverse 
observation the vertical component of the scattered radiation from a 
horizontally polarized beam is equal in intensity to the horizontal com- 
ponent of the radiation scattered from a vertically polarized beam. On the 
basis of the results of Leontowitsch and Mandelstam, Muellerf pointed 
out that the same reciprocity relation holds also in the case of cubic 
crystals. It is clear from the above table that the scattered radiation 
involved in such observations is due to the transverse elastic waves 
vibrating in the vertical direction. 


t H. Mueller, Proc. Roy. Soc. A, 166, 425 (1938). 
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APPENDIXES 


I 
SOME COMMON LATTICE STRUCTURES (p. 1) 


In Fig. 28 (a), (b), (c) are shown the three cubic Bravais lattices, where a possible 
set of basic vectors and an elementary cell are indicated in each case. The CsCl 
structure on the one hand and the NaCl, diamond, and ZnS structures on the other 
hand are composite structures derived respectively from the simple cubic and the 
faco-centred lattices; the corresponding basic vectors and elementary cells are the 
same as in the underlying Bravais lattices. 

The dimensions of the structures can be specified by the edge length a of the 
unit cube. With tho exception of that for the body-centred lattice, each figure 
given represents one unit cube of the structure; in the case of the body-centred 
lattice we have shown in the figure a layer of four unit cubes. For convenience 
of reference some data relating to the structures illustrated are given in the following 
table: 


diamond 
4 


ZnS 


Coordination no. Af 4 


Noighbour dist. r V3 a/4 3 a/4 

Particles per cell 2 2 

Base vectors (2 a 7 £ a 2) 
x(1)—x(0) 4°4°4/|\4' 4 4 


Coll vol. v, 


F. c. c., NaCl, diamond, und ZnS 


Basic vectors a, (a, 0, 0) (o, 4 : 5 
a, (0, a, 0) 65 6.2 
83 (0, 0, a) E, 2 o) 


‘ Reciprocal vectors b! 


b! (: >I ‘) 
* a L 

b? 6 1 — 
a a a 


Reciprocal lattice 


(d) 
Fig. 28. (a) Simple cubic (3.¢.); (6) body-centred cubic (b. c. c. ); 
(c) face-centred cubic (f.c.c.); (d) NaCl. 


ans 
TE 


(f) 


(g) 4e 
Fra. 28. (cont.). (e) CsCl; (/] diamond; (g) ZnS. 


II MRE 
MADELUNG’S ENERGY (p. 3) i 
CONSIDER a general lattice structure, where the lattice sites are occupied by point 


charges. Let tho charges on tho sites k, measured in terms of the smallest charge ze 
in the lattice as unit, be . For the cells to be electrically neutral we must have 


The clectrostatic energy per cell can be written as follows: 
a’(se)? 
, (II. 2) 


where 7 is the distance between the nearest sites and the Madelung constant a’ is 


given by the lattice sum 
» >, — 
«’ = 5 RE- xw] *I (II. 3) 


As indicated by the prime over the summation sign, the sum does not include the 


terms with (I=) = (f). 
The sum can be converted into quickly convergent series by the method of 
theta-function transformation, which we have discussed in § 30. Let us consider 


the function E 
F(x) = — — > II.4 
( ) 7 XfX ( ) 


In terms of this function wo can write the Madelung constant 


] 
a’ = 3 > roe Le „- mit ° (II.5) 
k 


as 


The function F(x)can bo expressed in terms of integrals (see (30.11)):T 


œ 
2 ; 
ra= | (ED te espi- xg Fel) dp. (11.6) 
0 Ve 
In the theta-function transformation formula (30.16) we put y = 0 and replace x 
by x—x(k’). Afterwards multiplying the formula by éy and summing over &’, 
we get 


2 . 
NE > fx exp{— |x({-)— X 
Vk’ 
? 2 
— 25 > Er⸗ > sexp(— DN 2miy(h). I-. (II. 7) 


h 


whero the term k = O may bo omitted (indicated by a primo) in view of (II. I). Sub- 
dividing the integral in (II.6) and using the two alternative expressions for the 


t Concerning the interchange of the order of summation and integration, sec P. P. 
Ewald, Ann. d. Phys. 54, 519 (1917); 64, 253 (1921), 7 · 4 — le- Ac. .. 4 Ev. . 
3505.87 ce 42 fas; w “er frees 7. 6 tare ae oy, A i 


Fad 


po hee a e ove hee 2-5 3 : s 
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integrand given respectively by the two sides of (II.7), we obtain F(x) in the 
form 


F(x) = 7 (= >. kr erb- U) — Eye dp + 
1 


+ {Re 6 > Berf-& IPH 2 0h). x-] ap. 


(II. 8) 
When (II. 8) is substituted in (II.5) the Madelung constant becomes (see (30. 18)) 


= 4 Erb, lim (R & Er EHE )- 


+m 2, Ep. * olige, erler li). (x— x(k- ast]. 


(11.9) 


Apart from the last term and the term (F) = ($), all terms in (II. 9) are regular 
functions of x in tho neighbourhood of x(k). In the latter terms we can directly 
put x equal to x(k) and obtain 


R 
a 5 rkr kr H(R XET) + 
a 


＋ 20. Ef 2 2, rE, Ey G (rl y(h)|2/R8)exp[2mriy(h). (x HD- x(k’) + 


l i a—xh—-— 
+a K. lin gl x-xi (IT.10) 


The value of the last term is casily found as follows: 
g 1 2 11 f ahr 
lim (REIRI) —3) = lim + F f e de =] 
g0 (RD) z) imat. 2 


= lim g|- fena) 


= lim r - 74 d 


— 2. 
= (11.11) 


Thereforo (II. 10) reduces to 
N O; l l 
= 2 > re, En *I +55 FR >, rex kx ⸗· 2 G(x? |y(h)]?/R?) x 


x exp[2miy(h). (x(k) — x(k] — 2 ré}. (II. 12) 
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The arbitrary parameter R has the dimension of an inverse length. Therefore 


we may write ‘ 
R= 7? (II.13) 


where c is a pure number. For quick convergence of both series in (II.12), c is 
usually chosen as a small number of the order unity. For a givon structure the 
cell volume va is proportional to the third power of r: 


Va = ar, (II.14) 


where s is a dimensionless constant. When R and va are expressed in terms of r 
(11.12) becomes 


=5 >, Erbe HEY) ) Haa 2, Erie >, Omiya) x 


Vk'k h 
xexp{2miy(h). (x(k) —x(k"))}— > ez. (II.15) 
& 


The expression is now completely independent of the absolute dimension of tho 
lattice; for a suitable choice of c it may be evaluated without excessive labour. 

For the method originally used by Madelungf and other general methods for 
evaluating tho electrostatic energy, one may refer to the accounts given by Born 
in his book A tomtheorie des festen Zustandes and by Born and Mayor in their article} 
in Handbuch der Phystk.§ 

We quote below the Madelung constants for some common ionic structures. 
The constants are given for cubic lattices in the two alternative ways as explained 
in § 1. Thus if 7 and d denote respectively the nearest ion-ion distance and the 
lattice constant, the electrostatic energy per cell is 

g (ze): = & (ze) 


Z 5 (11.16) 


ZnS 
(Zine Blende) 


TiO, 
(Rutile) 
4:82 

(not cubic) 


(Cuprite) 
4°1155 


5:0387 
11-6365 


t E. Madelung, Phys. Zeit. 19, 524 (1918). 

t M. Born and M. Göppert-Mayor, Handb. d. Physik, 24, 2nd part, pp. 708-14 (1933). 

§ e publicationg are apne in a paper by O. coronene Math. Nachr. 9, 
221 (1953). f 


III 
EVALUATION OF SIMPLE LATTICE SUMS (p. 23) 


A SIMPLE procedure for ovaluating a sum 


1 1 s 


over a simplo lattice is to obtain by direct summation the contributions by the 
lattice points x() within a certain radius R and to replace the summation over the 
points beyond this radius by an integral. 

As will be seen presently, it is, however, not desirable to carry out the integration 
simply over tho space beyond the radius R. Suppose that there are N points 
(counting also the point x() = 0) within the radius R, we should carry out the 
integration beyond a radius p to be chosen as follows. If va is the cell volume, the 
average density of points is 1 /va; p is chosen equal to the radius of the sphere which 
contains exactly N points. That is, p is to be determined from the relation 


drp? z 
T N. (III. 2) 


Using this radius for the A wo find that approximately 


fdr ú ] dr in 
* EI 18-2 ee eee . 
(II.3) 


The disadvantage of using R directly as tho lower limit for the integral is fairly 
evident. The points on a lattice can usually be segregated into a series of spherical 
shells. For two values of R chosen immediately within and outside such a shell, 
tho corresponding integrals do not differ appreciably, if they are evaluated directly 
from # outwards, although the approximate values obtained in the two cases should 
differ by the total contribution of the points lying on the shell concerned. In the 
method suggested above, the difference in tho number of points included in the 
direct summation is suitably compensated in the choice of the integration limit p. 

The accuracy of (III. 3) evidently increases with the radius R (or the number N). 
An idea of tho error may be obtained by observing the variation of the calculated 
valuo with the value used for R. 

This simplo method is obviously useful for large n. Another method applicable 
to all n down to n = 4 is based on the #-transformation formula, but in a some- 
what different way from that used by Ewald (see Appendix II) for the evalua- 
tion of electrostatic lattice sums. f? We explain the method for the lattico sum 
(III. I) extended over a simple cubic lattice. 

Using the well-known formula 


rin — 


l ce 
-ru in- 
vak lag du, (III. 4) 


t R. Dh. Misra, Proc. Camb. Phil. Soc. 36, 173 (1940), has given explicit upper and 
lower limits for the error committed by choosing a definite radius R. 

ł This method, due to A. Erdélyi and M. Born, has been published in the paper by 
Misra quoted above. 
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we can represent the lattice sum (III. I) by an integral 


1 1 f „ 
Sa = > (GFE RA = Tün) Í uin 100) du, (III.5) 
where olu) = > exp{— (Ii IZ TT) u = i b oxp(—Pu)}"—1. (III. 6) 


Introducing one of the d- ſunet ions well known from the theory of elliptic functions, 
namely d (O, ) = d (g), one has 


olu) = [9,(e-*)®—1. (IIT.7) 
This function can be represented by rapidly converging power scries, 
354) = 14 24 2q'+ 29° +... (III.8) 
and satisfies the transformation law 
Dalee) le (111.9) 
Now (ITI.5) can be written 
rm 
Sr, = Fm CI] 'n, m = In —1, (III. 10) 
(e =] 
with en = | B™{(8,(e-78))8— 1} dB. (III. 11) 
0 


In order to obtain quick convergence we split the integral into two parts, the first 
extended from 0 to 1, the second from 1 to œ. In tho first part we use the d. trans 
formation (ITI.9) and replace £ by 1/8; then the interval becomes 1 to œ, and we 
have 


0 00 9. (even i 
18 J B"((9,(e-"8)]°—1} dB + J Ce Bay 9) 
From (ITI.8) we obtain the power serics 
[a)i = 1469+ 1297+ 893+ 6g*+.... (IIT.13) 
We define the function 


Pulse) = | Heer dg Ur. 14) 
1 


and obtain by substituting (III. 13) into (III. 12) and integrating term by term 
en = 6m) 12% 2) + 8 (3) ＋ Om (4)... 
1 
T- --) t12h-m- (27) + 8h—m_4(3z7) + 


as arene | ee (IIT.15) 


— 
m-l’ 
The functions nnr) satisfy the recurrence formula 


mlz) = C Pinle) (III.16) 
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and reduce for m = 0, —}, —1 to the well-known tabulated functions 


dot) = e | 


ġa) = /(2) 0-0 [° (110.17) 


$_(x) = —Ei(—z) 

where (x) is Gauss’s error function and Ei(z) the logarithmic integral. From 
these three functions (III. 17) one can obtain all the others for m = 0, +4, +1.,..., 
with the help of (III. 16). 

A table of tho ¢,,(x) for the arguments needed in (III. 16) is given by Misr 
(loc. cit.). 

The method can easily be extended to othor lattice sums, e.g. of the form 

„ . ynayns 
7 (B+B)? 


where n, nis ng n, are integers, and to other types of lattices. For the face-centred 
and body-centred cubic lattice one can use combinations of the -functions d. 
and d and their derivatives. 
A still more general type of lattico sum is 
, 275 ins ips 
„Miß 
where 1, Ye; Ya is a point of the reciprocal space. This has been treated by Born 


and Bradburnf with tho }-function method, and tables have been computed for 
some simple cases. 


e~2i( l Ytl Vatlsvs) 


t Max Born and Mary Bradburn, Proc. Camb. Phil. Soc. 39, 104 (1942). 


IV 


THE APPROXIMATION TO THE VIBRATIONAL 
SPECTRUM WITH THE HELP OF THE CYCLIC 
BOUNDARY CONDITION (p. 45) 


THE theorem that the distribution of the frequencies of a large crystal lattice of 
arbitrary shape is approximatoly the same as that of a hypothetical lattice with 
cyclic boundary conditions has been subject to attacks by Sir C. V. Raman and 
his school. Stressing the fact that the number of the observed absorption and 
Raman lines of crystals is smul] they reject the current theory which leads to a 
practically continuous vibrational spectrum and explains the small number of the 
optically observable frequencies by selection rules based on the actual physical 
circumstances. Although Raman's theory contradicts the laws of classical 
mechanics and quantum mechanics as well, it seems to be not superfluous to 
show that his main objection to the current theory, directed against the validity 
of the cyclic boundary condition, is not correct. 

A rigorous and general proof of this theorem has been given by Ledermann (loc. 
cit., p. 45), who reduced it to an algebraic problem about the roots of the charao- 
teristic detcrminant (latent roots). The following algebraic theorem is proved: 

If in a Hermitian matrix the elements of r rows and their corresponding columns 
are modified in any way whatever, provided only that the matrix remains Hermi- 
tian, then the number of latent roots which lie in a given interval cannot increase 
or decreaso by more than 2r. 

The application of this theorem to the crystal problem is obvious. The frequen- 
cies are the latent roots of a Hermitian, in fact a symmetric, matrix (see (24.4), 
p. 223). If the boundary is modified the matrix elements representing tho inter- 
action of tho boundary with interior atoms are changed; as each coordinato of a 
particle corresponds to one linc and one column of the matrix, a finite number r 
of lines and corresponding columns are affected, and this number r is relatively 
small for a large crystal, Thus the change of the distribution (2r in any interval 
of frequency) is negligible. 

This consideration is rigorous but is not quite simple. Therefore Peierls has 
offered another simpler proof f for the most important part of the statement, 
namely: consider a piece of the crystal] similar in shape to the single cell and 
having a free surface; its frequency distribution is practically the same as that 
of a hypothetical lattice of the same shape and with cyclic boundary conditions. 

It is, of course, not claimed that the normal modes in both cases are identical, 
but merely that the distribution of the frequencies, i.e. their average number in 
an interval Aw, large enough to contain many frequencies, is the same in the two 
cases up to the leading order in L, where L is the lincar dimension of the crystal 
in terms of the lattice spacing. 

For the sake of simplicity it is further assumed that the lattice has cubic sym- 
motry and that the shape of the cell and of the wholo crystal is cubic. The 


t R. E. Poiorls, Proc. National Institute of Science of India, 20, 121 (1954). Very 
similar reasoning was used in an earlior paper by the same writer in Monthly Notices 
R. A. S. 96, 780 (1936) concerned with justifying the cyclic boundary condition in 
tho derivation of tho oquation of state of a relativistic gus. 
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argument could easily be freed from these restrictions, at the expense of some 
slight complexity in notation. 

The idea of the proof is to show a connexion between the frequency distribution 
and the propagation of disturbances through the crystal. In particular, from the 
knowledge of the propagation of disturbances over times up to a certain timo 7, 
we can uniquely determine the frequency distribution except for its fine structure 
which concerns frequency intervals less than l/r. Now a disturbance starting from 
a point at a distance d from the nearest surfaco will propagate in the sarne manner 
as in an infinite crystal for a time less than d/c, where c is the maximum-velocity 
of sound, which is of the order 105 cm./sec. Hence for a crystal dimension of 1 em. 
dje will be of the order of 10-5 sec. and certainly larger than 107° sec. for practically 
the whole crystal. It follows, therefore, that over such times the propagation of 
disturbances is the samo in the real and fictitious crystal. Hence also the frequency 
distribution is the same except for oscillations in frequency intervals of the order 
of 10? sec. 1 (or in spectroscopic terminology about 0-3 em. 1). 

The number of cells along a side of the cubic crystal considered may be called L, 
so that the cell indices Ii, Iz, la) are restricted by 


l<l, <L (a= 1,2, 3). (IV. I) 
The number of particles in a cell may be denoted, as before, by n, so chat 
l<ken. | (1V.2) 
There existsf a set of normal coordinates 95%) connected with the displacements 
1 (Kt) by lincar relations 
waht) = È eal jigit), (IV.3) 
3 
where the e, (13) satisfy the orthogonality conditions 
P2 Cale Cale My = Ojj’ (IV.) 


and the index 7 is restricted by 
l <j < Zu L. (IV.5) 


The g;(t) satisfy the second-order differential equation of an oscillator 
qs + ww} q; = 0, 
which həs the two independent solutions 
A; cose; t, 
7 * B;sinw;t, Av. 0) 
from which one obtains the displacement u. (ft) by substituting in (IV. 3). 
The vectors e ()) are found, together with the frequencies wj, from the equa- 


tions of motion, and the constants 4;, B; from the initial conditions. 
In order to represent the frequency distribution we define the function 


1 for |x| < 4A, 


D(x) = 0 „ |z| > 1A. (Iv. 7) 
Then tho number of frequencies in the interval w+ A, - 1A is given by 
F(w) = 2, Daye). (IV.8) 


t The more elaborate notation of § 38 is not neceasary here. 
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As wo are not interested in the exact values of the frequencies we replace this 

discontinuous function by a smooth function, defined with the help of a continuous 

weight function, also denoted by D(x) and defined by the following properties: 
hs 


f Die) dr = A, D(z) <1, ifz>A. (Iv. o) 


In addition we assume that D(z) is so smooth that its Fourier transform converges 
rapidly, We write 00 


g(r) = 27 | e D(w) dw, (IV.10) 
À — 0 
a9 
Dw) = f eitwg(r) dr; (IV.11) 
then the condition glr SA ifr DS 1/4 (IV.12) 
is compatible with (IV.9). For instance, a possible choice of D is 
l 4 A. 
ax -W 1234 —— A2 J/1 
D(w) 2m) g 905 Zr 


It is clear that, with this definition of D, the expression (IV. 8) represents the 
spectrum of vibrations except for the fine structure, provided A is small compared 
with the maximum frequency wyar 

It will be convenient to replace F(w) by 


G(w) = F(w)+ F(—w) 
= 2 {D(a;—w)-+D(w;+)}. (TV.13) 


Here the extra term D(w;+w) is practically negligible for all but tho lowest 
frequencies of the spectrum, where w ~ A; for otherwise, as w; > O, wtw will 
appreciably exceed A, hence according to (IV.9) D(w;+w) will be small. 
Now we express G(w) in terms of the Fourier transform g(r) of D(w) by inserting 
(LV.11): 
G(w) = > fi dr g(r) [eleyte—teor +. ihrer! 
J —a 


= J dr 2911) coswr > eiur, (IV.14) 


—0 

If D(x) is an even function, g(7) will also be oven, hence 

00 

alw) = 4 f dr g(r) cos cor z cos w; v. (Iv. 5) 

ü 
However, because of (IV.12) it is sufficient to include Fouricr components belong- 
ing to values of 7 not much greater than 1/A, say y/A, whore y is a numerical 
constant of order J. Therefore we can write 


G(w) = 4 T dr g(r) eos ur P(r), (Iv. 1) 
; 0 


where P(r) = T cos te-. T < /A. (IV.17) 
j 
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Now it can be shown that this (7) has a simple physical significance. Using the 
orthogonality relation (IV.4) we can write 


P(r) = 2 E ea) eos ci 
— 1 
5 2 PaT) (IV.18) 
whero DGT) = My 7 e(t j) eos wy. (IV. 19) 


This quantity has the following meaning. At £ = 0 let all atoms be in their equi - 
librium positions oxcept that the atom of kind & in the cell 2 is displaced by an 
infinitesimal amount u in the «-direction and is there released from rest. Then the 
value of the a · coordinate of this atom at time 7 is oxactly u, (i7). 

To seo this, remember that the general solution of the equation of motion is 


given by u (it) = > eA; cos t- B; sin wj t], (IV.20) 
j 


where the A; and B, are arbitrary constants. These can be expressed in terms of 
the initial positions and velocities of all atoms; one has 


lO) = Z As e 1%). 

10) = I Bj ea), (IV. 21) 
and these equations can be solved with the help of the orthogonality relation 
A 4 = Emu l Oe. lc 

w; B = 2 mx u („1 0)e, (). v. 22) 
Substituting this in (IV. 20) we get 
u(t) = 7 Zea om lust cos oy f tpl 0) sin wt}. (IV. 23) 


In the special case in which at t = 0 the atom Jo, ky is pushed out in the q- direct ion 
from its equilibrium position by the amount u and released without impulse, while 
all the other atoms are kept at rest in their equilibrium position, one has 


u (EO) = ute öxxe ua 0) = 0. (IV. 24) 
Then (IVV. 23) reduces to 
ulit) = umg, 2 Ca (e (eos ew; t. (IV. 25) 


The result announced follows now by taking ly = l, ko = k, ao = c, = 2: l 

u (17) = uD, (17). (IV. 26) 
Now the frequency distribution F(w), which is practically equivalent to the function 
G(w), is determined by r); g(r) P(r) is tho Fourier transform of G(w), and (7) 
consists, according to (IV.18), of the additive contributions ., (17) of the single 
particles. The theorem to be proved is therefore reduced to the following two 
‘statements. (I) Each function . ((r), which contributes essentially to the sum 
(IV.18), is practically identical for the finite lattice with that for the infinite 
lattico Oetz). (II) The sum (IV.18) dr) of these contributions for the finito 
lattice is practically identical with tho corresponding sum r) for the infinite 
lattice. 
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To demonstrate (I), let d(l) denote the distance of the cell Z from the nearest 
boundary of the finite crystal. According to (IV. 26) b (47) represents the action 
of the cell on itself; this action will be the discontinuous analogue of a spherical 
wave with the centre at J and reflected at the boundary, and this will be almost 
independent of the boundary for a time t£ < 2d(?)/c, as then the wave will not have 
returned to tho source. Hore c represents the maximum of the group velocity for 
all waves, which is of the same order of magnitude as the ordinary velocity of 
sound. Now according to(IV.17)7 is restricted, for a given frequency interval A, by 
T < /A. where y ~ 1. Hence only the waves from those cells for which dil) < c/2A 
are strongly influenced by the wall. Or in other words, the functions ꝙ, (17) for 
which d(l) > ¢/2A are practically the same as the functions @2() 7) for the infinite 
crystal. 

Now consider the statement (II). We divide tho crystal into an interior and a 
surface part, by a surface at the distance d = / from the boundary, where A 
is a fixed frequency interval which determines tho accuracy of frequency measure- 
ment. Let us assume that A is a certain fraction g of the maximum frequency Wyss 
of the crystal and d a certain fraction 6 of the side S of the cube, 


A = fwn d = 8S; (IV.27) 
c Amin l 
then 88 = Tce 8 = Ins’ 


where An = 27¢/w,,, is the corresponding minimum wave-length. Now this latter 
is of the order of the lattice constant a, An ~ 27a, and S = La, henco 


58 ~ T (IV.28) 


Thus the two fractions ô and £f are reciprocal; the smaller the frequency interval A 
the thicker the boundary layer. (This is quite similar to Heisenberg’s uncertainty 
relations.) The ratio of the number of atoms in the boundary layer to thoso in 
the interior is obviously given by 


hence from (IV.28) eß ~T i (IV. 29) 


Now for a crystal of 1 em. length one has L 10, and therefore e can be small 
even if B is a small fraction; e.g. for 8 ~ 10-* one has e ~3xX10-*. Thus the 
contribution of the surface layer to the sum (IV.18) is negligible, and tho state- 
ment (II) is proved. : 

The formulae (IV.28) and (IV.29) show at the same time the limitations of this’ 
statement. If a very high accuracy of frequency measurement is demanded, i.e. 
if B is very small, then e cannot be very small, hence the surface atoms contribute 
to the sum (IV.18) and the sums ®(7) and ®%(7) differ appreciably. 

The proof shows actually that the spectral distribution is independent of the 
boundary and therefore establishes the practical identity of the distribution for 
the finite, the infinite, or the cyclic lattice. Tho latter has the advantage that the 
spectrum can be determined by elementary methods, as shown in the text of the 
book. 


V 
ENERGY DENSITY IN IONIC CRYSTALS (p. 83) 
WE shall show that the relation 
512 = ba (V.1) 


in the phenomenological theory given in § 7 follows from the principle of energy 
conservation. 

Let us place a point charge e at the origin, while keeping the ions in the con- 
figuration w(x) = 0, and consider the following cycle: 


(a) Keeping the charge fixed, displace the ions into the ‘irrotational’ configura- 
tion: w(x) = VA x) 

continuously, according to w(x) = VX), : (V.2) 

by raising ę from 0 to 1, the function being arbitrary. 


(b) Keeping the ions at w(x) = Vii(x), move the chargo to Ax. 

(c) With the charge fixed at Ax, reverse the process (a), namely, by reducing g 
from 1 to 0 in accordance with (V.2). 

(d) Finally complete the eycle by restoring the charge to the origin. Tho total 
work required to complete the cycle must clearly vanish. 


The right-hand side of the equation (7.1), namely, 
f = 511 w+b,, E, (V.3) 
represents the force conjugate to w (refer, for instance, to the microscopic treat- 
ment in § 9); in other words, — f. Aw is tho work per unit volume required to 


change w to w+ Aw. Thus generally to move the ions from a configuration w(x) 
to w(X)-+-Aw(x), the total work expended on the system is given by the integral 


— f f(x). Aw(x) dx = — [ {by wW(x)+b,: E(x)}. AIX) dx. (V.4) 
Using the first part of (7.23) (for its derivation, no use has been made of the 
relation 512 = bu) wo find that during tho process j the electric field is given by 
inba 


E(x) = Fett f(x) — Fp i EE VA), (V.5) 
whero the potential of the point charge in vacuo l 
e 
x) = Ix] 
satisfies the Poisson equation 
V2d(x) = Axed( x), (V.6) 
6(x) being the Dirac &. function. The infinitesimal ion displacements during (a) 
are (see (V. 2) Aw(x) = (Vib(x)} AE. (V.7) 


Substituting (V.2), (V.5), (V.7) in (V.4) and integrating € from 0 to 1, we obtain 
for the work expended during (a): 


112 021 
f a KE- Ute. (open ENA (VA). (ute ar. va 
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The second term on the right-hand side of (V.5) represents the spherically 
symmetric field due to the point chargo and exerts no force on the latter. The 
field acting on the charge during the process (b) is thus obtained by putting £ = 1 
and x = 0 (to the first order of accuracy) in the first term on the right-hand side 


of (V.5), namely, 425 
— 27091 


1+-477bo5 10 ). 
Therefore the work expended in moving the charge to Ax is given by 
Ande, € 
The process (c) is the exact reverse of (a), apart from the altered position of 


the charge. Thus, upon reversing the sign of (V.8) and replacing (x) by ¢(x— Ax), 
we obtain the work done during (c): 


l 512 b 
B f ( I arb bn (vv). (x 
peii bis 
1＋ 4b 


In the last step, W(X) = 0 and no field acts on the charge. Therefore no work 
is required to move tho charge back to tho origin. 
Putting the sum of (V.8), (V.9), and (V.10) equal to zero, wo get 


(VA(x—Ax)).(Voix))} dx. (V.10) 


Laab | S. (Vp2e)) dx — - Ax). (V(x) dx} 4 
＋ITAnb- L Aab, (VO). Ax = 0. (V. II) 


With the help of Green's theorem, we find that 
f (VS(x)). (Vπx)) dx - f VIS Xx) dx = 4dzrexh(0), 
where use has been made of (V.6). Similarly 


f (Vb(x—Ax)). (Vy(x)) dx = — - Ax dx = dzreyp(Ax). 
Hence 
f (V(x). (C)) dx — f (Vd(x—Ax)). (Vys(x)) dx 
= Aue.) - Ax) = - 4e 0/0). Ax. (V.12) 
Taking account of this relation, we find immediately that (V. 11) reduces to the 
relation (V. I), which we set out to prove. 


One may observe that the relation (V. I.) makes it possible to deduce the pheno- 
menological equations from an energy density as a function of w and E: 


u = — 4111 w?+-26,,W. E +b: E?}. (V.13) 
du du 
ow,” a = E (V. 14) 
That an energy density of this form should exist for an ionic crystal is by no 
means a priori obvious. For, as already emphasized in the text, the properties of 
a volume element cut off from an ionic lattico are essentially shape-dependent and 
the field E cannot be considered as an externally imposed field in a simple sense. 
An energy density (or freo energy density) of this nature, we remember, has 
also been postulated in.the general discussions given in § 33 and § 37. 


Thus Ü, A = — 


‘VI 


THE INNER FIELD IN UNIFORMLY POLARIZED 
CRYSTALS WITH TETRAHEDRAL SYMMETRY” 
(THE LORENTZ FIELD) (p. 104) 


WE shall first establish a simple theorem on tensors which are invariant under 


the tetrahedral group of operations. 
Operating on any vector X( X, X., X;), a Cartesian tensor Tg transforms the 
vector into another vector Y with the components 


Y, = 7 Tus Xp. (VI.1) 


Suppose that a certain rotation sends X and Y into X’ and Y’ respectively. The 
tensor 14g is said to be invariant under the rotation, if, for any arbitrary vector X, 


. = 7 Tap 55 (VI. 2) 


in other words, if a vector X is subject to the rotation, the transformed vector Y 
is similarly rotated. We shall show that if a tensor 7',, is invariant under the tetra- 
hedral group of rotations, namely, rotations by r about three mutually perpen- 
dicular axes (2-fold axes) and rotations by + 27/3 about the corresponding diagonal 
directions (3-fold axes), the tensor is equivalent to a scalar; i.e. 


Tag = T0. g. (VI. 3) 
Let X and Z be any two arbitrary vectors. If Jag is invariant under a rotation 


which sends X, Z, and Y (the transformed vector of X) into X’, Z’, and Y’, we have 
evidently the relation 


82.40 opp = 2, Aa Tas Xp (VI.4) 
in view of the fact that the scalar product between two vectors is invariant under 
any rotation, and so Z. J. = DS ZY.. 


Let the Cartesian axes be chosen in the directions of tho 2-fold axes. Then, for 
the rotation about the first 2-fold axis, 


Xi = Xy X; -,, X; = — Xy 
Zi = Zi, Z, = — ,, Z; = — ,. (VI. 5) 
Accordingly, (VI. 4) reduces to i 
Ti: Zi Xa+ Tn Z XI +7 3 ZI XS ＋T Ta ZX, - 
ZI X. — Tu 2,X,—T 32, X. TI Z3X,. (VI. 6) 
Z and X being arbitrary, it follows that 
Ti = Ty, = Tis = Ty, = 0. (VI.7) 


Similar considerations of the rotations about the other 2-fold axes lead to relations 
which can be obtained from (VI.6) by cyclic permutation of the indices. Therefore 
we find further that 

722 = T 82 = e (VI.) 


. 
` 
> 

* 
` 
* 
* 
` 
* 
* 
* 
8 
* 
* 


e ve és `: at 
a „ 


APPENDIX VI 399 


Thus all the non-diagonal components of Tp are equal to zero, and (VI.4) reduces 
re È Tya Z. X. = T. Tua Z. Xo. (VI.9) 


Further consideration of a rotation about a 3-fold axis, for instance 
Xi = X, , X; = X, Xi = Xy 
Z: == Z» Z; = Zs Zi = Zy (VI.10) 


shows immediately that all the diagonal components T a ( = 1, 2, 3) are equal. 

In § 30 it has been shown that the electric field at a lattice point (the exciting 
field) in a dipole lattice (see p. 253) is the sum of the macroscopic field at the 
point and an inner field; and a unique limit exists for the latter for large wave-lengths 
of the dipolar polarization. Put more physically, when conditions are uniform over 
a large number of cells so that macroscopic considerations are possible, the inner 
field is completely determined by the local conditions (in the macroscopic sense). 
In such a microscopically homogeneous neighbourhood, the inner field is given by 
the second term in (30.30) in the limit y = 0, namely, 


È Quel pkh (VI.11) 


where, according to (30,31), 
Qualite) = R? > Hop(RX(¢x))— 


155 i, D v. durfte: R ex per CN. (VI12) 

p(k’) being the dipoles on the different types of sites. an ee 

Consider a lattice with tetrahedral symmetry such that under an operation of 
the tetrahedral group each constituent Bravais lattice is separately invariant. 
Then O. gli), considered as a Cartesian tensor (indices a, B), is invariant under the 
tetrahedral group of operations. In order to see that this is the case, let us consider 
the following two alternative processes: 

(a) We rotate all the dipoles p(k’) on the sites * cach on its own site. 

(b) Alternatively we may imagine the dipoles completely fixed in the lattice 
structure and rotate the lattice as a whole. 

If tho X’ lattice is invariant under the rotation concerned, the two alternative 
processes clearly lead to exactly the same final arrangement of dipoles. After the 
process (a) the inner field at a site k due to dipoles on sites k’ is given by 


7 Ces. 


where p’(k’) ropresents the dipoles after rotation; whereas the process (b) simply 
rotates the original inner field (due to the dipoles on sites , 


E, = 7 O. EFT) Pplk’), (VI. 13) 
with the lattice, sending it into E’. Since the inner field must be the same in both 


cases, we have E, = 7 O. el) DU!) VI. 14) 


(VI. 13) and (VI. 14), we note, are identical with (VI. I) and (VI. 2), showing that 
Q el) is an invariant tensor under the rotation. 
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Thus, for structures with the symmetry stipulated above, eg) is equivalent 
to a scalar, which we denote by Q(,{-); and we have the relation 


è ee) = Curley) = alk) = sala) = $2 9.0. (VI. 15) 


h,” dy l- af! 
Let us use (VI. 12) i in the 8 on the right- hand side aad ‘take for the arbi- 
trary parameter R the limiting value 2-0. Thus the sum over A drops out, 


leaving 


QL) = Him Ir N T Hal BX) 


] 7 =z% 
* AD al | eue, D 


Ix 
Upon expressing x and the ERS operator 
9² 
2 
a 
in polar coordinates, we find that 
l eo 
Qk) = gy lim Fe 2 ioe aer aE Í 5 tcl) n 000 
7 


105 Say jim R F exp. Rar Hh. (VI. 17) 

We observe that as N is progressively reduced, the predominant contributions 

to the lattice sum in (VI.17) come from increasingly more distant lattice points 

(i.e. points with large |x(};)|). Hence in the limit R -> O we can rigorously replace 

the lattice sum by an integral. Thus remembering that there are 1/v, points per 
unit volume, we find upon introducing 


. , Rx( k) 
as tho integration variable that 
coe] 
4 
o) — ix? 
On) = ale dx. (VI.18) 
ö 
The integral is easily evaluated with polar coordinates, giving 
oun) = 4 mel een dr = f. er. 10 
va 
0 


The formula is in complete agreement with the result obtained in § 9, for the 
inner field (VI.11) is now given by 


p> . (:D “) = fs daes Qk) pplk) 


=L 2 pv}, (VI.20) 


the expression given in the curly brackets boing clearly tho «-component of the 


dielectric polarization. 
For crystals with tetrahedral symmetry in general, the different constituent 
lattices are not necessarily separately invariant under the operations of the tetra- 


baie 3 _ APPENDIX VI | 401 
hedral group. Thus such an operation may send the k-sites into the positions 
originally occupied by the &. sites. For such crystals the different constituent 
lattices may be classified into groups; the members of each group can be sent into 
one another by certain of the operations of the tetrahedral group. In this general 
case we have to stipulate that the constituent lattices belonging to the same group 
must be occupied by identical dipoles. Under this stipulation it is easily seen that 
the samo result as above follows. The proof is practically the same; the only 
difference is that instead of OSI“), the sum over constituent lattices of the 
same g-group, (group) 


7 Qaalee ). 


is an invariant tensor; and this sum replaces OSI) in every step of the proot given 
above for the simple caso. 


sete j PA : — a : z . roe 0 . „ ote. 2 im j 47 ict 
* te g d; 7. 
oe. E ae 
AP ‘en > t f 7 8 e fr: * tae a ° J. 1 
* 7 7 4 I 0 7 2 1 : „ K;. 21 i 2 * va < 3 T: 4 
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eli 7 ria. Lie, ree ts F 17 7 2 Sf X Atte te T 
5 0 fe t z baa Aa 928 -i 2 Fer. . ths e dy m 
/ „ aie 
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Arg . ry W Er tiaan ty Beh, a i n Jarpa I 
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** ..: I ie Cal 45 (ex. 72 Cy. ey fn te -A tlt 
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VII 
THE ADIABATIC APPROXIMATION (p. 170) 


THE perturbation calculation in § 14 will now be carried on to the fourth-order 
terms. 


The perturbation equations of the third and fourth orders for the electronic 
motion (see (14.14)) are 


G- Eng- OPP (HP OMB, (VILI) 
(HP OPP = — HP AP— (HP OPEP (HP OPP (HP OPA: 
(VII. 2) 


the similar equations for the rigorous molecular motion (sce (14. 19)), on the other 
hand, are given by 


(HO — GY) = H (HPHHP EMY (iB EU. (VIL) 
(HO OOo = — HP NC i. ffn Ey 
l (He EM, (HY ER ype’. (VILA) 
In writing down tho above equations we have taken account of the fact that 
EM = V = O (seo (14.23), (14.25)). 
In view of (14.29), the second-order equation (14.28) can be written 
(Ho OP yf — xP — XNA} = 0. (VII.5) 
The corresponding general solution is 
* x xi = xP hn, 
where y stands for a function of u, as yet completely arbitrary; tho solution may 
be written in the alternative form 
YO = XPM MBN GO, (VILS) 
We substitute the explicit expressions for , 6), and given by (14.20),(14.26), 
and (VII.6) in the third-order equation (VII.3), thus obtaining 
(Ho- py = — H⁰ν⏑ν (24. x- x 51 — 
— (HP H- EPOP -+ 140) Ff xh. (VII. 7) 
From this equation we subtract y times (VII. I), x times (14.14) (c), and x@) times 


(14.14) (b). Remembering that the operators He do not operate on the functions 
of u: x, Xi, x %, wo obtain the equation 


( AYO) pin) 7 — yp?) — x — x) 
= = (HP + OF — EDX + xR) — (- ERM.  (VIL8) 
Using (14.29) and remembering that. Sn is linear in u, we find from (14.16) that 


hi? A ? 2 
(HP L EH = gue + dh Eo = & (E xo) (Ee) 


h3 M) ə ) a p) 
= ->> ( (2 10 (= gm). (VIL9) 


The product of this expression with Pf, when integrated over the electronic 
coordinates, vanishes if the electronic wave functions S. X) are always chosen 
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to be real (possible in the absence of magnetic field). This conclusion follows from 
the normalization condition 


1 = f(z, XN? dx = f (pap? de +2 f SCN, u) de + 


*] She) le, u) de + f Awu de). II. i0) 


which is to be fulfilled for all values of «; thus we have 


J pat dz = 1, (VII.11) 
f pzez, u) dx = O, (VII.12) 
2 f (r) (v, u) de + ll [Hx u)] dz = O. (V1I.13) 


The above conclusion is readily verified by differentiating (VII.12) with respect 
to tho nuclear coordinates, denoted here symbolically by u. 

Tho condition for solubility of (VIT.8) is obtained by multiplying the right-hand 
side of the equation by , integrating over the electronic coordinates, and equat- 
ing tho result to zero. Making uso of the fact proved in the last paragraph, and 
remembering that ¢{ does not depend on u, we find that tho solubility condition 
can be written 


HFP OD — EH = - (f- Ex“. (VII. 14) 


When this condition is fulfilled the third-order equation (VII.) becomes (sce 
(VII.9)) 


(HP — omy- xogo ge — yng — > (f) E gw)(Z ye), 


(V1I.15) 
Hence we can write 
0 = OPN ANGEL x q YBN Fla, i), (VIL.16) 
where F(x, u), a solution of the inhomogencous equation 
h? M, ( ð ) ð 
(00. ho 1 . of! aao E 7 
(AU &, u) = an 2 (5 ĉu br 5 x). eet!) 


is an involved function of u as well as z; the term yd! in (VII.16) represents, 
on the other hand, the general solution of the homogeneous equation, x“ being 
an arbitrary function of u. 

After substituting tho oxpressions for 0, Li), Wr, and n given by (14.20), 
(14.28), (VII.6), and (VII. 16) in the fourth-order equation (VII. 4), we can simplify 
the equation by following a similar procedure as in the case of the second- and 
third-order equations, namely, by subtracting from the equation x times 
(VIT.2), x") times (VII. I), x times (14. 14) (c), and xi times (14.14) (b). Thus we 
obtain tho fourth-order equation in the form 


(HP — BONG HOB — OPP — XO — YBN) 
= -HP F(x, u (HP + OP — BENGE + XPD + xB) — 


— (DBI EP AV yeh) — (DIN - BU) (BO), (VII. 18) 
3595.87 pd2 
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The corresponding solubility condition is 
(HOH EHM (H Ey (- EH x0 
= — HH Fx, u) dx — | Hef Of EROP dx — 
f OP— EPpy de, (VII. 19) 


where we have taken account of the orthogonality between d% and fl (see (VII. I2)). 
We shall show that the right-hand side of (VII. 19) is equal to x multiplied by a 
constant. 

Consider first the third term on the right-hand side of (VII.19), namely, 


P- f OF — Ex d. 


Using the explicit expression (14.16) for HP and remembering that Sf is a lincar 
function in u, wo can write the term as 


= Í BO BH + D2 EHM dr += >) Gales (x) = l= | 659 6 dr. 
Further use of (VII. I 2) shows immediately that the term Aa 
HE 02 — EPOP de = 0. (VII.20) 


On the other hand the second term on the right-hand side of (VII.19) can be 
transformed as follows: 


a- op- EEx de = — p de (HP+0P— EP- 


+= -> ( = x) * * — a 2 podr 1275 — ( )x fei -$P dz 


= (% 6% 
— -> (=) (2 x) 1 650 75. z dv +o yo > IT 9 A 4655 dz, 


I. 21 ) 

where use has been madc of the equation (14.29). 
Lastly, as HP’ are Hermitian and tho functions H have been chosen real, we can 
transform the first term on the right-hand side of (VIT.19) with the help of (14.14) (6): 


— | PO HY Flæ, i) de = — | F(x, u HPAP) d 
= | Feu EP- DPAP de 
= | PHP- DP) F(x, u) dr. 
Eliminating F(x,u) with (VII.17), we get 


— fopap F(z, u) dr = h? > (i (* (8. erer dx 


m 


~) 
> yen Í po E — $2) dr, (VII. 22 


where we have used the following relation, obtained by differontiating (VII. I3) 
with respect to the nuclear coordinates: 


feier dx 4- Í pw Zgo dx = 0. (VII.23) 
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Adding (VII.20), (VII.21), and (VII.22), we find that the right-hand side of 
(VII.19) becomes ö 


— Cx, 
2 2 i 
where C= a > 750 f po J. C. de (VII.24) 


is clearly a constant, for 4? is a quadratic function of the nuclear coordinates. 
When the right-hand side of (VII. 19) is written as — Cy) we arrive at the equation 
quoted in (14.32) of the text. 

The presence of the function F(x, v) in n indicates that the adiabatic interpreta- 
tion breaks down when we proceed beyond the second-order terms in the wave 
function. 


VIII 
ELIMINATION OF THE ELECTRONIC MOTION (p. 172) 


Iw the text (sec § 14) and in Appendix VII, the laws of motion for the nuclei 
aro obtained by a systernatic expansion in powers of the paraméter x = (net 
(14.5), and it is shown that the adiabatic approximation, in which the electronic 
motion is calculated as if the nuclei were at rest, is valid up to terms of the fourth 
order in x. The averaged olectronic energy (cigenvalue) in a given state plays, to 
this approximation, the part of the potential enorgy of the nuclei. 

It has, however, been found, in particular by studying molecular vibrations, 
that the adiabatic model has a wider application than predicted by this theory. 
There exists in fact another method which contains this practical result, with the 
only modification that the potential energy of tho nuclei is not the energy eigen- 
value of the electronic state considered, but a slightly different quantity. This 
method has the further advantage that it leads to a system of simultaneous 
equations for all electronic states which. represent the coupling of clectronic and 
nuclear motion in a rigorous way. 

In the notation of IV, § 14, the total Hamiltonian is 


H = Tet Tyt U(x, X), (VIIT.1) 

and that corresponding to fixed nuclei 5 
He = Tg4 U(x, X). (VIII. 2) 
It is assumed, as in IV, § 14, that the latter problem is solved; in the equation 
(He N)) nle X) =0 (VUI.3) 


the functions O, (X) and (r. X), which represent the energy and the wave 
function of the electrons in the state n for a fixed nuclear configuration X, are 
regarded as known. The actual wave equation is 


(H- £)¥(x, X) = 0; (VIII. 4) 
we try to solve it by an expansion 
Fiz, X) = Z Pal X bales X ). (VIII. 5) 


Substituting this in (VIII. 4), multiplying the radii by Sr, A) and integrating 
over x we obtain, with Ty = 2 7 PUM), (14.1): 


(Trt O. X)— BX) + C. Px) = 0, (VIII.6) 

where Can = = 235 (4% HL Ban, (VIIL?) 
and A®(X) = Í otlz, X) HN Sn Uv, X) dx, 

Bu) =} J $*(x, X) Pi, X) dæ. (VIII.) 


Consider the diagonal elements of these matrices. For stationary states the 
Pal, X) can be chosen as real — then 


AMX) = -= 7 aX; ax | g(x, X) dz = 0, (VIIT.9) 
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sinco the G, can be supposed to be normalized to the same constant value for all 
values of X}. Hence Can is independent of the differential operator P; it is a 
multiplication operator, a function of X. 

We can now write (VIITI.6) in the form 


(Tut U,(X)— EpaX) + 2 Canl X, P/. (X) = O, (VIII. 10) 


where tho dash at the summation symbol indicates that the term n’ = n has to 
be omitted. Here U,(X) is defined by 


U(X) = ON DIE BY, (VIII.11) 
k 


It is this quantity, and not db, (X), which plays the part of the potential energy 
of the nuclei, provided the coupling of different electronic states, represented by 
the sum in (VIII. 10) with tho coefficients Cnn (n“ Æ n), can be neglected. The 
difference between U,(X) and , (X) as given by (VIII. II) can be determined 
when the clectronic eigenfunctions for fixed nuclei are known. f 

The equation of the nuclear motion under the assumption of negligible coupling 


is (Ty + U,(X)— Ep (X) = 0. (VIIT.12) 


The question, under what conditions the coupling parameters Ons will be small, 
cannot be answered in general. Even if they are not very small their influence 
will be negligible if the electronic state n is separated from all others by a large gap, 
as can be seen from well-known perturbation formulae. This will bo the caso for 
the ground state of many molecules and non-conducting crystals; then the zero 
approximation is a non-harmonic nuclear vibration with the potential energy 
U(X), and the coupling with higher electronic states can be calculated from 
(VIII. 10) by perturbation methods. For metals, however, where the electronic 
states form a quasi-continuum, the sum in (VIII.10) cannot be regarded as a 
small perturbation; it will go over into an integral, and the equation (VIII.10) will 
become an integro-differential equation, which expresses the coupling of electronic 
and nuclear motion in a rigorous way. 


t Tho method outlined horo has been published by M. Born, Gött. Nachr. math. phys. 
Ki, (1961), 1. 


IX 
DOUBLE REFRACTION AND OPTICAL ROTATION (p. 333) 
Tug basic equation (see 1 = 
E =~ {P—nis(s.P)} (s = /! (IX.1) 


and the dispersion Dad (44.60), p. 336, 
D, = p> e.g Eg ti(E AG), (TX.2) 


together provide a self-contained description of crystal optics. We shall indicate 
this by a brief discussion of the phenomena of double refraction and optical 
rotation. 

Let us transform (IX. I) as follows. Forming the scalar product between 8 


and (IX. I), we get s.E = —4ns.P. Ax.) 
Eliminating (s. P) from (IX. I) and (IX. 3), we obtain 
nP = (n?—1)E—n’s(s. E). (IX. 4) 
Honce . D = E+4rP = nX{E—s(s.E)). (IX.5) 
Further, it follows from (IX. 5) that : 
D.s = 0. (IX.6) 


Consider first the case when the gyration vector G vanishes. With the Cartesian 
axes chosen along the principal axes of tho symmetric tensor e,,, (IX.2) becomes 


in this case D, = e Ei, (IX.7) 


whore ez, ez, eg denote the principal dielectric constants. Dividing (IX. 7) and 
tho «-component of (IX.5) by €, and n? respectively and taking their difference, 


we get 1 
; 2-2 = —8,(s.E), (IX.8) 
i —5 (8. E) 
Or D, = /n ije.) . (IX.9) 
Substituted in (IX. 6), (IX.9) gives 
32 
lun Lie t LI. If ig Ve E a aah (IX.10) 


It follows from (LX. 5) that if s. E vanishes, D must bo parallel to E.. Such is the 
caso only when 8 is along one of the principal axes. Apart from these few special 
cases, we have the 1 formula 
br a- alt- de- 
l TE 1 fe,’ In! /e: I/n - le 
For a given direction of propagation s (IX. 11) is an equation of the second 
degree in n and gives in general two distinct values for the refractive index. In 
other words, for a given direction of propagation, there are in general optical waves 
of two different phaso velocities (doublo refraction). 
A crystal with a non-vanishing gyration vector G exhibits the phenomenon of 
optical rotation. We shall discuss the phenomenon in the simple caso when the real 


0. (IX.11) 


APPENDIX IX 409 


dielectric tensor €,g is isotropic (e.g. in a crystal with tetrahedral symmetry), For 
this case (IX. 2) reduces to 


D = e€E+71(EAG). (IX.12) 
Equating (IX.5) and (IX. I2), we get 
(2 — e) E = n®s(s.E)+0(E A G). (IX. 13) 


Forming the scalar product between (IX. I3) and s, and the vector and scalar 
products between (IX.13) and the gyration vector G, we obtain tho three 


relations —e(s.E) = is. (E A G), UX. 14) 
(n?—e)G A E nas. EG As) +i{G?E—(G.E)G}, (LX.15) 
(2 - eG. E) MG. s)(s. E). (IX. 16) 


After eliminating (G. E) from (IX. 15) with (IX. 16), wo form the scalar product 
between (IX. I5) and s, obtaining 


N n2(G.s)? 
(n?—e)s.[G AE] = is. Ee . (LX.17) 
Comparing (IX. 14) and (IX.17), we find that 
n?(G.s)? a 
e(n?—e) = zo y — 2, (IX. 18) 
or alternatively (n?—¢)? = = {n*(G.8)*—(n?—€)G%}, (IX. 19) 


As we have mentioned in § 44, for optical waves in tho infra-red region G is very 
small compared with e. (IX. 10) shows that n?—e is of the order of G. Hence 
we can approximately put n? equal to e on the right-hand side of (IX. 19), getting 


n?—e = +(G.S8). (1X.20) 
Thus owing to the gyration vector, a crystal, which is otherwiso free from double 


refraction, transmits for a given direction s optical waves of two slightly different 
velocities, namely, 


0 c c l 


Consider now the light vector D of an optical wave travelling in the Z-dircction. 
It follows from (IX.5) that 
D, = n2Ei, D. = 7E, D, = 0. (IX. 22) 


Thus upon taking the scalar product between G and (IX. I 2), we get 
(01 D, +G, 001 -5) = eE, Gy. (IX.23) 
Since s is a unit vector in the Z- direet ion, the third component of (IX.13) reduces to 
EA = (EI G. - E. G1). (IX. 24) 
Aftor eliminating Ea from (IX. 23) with (IX. 24), wo find with the help of 
IX. 22) that (G, DA G. D. -e) = —iGD,G,— D, Oi). „Xx. 25) 

Since G. s = Gy (IX. 20) used in (IX. 25) gives 

(Oi Di ＋ C D.) = iD G. D. Oi (IX. 26) 
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so long as G} Æ O. From (IX. 26) we readily obtain tho ratio 


D. XG Lid:  _. 
D,= =G,47G, G,+iG, = FI. (IX. 27) 


If we write out the phase factor of the displacement vector explicitly and take the 
real part, we sce readily that tho two alternative signs in (IX. 27) describe the two 
alternative circular polarizations. These have the different phase velocities given 
by (IX.21). 


x 
RECENT PUBLICATIONS 


WHILE this volume was in preparation a number of papers have appeared which 
deal with rolated subjects. The following list contains some of these publications 
with summaries of their contents and references to the corresponding sections 
of the book. 


E. Baver. ‘The vibrational spectrum and specific heat of sodium’, Phys. Rev. 
92, 58 (1953). 


The method of Houston (see p. 71), with a modification due to T. Nakamura 
(Progr. Theor, Phys. 5, 213 (1950)) is applied to Na which, though cubic, is elastic- 
ally extremely anisotropic. The distribution of the vibrations is calculated and 
compared with Debye’s formula and with an improvement of it where the longi- 
tudinal and transverse vibrations are cut off separately. (This method is ascribed 
to Brillouin: in fact it is much older; sec M. Born, Atomtheorie des festen Zustandes.) 
Then the specific heat is determined and ita accuracy judged by plotting @p 
(Debye temperature) against T' for the theoretical and experimental C,-curves 
(seo p. 80). (II, § 6.) 


M. Born. ‘Die Giiltigkeitsgrenze der Theorie der idealen Kristalle und ihre 
Überwindung’, Festechr. Gött. Akad. 1951, math. phys. Kl. p. 1. 

—— Kopplung der Elektronen- und Kernbewegung in Molekülen und Kristallen“, 
Göttinger Nachr. math.-phys. Kl. 1051, p. 1. 

Vn nouveau point de vue sur la théorie de la matière condensée’, C.R. 2ième 
Réun. Chim. Phys. Paris, 1952, p. 334. 


A new thermodynamical method is developed which makes no use of the 
assumption that the amplitudes of the vibrations about the static equilibrium 
configuration are small. An attempt is made to deduce the existence of irregu- 
larities (block-structure) as a consequence of the anharmonic forces. The most 
important application is that to solid helium where the zero-point vibrational 
energy is large compared with the static energy ; this case has been worked out 
by D. J. Hooton (publication in preparation). (V, § 23.) 


O. EMERSLEBEN. ‘Dic elektrostatische Gitterenergie cndlicher Stücke hetero- 
polarer Kristalle’, Z. f. phys. Chem. 199, 170 (1952). 

—— Eine Darstellung des Einflusses der Kristallbegrenzung auf die Gitter- 
energie endlicher Ionenkristalloe’, Z. f. Elektrochemie, 56, 305 (1952). 

—— ‘Über das Restglied der Gitterenergieentwicklung neutraler Ionengitter’, 
Math. Nachr. 9, 221 (1953). 


The methods for calculating tho clectrostatic lattice energy are perfected in 
such a way that the influence of the finite size (surface) can be estimated. (I, § 1.) 


A. Herrin. Les forces de polarisabilité dans les cristaux’, J. Phys. Radium, 14, 
611 (1953). 


The forces between polarizable particles are systematically derived from the 
Coulomb interaction between the electronic clouds with the help of quantum- 
mechanical perturbation theory in the adiabatic approximation (see p. 171). They 
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are ordered according to the power of the distance, into dipole, quadrupole, etc., 
coupling. It is shown that in lattices where each ion is a centre of symmetry the 
dipole coupling contributes nothing to the elastic constants. The quadrupole 
forces, however, do. They are calculated for crystals of the NaCl typo and can 
be expressed in terms of the ionization energies and the polarizabilities of the 
ions. Tho deviation from the Cauchy relation, ci2 — 0a, can thus be explained, in 
fair agreement with the observations, for NaCl, KCl, NaBr, and KBr. (I, § 1.) 


T. A. HOFFMANN and A. Kóxya. ‘Linear atomic chain and the metallic state’, 
J. Chem. Phys. 16, 1172 (1948). 
‘Somo investigations in the field of the theory of solids, I to V’, Acta Phys. 
Hung. 1, 5 (1951), 175 (1051); 2, 97 (1952), 101 (1952), 195 (1952). 
Detailed studies of models of crystals, in particular linear chains, from the 
standpoint of the electronic theory; the main purpose is the understanding of 
the metallic state, of alloys, etc. (I, § 1.) 


J. Hove and J. A. Kromuansz. ‘The evaluation of lattice sums for cubic 
crystals’, Phys. Rev. 92, 569 (1953). 
A modified Ewald method for determining lattice sums with a better efficiency 
in convergence. . (I, § 1.) 


W. KROLL. On the determination of the elastic spectra of solids from specific 
heats’, Prog. Theor. Phys. 8, 457 (1952). 
The specific heat can be expressed as an integral over the density of the 
vibrations. Conversely, the distribution of tho vibrations can be found from a 
given specific heat curve by a reciprocal integration process. (II, § 6.) 


G. LEDBFRIED und W. BRENIG. Zur spezifischen Wärme fester Körper’, Z. f. 
Phys. 134, 451 (1953). 

Two kinds of forces are assumed, central and volume forces (like those due to 
the Fermi distribution of free electrons), and the atomic parameters (coefficients 
of the second order terms in the potential energy) determined from tho elastic 
constants. The specific heat is represented by a Debye term and an Einstein 
term. The numerical results are in good agreement with observations and other 
(more rigorous) calculations; in particular some anomalies of the alkali metals 
are explained. 


‘Schwingungsspektren fester Körper’, Fortschritte der Physik, 1, 187 (1953). 
A comprehensive report of the present situation. (IT, §§ 4, 5, 6.) 


J. A. Porre. ‘Dielectric polarization of a dipolar lattice’, Phil. Mag. (VII), 44, 
1276 (1953). 

This paper belongs to a branch of crystal theory which is not considered in 
this book. To each lattice point of a rigid lattice some variable quantity is attached 
and it is assumed that there is an interaction between these quantities at neigh- 
bouring lattice points (e.g. two kinds of atoms aro distributed over the lattice 
points, the energy depending on whether neighbours are alike or different. This 
leads to a thermodynamical thcory of alloys, mixed crystals in the state of order 
or degrees of disorder.) In the present case rigid, freely rotating dipoles are 
distributed, and their thermodynamical behaviour calculated with the help of a 
method due to L. Onsager (J. Amer. Chem. Soc. 58, 1486 (1936)). (Preſuco.) 
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Yosro Sakamoto. ‘Calculation of Madelung's coefficient of NaCl’, J. Sci. Hiro- 
shima Univ. A, 16, 569 (1953). 

‘Calculation of Madelung’s coofficiont of the rhombic CaCO, (aragonite)’, 

ibid. A, 16, 573 (1953). 

‘Calculation of Madelung’s coefficient of PbSO,, BaSO,, SrSQO,, and CaSO, “, 
ibid. A, 16, 581 (1953). 

— ‘Electrostatic lattice energy of PbSO,, BaSO,, SrSO,, and CaSO,’, Bull. 
Chem. Soc. Japan, 26, 283 (1953). 


Using Ewald’s method the Madelung constant is recalculated for several 
lattices; first, for checking purposes, with exaggerated accuracy (16 decimals!) 
that of NaCl which is found in good agreement with tho result of Emersleben 
(5 decimals in 1923, 14 in 1953) ; then of rhombic crystals of the sulphates of the 
alkaline earth metals. (I, § 1; V, § 30; Appendix II.) 


J. C. SLATER. ‘Electronic structuro of solids, I and II", Publ. of the Mass, Inst. 
of Techn. l 


A systematic and comprehensivo representation of the electronic theory of 
crystal structures. (I, § 1; III, § 13.) 


R. Srratron. ‘A surface contribution to the Debye specific heat’, Phil. Mag. 
(VII), 44, 519 (1953). 


The frequency distribution of the elastic waves in a finite rectangular block of 
an isotropic substance is calculated ; the effect of the boundary results in a term 
proportional to $? (k is the wave-numbcr) in addition to the ordinary Debye term, 
proportional to . The Debye formula for the specific’ heat has to be corrected 
by a corresponding surface term which explains the difference of the specific 
heat of activated charcoal and graphite, observed by F. Simon and R. C. Swain 
(Z. f. phys. Chem. B, 28, 189 (1935)). (II, § 6.) 


J. H. C. THomrson. ‘Instability and melting of the alkali halides’, Phil. Mag. 
(VII), 44, 131 (1953). 

Several attempts have been made to interpret melting as mechanical instability 
of the lattice (see, for instance, M. Born, J. Chem. Phys. 7, 591 (1939)). They 
were not successful (see R. Fiirth, Proc. Camb. Phil. Soc. 37, 34 (1941)) becauso 
melting is actually a question of coexistence of two thermodynamical phases 
(liquid—solid). The author investigates the stability of the vibrations of an 
elastically extended lattice of the NaCl type and finds that instability occurs 
for expansions of 6 to 7 per cent. This is of the same order but considerably 
larger than the observed thermal expansions at the melting-point. (III, § 12.) 


K. S. VISWANATHAN. ‘The characteristic vibrations of a rectangular lattico’, 
Proc. Ind. Ac. Sci. A, 36, 306 (1952). 

— ‘The characteristic vibrations of crystal lattices’, ibid. A, 37, 424, 435 (1953). 

Raman rejects tho standard theory of crystal vibrations because it leads to a 
quasi-continuous spectrum while only a few lines are observed in absorption and 
scattering experiments. The author tries to justify Raman’s own theory which 
maintains that only a finite (small) number of vibrations exists in a lattice. He 
starts from tho standard theory and shows that Raman's vibrations can be 
characterized by a.simple property (vanishing of the group velocity). Ho shows 
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that any disturbance can be written asymptotically (for large time) as a super- 
position of Raman’s vibrations but with time-dependent amplitudes. This does 
not mean that eventually only these frequencies are excited; the initial energy 
distribution in the frequency spectrum is unaltored. (II, §§ 5, 6; Appendix IV.) 


L. I. Vipno and B. I. Steranov. Die Intensitiitsverteilung in don Schwingungs- 
spektren linearer Ketten', Doklady Ak. Nauk USSR, Ser. 82, 557 (1952). ` 


Infra-red and Raman spectra are discussed with the model of a linear chain. 
i (IT, §§ 8, 9; VII, §§ 47, 49.) 


S. YANAGAWA. ' ‘Theory of the normal modes of vibrations in crystals’, Prog. 
Theor. Phys. 10, 83 (1953). ; 


The normal modes of the vibrations in a lattice are classified by group- 
theoretical methods and the secular equation giving the frequencies far special 
wave vectors is reduced to a set of equations of lowor degree. By using Houston's 
approximation (seo p. 71) the method is numerically applicd to the NaCl and 
diamond lattices. (II, §§ 5, 6; V, § 24.) 


The following list f contains a selection of recent publications, arranged accord- 
ing to subject-matter. 


Lattice energies and stability. (Cubic and hexagonal close-packed; polymorphism) 
T. H. K. Barron and C, Doms. Proc. Roy. Soc. A, 227, 447 (1955). 

T. Kinara and S. Kosa. J. Phys Soc. Japan, 7, 348 (1952). 

J. A. Prius, J. M. Dumore, and L. T. Tjoan. Physica, 18, 307 (1952). 


Ideal lattice at absolute zero ` 
L. Sauren. Phil. Mag. 45, 360 (1954). 


Specific heats 

E. BLADE and J. E. KIMBALL. J. Chem. Phys. 18, 626 (1950). 

E. Katz. J. Chem. Phys. 19, 488 (1951). 

H. Grayson Sumru and J. P. STANLEY. J. Cem. Phys. 18, 236 (1950). 


Zero-point energy 
C. Doms and L. SALTER. Phil. Mag. 43, 1083 (1952). 


Spectrum calculations 

R. B. Leianton. Rev. Mod. Phys. 20, 165 (1948). 

H. B. Rosenstock. Phys. Rev. 97, 290 (1955). 

G. F. NEWELL. J. Chem. Phys. 23, 2431 (1955). 

C. W. GARLAND and G. Jura. J. Chem. Phys. 22, 1108 (1954). 


Non - perfect lattices 

F. J. Dyson. Phys. Rev. 92, 1331 (1953). 

E. W. MONTROLL and R. B. Ports. ‘Effect of defects on lattice vibrations’, 
Phys. Rev. 100, 525 (1955). 


t We are indebted to Professor C. Domb, King's College, University of London, 
for help in collecting and selecting these references. 
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absorption, 120, 194, 197, 208. 

—, continuous, 359, 363, 367. 

—, dependence on T, 361. 

. — lines, 341. 

acoustic frequency branches, 57 ff. 

— waves, 231, 277. 

— — in ionic lattices, 255. 

— —, long, 153, 226, 229, 237, 298, 323. 

additivo radii, 15 ff. 

adiabatic approximation, 171, 172, 204, 
218, 402, 406, 411. 

alkali halides, 2, 26, 28, 31, 32, 162. 

anharmonic damping, 355. 

— potential, 171, 341, 343, 347, 355 fl. 

anisotropic medium, 62. 

— stresses, 227, 245, 247. 

anti-Stokes lines, 203, 366, 369, 379. 

atom refractions, 107. 

atomic forces in crystals, 1, 13. 

— polarizability, 101, 104 ff., 115. 

Avogadro's number, 41. 


Barnes, R., 123 ff, 341, 342. 

baso index, 213. 

basic vectors, 1, 23, 68, 213 ff., 278, 280. 

basis of lattice, 213. 

Bauer, E., 411. 

Blackman, M., 61 ff., 71 ff., 81, 341, 342, 
366, 358. 

blocle- structure, 411. 

Boltzmann factor, 178. 

Born, M., 21, 29, 30, 33, 35, 36, 45, 49, 35, 
61. 107, 111, 117, 140, 144, 154, 163, 166, 
229, 341, 342, 355, 358, 368, 371 fl., 387, 
388, 390, 407, 411, 413. 

Born-Haber cycle, 35. 

Bradburn, Mary, 368, 371, 
390. 

Brattain, R., 126, 341, 342. 

Bravais lattice, 1, 129, 132, 134, 140, 142, 
144, 150, 152, 213 ff., 233, 248, 302, 321, 
382, 399. 

Brenig, W., 74, 412. 

Bridgman, P. W., 160. 

Brillouin, L., 373. 

— scattering, 373 ff., 379. 

— — in cubic lattice, 379, 381. 

broadening of absorption lines, 341. 

Brady, E., 29. 

Buckingham, R. A., 22. 

Burstein, E., 363. 


372, 


373, 


caesium salts, structure of, 159. 
Cartwright, C. H., 126. 


Cauchy relations, 136 ff., 142, 145, 149, 
412, 

cell, lattice, 1, 23, 67. 

— indices, 213. 

— parameters, 132. 

central forces, 19 ff., 226, 245, 1 i 

centro of symmetry, 136. 

characteristic temperature, see Debye; 
Einstein. 

— vibrations of lattico, see lattico. 

charges, motion in ionic crystal, 88. 

clamped dielectric constants, 293. 

Clausius-Mosotti law, 107. 

Clusius, K., 81. 

coefficiont of thermal expansion, 52. 

cohesive energy, 7, 8, 13, 24 ff., 34, 52, 53. 

— — in alkali halides, 36. 

complex normal coordinates, see normal 
coordinates. 

compressibility, 25, 50 ff., 110 ff. 

continuous absorption, see absorption. 

contravariant components of basis, 278, 
280, 282. 

— fiold components, 282. 

coordination numbor, 24, 155, 382, 177 

Coulomb energy, 3 ff., 166, 330. 

— field, unrotarded, 328 ff. 

— — in dipole lattice, 248 ff., 261. 

— — in ionic lattice, 255 ff., 273, 275, 321, 
330. 

— static interaction, 9, 12, 115, 136, 240, 
255, 411. 

coupling of electronic and nuclear motion, 
170, 171, 407. 

crystal plane, 216, 

— radii, 19, 27. 

crystals, finite, 217, 218. 

—, ionic, 1, 2, 12, 14, 24, 136, 227. 

—, valency, 2, 14, 15. 

—, van der Waals, 1, 8, 12, 13, 14. 

cubic lattice structure, 140, 382, 

— symmetry, 137, 142. 

current density in lattice, 331. . 

cyclic boundary condition, 45, 46, 391. 

Czerny, M., 118, 123, 125, 126, 127, 359, 
363. 


damping constants, in dispersion, 346, 353, 
355, 357 ff. 

Debye model, 41, 42 fl., 52, 60, 74, 79, 413. 

— temperaturo, 43, 44, 48, 65, 66, 79, 411. 

deformation, arbitrary, 152, 154. 

—, onergy of, see energy. 

—, homogeneous, see homogeneous. 

Dehlinger, W., 111. l 
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Dent, B. M., 31. 

diatomic linear chain, 55. 

dielectric constants, 83 ff., 106, 108, 293, 
408. 

— polarization, 82, 88, 102 
137, 198, 249, 400. 

—-— and dispersion, 265 ff. 

— — and olasticity, 228, 264, 374. 

— — by atomic theory, 276, 332, 336, 351. 

— — from free enorgy, 283, 284, 287, 290, 
292. 

— susceptibility tensor, 265, 268, 291, 293, 


„104, 114, 118, 


— — — by atomic theory, 336, 340, 352. 

— — —, complex, 364, 365. 

— tensor, 262, 265, 268, 271, 321. 

— — and elasticity, 375, 376. 

— — by atomic theory, 337, 339, 340. 

dipole lattice, 248, 257, 273. 

— moment, 8. 9, 11, 12, 14, 101, 104. 

— radiation, 199, 200. 

Dirac, P. A. M., 5, 197. 

— §-function, 74, 196, 331, 378, 396. 

dispersion, in diatomic crystals, 83, 89, 90, 
100, 116. 

—, second order, 363 ff., 367. 

—, secondary structure, 125 ff., 342. 

— with damping, 355, 358. 

— formula, 265, 268, 334, 335, 337, 339, 
341. 

— , in diatomic crystals, 83, 94, 118, 121. 

— frequencies, 269, 341, 369. 

— frequency in diatomic crystals, 84, 87, 
90, 95, 111, 117, 120. 

— oscillators, 343. 

dissociation energy, 35. 

distortion factor, 112 ff. 

— dipole moment, 113 ff. 

distribution function of lattico frequencies, 
see frequency. 

Doppler effect, 373. 

Doty, P, M., 35. 

double refraction, 337, 408, 409. 

Dulong-Petit law, 39. 

Durand, M., 138. 

dynamical matrix, 179, 294, 

— —, cigenvalues of, 297, 208. 


effect ivo fiold in ionic crystal, 101, 102, 104. 

Einstein, A., 40, 111. 

— model, 40 ff., 49, 50, 52, 61, 75 

— characteristic temperature, 41. 

elastic constants, 136, 136, 138, 141, 142, 
149, 150. 

— — from long waves, 227, 236 ff., 262. 

— — from free energy, 290, 321. 

— oquations of motion, 236, 241. 

— lattice spectrum from specific heats, 412. 
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— moduli, 292. 

— strain, 134, 228, 229, 236, 282, 288, 376. 

— strain-cnergy-function, 135, 141, 149, 
241, 282, 309. 

— stress, 135, 139, 228, 236, 241 ff., 283 ff. 

— waves, 44, 58, 60, 227, 236, 237, 241. 

olasto- optical constants, 374, 376, 379. 

electric momont of lattice, 190, 191, 193, 
204, 342, 350. 


— — — —, infinite lattice model, 219, 
302 ff. 

— — — — por coll, 311. 

— — — —, rigid ion model, 212, 339. 

— — — —, second order, 363 ff. 

— — — —, transition, 201 ff. Skt, 

— field (macroscopic), 82, 101 ff., 228, 260, 


339, 342, 399. 
— — and Ewald’s method, 248, 249, 253. 
— — by atomic theory, 332, 333. 
— — in free energy, 310, 321. 


electron affinity, 36, 36. 


— density function, 5. 

electronic dipolo moments, 10], 273, 274. 

— motion in crystal, 167, 402, 406. 

— polarizability, 207, 272 ff., 311, 
369. 

— quantum number, 167, 205. 

— structure of crystals, 413. 

— zero-point energy, 4, 5. 

electrostatic enorgy in lattice, 3, 385, 387, 
411. 

electrostatics, equation: of, 84, 249, 329, 
396. 

electro-striction, 292. 

Emersleben, O., 387, 411, 413. 

energy density in ionic crystal, 98 ff., 397. 

— of deformation, 131 ff., 141, 145, 147, 
226, 241. 

— of static lattice, 19 ff., 33, 39, 319. 

enthalpy, 160. 

entropy, 39. 

oquation of state, 21, 40, 49, 50. 

equilibrium conditions, 132, 139, 227, 237, 
239, 240, 246, 248. 

— — in cubic lattices, 151. 

— — in hexagonal lattices, 146, 146. 

— — in infinito lattice model, 217. 

equipartition law, 39. 

Erdélyi, A., 388. 

Ewald, P. P., 248, 250, 251, 253, 385, 388, - 
412. 

Ewald’s method, 248, 413. 

oxchange energy, 5, 6. 

— ropulsive forco, 7. 

exciting field (erregendes Fold), 253, 254, 
256, 399. 

external strain, 134, 261, 278, 307, 308. 

— — parameters, 279, 281, 282, 284. 


368, 


INDEX 


face-centred cubic, 23, 24, 140 ff., 382, 383. 

Fajans, K., 107. 

Fermi, E., 368. 

Fine, P. C., 74, 77. 

finito crystal, 217, 218, 229, 204. 

— strains, 278 ff. 

Fock, J., 126. 

Fourier expansion in lattice, 

Fowler, R. H., 21, 31. 

freo crystal, 287. 

— dielectric constants, 293. 

—energy, 38, 39, 48, 278, 
315 fl., 322. 

frequencies in diatomic chain, 58. 

— in lattice, see lattice. 

frequency distribution function, 42, 47, 
70 ff., 392, 39-4. 

— — —, analytical singularities of, 76. 

— — —, calculations of, 71 ff. 

— — —, identity of, in finite, infinite, and 
cyclic lattices, 395. ” 

— — —, moments of, 73. 

— — —, particular cases, 74, 77, 79. 

Fresnel formula, 408. 

Fröhlich, H., 16, 87, 89. 

Fürth, R., 413. 

Fuchs, O., 116, 117. 


216, 250, 331. 
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gyration vector, 337, 408, 409. 


Haber, F., 35. 

Hamiltonian of electronic motion, 166. 

— of ionic crystal, 98 ff. 

— of molecular system, 166, 190, 311, 312. 

harmonic approximation, 170, 173, 208, 
209, 223, 341. 

— oscillator, 175, 176, 178 ff. 

— —, transitions of, 176, 209 ff. 

Havelock, T. H., 122, 123. 

heat capacity, sce specific heat. 

— function, 34, 35. 

— of formation, 35. 

— of sublimation, 35. 

Hockmann, G., 116. 
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high frequency dielectric constant, 84, 85, 
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Hoffmann, T. A., 412. 

Hohls, H. W., 118. 

Hojendahl, K., 85, 108, 111, 116. 

homogeneous 'doformation, 129 ff., 220, 
225 ff., 233, 241, 280, 282. 
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Hooke's law, 83, 135, 228, 236, 237, 262. 
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infra-red dispersion, see dispersion. 
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initial stress, 138, 241 ff. 

inner ſield, 250, 261, 334, 398, 399. 
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— — from free energy, 282, 309, 319, 321. 

— — in long waves, 233, 261. 
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217 ff. 

Iona, M., Jr., 77, 79. 
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— dipole moments, see dipole. 
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— polarizability, see polarizability. 
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